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ABSTRACT
Many statistical multiple integration problems involve integrands that have a dominant peak. In applying numerical methods to solve these problems, statisticians have paid
relatively little attention to existing quadrature methods and available software developed
in the numerical analysis literature. One reason these methods have been largely overlooked, even though they are known to be more efficient than Monte Carlo for well-behaved
problems of low dimensionality, may be that when applied naively they are poorly suited
for peaked-integrand problems. In this paper we use transformations based on “split-t”
distributions to allow the integrals to be efficiently computed using a subregion-adaptive
numerical integration algorithm. Our split-t distributions are modifications of those suggested by Geweke (1989) and may also be used to define Monte Carlo importance functions.
We then compare our approach to Monte Carlo. In the several examples we examine here,
we find subregion-adaptive integration to be substantially more efficient than importance
sampling.

Key Words: Importance sampling, Monte Carlo, multiple integrals, numerical quadrature,
Bayesian computation, split-t distributions.
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Introduction

In this paper we consider the numerical evaluation of multidimensional integrals in the form
Z

I(f ) =

f (θ)dθ,

where θ is an m-dimensional vector of integration variables with m being not too large,
typically 1 ≤ m ≤ 8. We assume that the integrand f (θ) is characterized by the presence of
a dominant peak. We call the basic integration strategy discussed here subregion-adaptive
integration and describe it in Section 2. There are two essential features of the method.
First, it dynamically allocates points at which the integrand is to be evaluated into those
parts of the integration region where the integrand is most variable; that is, it attempts to
find the important regions for the integrand and concentrate its effort there. Second, the
rules used in each subregion provide exact integrals of low-order polynomials, and do so
with a substantial reduction in the number of function evaluations compared to Gaussian
product rules. In addition, when this strategy is implemented, the function evaluations over
each subregion may be efficiently re-used to determine whether the region should be further
subdivided. This approach has become established in the numerical analysis literature over
roughly the past 20 years, and has been implemented in readily available public-domain
software (in the NAG and CMLIB libraries).
Despite their apparent success and availability, however, these routines do not appear
to have been used very much by statisticians, at least in the kind of problem we are discussing. The reason is simple: used in a naively straightforward way, for integrals having a
dominant peak they are very inefficient. Our purpose here is to describe an effective “front
end” to that methodology, so that problems with dominant peaks may be transformed to a
domain in which that software should perform well.
Although the approach would apply to a diversity of problems, our statistical examples
will be drawn from Bayesian analysis, so we will write f (θ) = g(θ)L̃(θ) where g(θ) is some
elementary real-valued function (e.g., g(θ) = θj , a component of θ) and L̃(θ) is proportional
to a posterior density function that has a dominant peak at its mode θ̃. We will assume
that essentially all of the contribution to the integral comes from values of the integrand in
some neighborhood of θ̃. In applications there are often many such integrals, for various
alternative choices of g(θ), that need to be evaluated.
Many other strategies for integration are available, especially in Bayesian analysis
(see Evans and Swartz, 1995, for an overview). Our investigation of subregion-adaptive
integration was motivated by the need for a method that would be generally applicable and
efficient in reasonably well-behaved problems. Such a method could become the basis of a
single generic integration function in a programmming package such as Lisp-Stat or S-Plus.
The existing software we would like to take advantage of assumes the domain of
integration is a product region of the form [a1 , b1 ] × [a2 , b2 ]... × [am , bm ]. The naive approach
to applying it in the problem defined above would be to try to find a suitable box of this
form surrounding θ̃. For example, in a Bayesian analysis one might use some multiple of
approximate marginal posterior standard deviations, taken from a Normal approximation
to the posterior, as half-widths for intervals centered at the components of θ̃. The region
over which the integrand has non-negligible values, however, will typically comprise only
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a small fraction of such a multidimensional box. Thus, the software will typically either
spend an extremely long time finding the region that matters, or it will miss it entirely and
fail to evaluate the integral correctly.
The method we adopt here uses the additional information provided by the second
derivatives of log L̃(θ) at θ̃, together with evaluations of L̃(θ) (along rays emanating from
θ̃) that help determine its shape. A transformation is then introduced to bring the domain
to [0, 1] × [0, 1] × · · · × [0, 1] in such a way that, over subregions of this new domain, the
integrand will be well approximated by low-order polynomials. In Section 3 we describe
these transformations, which are based on split-t distributions. An initial step involves
orthogonalization: we transform the axes to make the negative second derivative matrix,
evaluated at the mode, equal to the identity.
The split-t transformations could be used with Monte Carlo integration, rather than
subregion-adaptive integration, on [0, 1] × [0, 1] × · · · × [0, 1]. This would be equivalent to
using the split-t distributions as importance functions for Monte Carlo integration. Viewed
in that light, our algorithm for choosing split-t distributions is a modification of that used
by Geweke (1989) (see also Evans, 1991), and we believe it will be useful in that role.
Subregion-adaptive integration would be expected to provide greater accuracy, however,
because of its use of polynomial rules together with its adaptive character, which should
enable it to recover well from failures of the transformation to model the shape of L̃(θ). In
Section 4, we compare these two approaches in several simple examples, and in Section 5
we summarize our findings and conclusions.

2
2.1

Subregion Adaptive Numerical Integration
Background

Multidimensional numerical integration has traditionally been considered a difficult computational problem. The primary cause of the difficulties has been attributed to the “curse
of dimensionality”. This “curse” arises when a multidimensional integral over a product
region is approximated in a natural way using a product of one dimensional integration
rules. An appropriate one-dimensional rule (or formula)
Z b

f (θ)dθ '

a

N
X

wi f (θi )

i=1

is used for each dimension. When these one-dimensional rules are combined in a product
form we have the multidimensional product rule approximation
I(f ) ' BN (f ) =

N
X
i1 =1

w1,i1

N
X

w2,i2 ...

i2 =1

N
X

wm,im f (θ1,i1 , θ2,i2 , ..., θm,im ).

im =1

This product rule requires M = N m values of the integrand, which increases rapidly with
N even for modest values of m. The one-dimensional rules that have been used to construct
product rules are usually polynomial integrating rules (e.g., Naylor and Smith, 1982). With
these rules the points θi and weights wi are chosen so that for a particular N, the rule
will integrate exactly all polynomials with degree ≤ d, for some d that increases with N
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(the “Gauss” rules have the optimal d = 2N − 1). This polynomial integrating property
is inherited by the product rules, which therefore converge very rapidly to I(f ) when f (θ)
is sufficiently smooth. However, this rapid convergence might only be apparent when N
is fairly large, and so for many (“cursed”) practical problems it is not possible to obtain
an accurate approximation to I(f ) in an acceptable amount of time using a sequence of
product rules.
An extensive amount of research work (see Berntsen and Espelid, 1982, Genz and
Malik, 1983, Genz, 1986, Keast, 1979, Keast and Lyness, 1979, Cools and Haegemans,
1994 and Cools and Dellaportas, 1994, for a selection of references) has been devoted to
finding multidimensional polynomial integrating rules that do not require nearly as many
points as the product rules. For example, the Genz-Malik rules require substantially fewer
integrand values for increasing m and d than the corresponding Gauss rules. The degree 7
and 9 Genz-Malik rules have been used extensively as local integration rules for the type of
subregion adaptive algorithms that are discussed in Section 3. For degree 7, the number of
points increases with dimensionality roughly at the rate m3 rather than at the product-rule
rate of 4m , and for degree 9, the number of points increases with dimensionality roughly at
the rate m4 rather than at the product-rule rate of 5m .
A feature of these low M rules is that the weights wi are not always positive. While
this has been perceived by some statisticians (see Shaw, 1988a and 1988b and Dellaportas
and Wright, 1991) as an obstacle to using these rules with positive integrands, the results
presented in the examples given at the end of this paper do not support this perception.
From a theoretical point of view, if we want convergence of a sequence of integration rules
to the integral of a continuous function, it is necessary that the sum of the absolute values
of the integration rule weights remain bounded (Engels, 1980, Chapter 4). This condition,
for an integration rule sequence based on increasing d, has not been established for many
of the non-product polynomial integrating rules. However, the way these rules are used
in subregion adaptive integration algorithms, where d is fixed throughout the computation
and the chosen rule is applied to smaller and smaller subregions, does provide a sequence
of rules that satisfy the bounded absolute weight sum condition.

2.2

Overview of Subregion Adaptive Algorithms

With subregion adaptive methods, a finer and finer subdivision of the original integration
region is dynamically constructed, with smaller subregions concentrated where the integrand
is most irregular. Within each subregion a moderate degree local integration rule is used to
provide an estimate for the integral. These local results are combined to produce the global
estimate. Although various basic rule types could be used, polynomial integrating basic
rules are usually used with the subregion adaptive methods because they can provide rapid
convergence once the subdivision has been refined enough that a low degree polynomial
approximation can provide an accurate approximation to the integrand. Typical input for
this type of algorithm consists of (i) a description of the initial integration region R, (ii) the
integrand, (iii) an error tolerance  and (iv) a limit kmax on the total number of subregions
allowed (this can either be used to limit the maximum time allowed or to limit the maximum
workspace allowed).
Along with the chosen basic integration rule B we must also have an associated error
3

estimation rule E. In this section we let Bi be the approximation to the integral in a
subregion Ri obtained using the basic rule, and let Ei be the estimate for the absolute error
in Bi . If at some stage in the algorithm R has been subdivided into k subregions, the relevant
pieces of information are kept in a list S = {(R1 , B1 , E1 ), (R2 , B2 , E2 ), ..., (Rk , Bk , Ek )}.
Initially R1 = R with k = 1, B1 and E1 are computed. There are many possible adaptive
strategies that may be used to dynamically refine the list S. A generic globally adaptive
algorithm has a main loop with the following form:
Globally Adaptive Integration Algorithm
• Input: S, f (θ), an absolute error tolerance  and a work limit W
• Algorithm:
1. Begin with S, and global estimates for I(f ) and the error.
2. While (error > ) and (total work < W) Do
(a) Determine a new subdivision by subdividing a largest error subregion.
(b) Apply a local integration rule to f (θ) in the new subregion.
(c) Update the subregion list and estimates for I(f ) and the error.
Endwhile
• Output: Estimates for I(f ) and the absolute error.
In order to avoid the “curse”, the subdivision step 2(a) in the generic globally adaptive algorithm must be done in a controlled way. A natural subdivision strategy subdivides
the chosen region into 2m pieces by halving along each coordinate axis, but suffers from the
“curse”, and does not take account of the potential for differences in the behavior of the
integrand as θ varies in different directions. A better strategy was developed by van Dooren
and de Ridder (1976). With this strategy, the subdivision step 2(a) divides the selected
subregion in half along the coordinate axis where the integrand is (locally) most rapidly
changing. This allows the computational time to increase slowly and adaptation to occur
only in those variables that cause most of the variation in the integrand. This strategy has
been used in several algorithms, the most recent being an algorithm developed by Berntsen,
Espelid, and Genz (1991a, with double precision Fortran implementation DCUHRE, 1991b),
for a vector of integrals. Most statistical integration problems involve a set of similar integrands that differ only by some elementary factors, and have a common integration region.
With these problems, a significant part of the computation required for each integrand (the
computation of the posterior density) is the same for all of the integrands. The DCUHRE
software, which we have used for the examples described later in this paper, computes simultaneous approximations to a vector of similar integrals over the same integration region,
and can therefore take advantage of this special feature of statistical integration problems.

2.3

Better Error Estimation

The basic error estimation method for subregion adaptive integration algorithms uses, for
some subregion R, a difference of two integration rules
0

E(f ) = |B(f ) − B (f )| ' |

Z
R

4

f (x)dx − B(f )|.

The rule B0 (f ) usually has degree d0 < d (the degree of B(f )) and uses a subset of the
points for B(f ). Simple error estimates of this type are often conservative (they are usually
a better estimate for the error in B0 (f )) and sometimes unreliable. If combined with results
from other basic rules they can be made more robust (Berntsen, Espelid and Genz, 1991a),
but the effect of these more sophisticated techniques is usually an even more conservative
estimate. The result is that even though the subregion adaptive algorithm that uses these
careful error estimates may be producing very accurate integral results, it does not know
when to stop, and therefore often continues a calculation much longer than is necessary.
While it is important for the adaptive algorithm to use conservative error estimates for local
subdivision decisions, the sum of these conservative estimates can be an overly conservative
final error estimate. Conservativeness in software like DCUHRE is needed to maintain a
relatively high level of reliability for a broad range of integrands, but for better-behaved
problems the error estimation strategy should be modified.
An approach that has shown promise on several different problems (see Genz and
Kass, 1991) is to use a combination of the conservative error estimates from the adaptive
software, and differences between integral estimates from successive calls to the software.
To be specific, let EN and IN be the respective error and integral estimates produced by
the adaptive software using N values of the integrand. The revised estimate takes the form
ÊN = |IN − IN/2 | + w(N )EN ,
where w(N ) is a heuristically chosen weight function for the conservative error estimates.
In most practical multiple integration computations, it is not known in advance how much
work will be needed to achieve a prescribed accuracy level, so a typical strategy is to request
intermediate results from the integration software with N = M, 2M, 4M, . . . (with the initial
M fairly small) and stop when there is a negligible change in successive results. The type of
error estimate just given implements this strategy, but also places some weight on the more
conservative estimates from all of the basic integration rules. The choice for w(N ) that we
have used is w(N ) = (M/N )α for N > M , with ÊM = EM , initially, and α = 0.5. This
choice allows the conservative estimates to initially have more weight, but these conservative
estimates are given less weight as the adaptive algorithm proceeds. The parameter α = 0.5
was chosen after some experimentation, to reflect behavior of the observed errors in several
test problems.

3

Transformations

Subregion adaptive integration algorithms require repeated subdivision of the integration
region. The globally adaptive algorithm described in the previous section chooses at each
stage a priority subregion to be halved along some coordinate axis. When the integrand is
highly peaked, the region over which the peak occurs may be very small and it is possible
for it to be missed by a set of evaluation points. If this occurs at one stage, it could easily
also occur at the next so that the strategy could fail to find the peak and, hence, fail to
correctly evaluate the integral. For this reason it is important to use available knowledge
about the location and shape of the dominant peak.
We begin with the modal value θ̃ and the modal covariance matrix Σ, which is the
˜
inverse of the negative Hessian matrix of log L(θ)
at θ̃. One possibility would be to define
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cutoffs for each component of θ, i.e., θi ± c · σi for the i-th component, where σi is the
square-root of the i-th diagonal element Σii and c is some suitable number such as c = 5.
This would be assuming that the essential mass of the integrand could be captured by
a spherical Normal approximation extending c approximate standard deviation units in
each component direction. This naive method, however, is not very successful. First, it
ignores the covariance structure; second, it forces the algorithm to search for important
contributions to the integrand in regions where they do not occur (e.g., near the corners
of the box), and third, it presumes that the tails drop at the rate of a Normal density. In
many cases it thereby leaves the problem too difficult and the algorithm will not terminate
in the allotted time.
Our alternative is to transform the region of integration to [0, 1]m using a suitable
distribution function. We begin by reviewing in Section 3.1 the modal approximation transformation, which would assume that L̃(θ) has the form of a Normal density. Although it
is not a method we recommend, it becomes a part of the overall approach we follow and
it does avoid the first two difficulties mentioned above that are faced by the naive cutoff
method. The idea is to apply an orthonormalizing transformation to obtain new coordinates
which would, if the original θ were Normally distributed with mean θ̃ and variance matrix
Σ, be independent and standard Normal. Then, each new coordinate is transformed by the
standard Normal distribution function to [0, 1]. In Section 3.2 we describe the modification
of this method that deals with the third of the difficulties mentioned above by allowing the
tail behavior to be non-Normal.
The transformation methods we are describing to facilitate subregion-adaptive integration could also be used with Monte Carlo: they effectively define importance functions.
That is, performing Monte Carlo integration over [0, 1]m following the modal approximation
transformation is equivalent to using the modal Normal approximation to define an importance function. We will compare subregion-adaptive methods with importance sampled
Monte Carlo in the examples of Section 4.
We note that it will be important to obtain good numerical approximations for both
the mode and the modal covariance matrix (Kass, 1987) since the completion of the transformation construction process, and the stable evaluation of the posterior at the integration
points, depend on these quantities.

3.1

The Modal Approximation Transformation

The use of a transformation of variables can be viewed as a method of preconditioning the
integrand so that the transformed integral is easier to compute. ¿From this point of view,
a good transformation is one that concentrates the integrand evaluation points in the most
important subregions of the integration region. For integrands with a dominant peak, one
possible general transformation method is based on the assumption (Chen, 1985) that the
1
t −1
factor L̃(θ) is approximately multivariate normal. This means L̃(θ) ' Ke− 2 (θ −µ) Σ (θ −µ)
with µ = θ̃ and K being the normalizing constant. Here, it is advisable to initially transform
the variables to improve this approximation. For instance, positive quantities could be
transformed by logarithms. To determine µ and Σ multivariate optimization techniques
can be applied to the function log(L̃(θ)) to obtain the mode µ and the modal covariance
matrix Σ. Although numerical optimization for functions of many variables may itself be
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difficult, we do not deal with this part of the problem. In many applications good initial
values are available and we have assumed that there is a pronounced peak in the integrand.
The time for the approximate solution of this type of numerical optimization problem will
usually be insignificant compared to the numerical integration time.
Once Σ and µ are available, the Cholesky decomposition CC t of Σ can be found.
Then, using the transformation y = C −1 (θ−µ) (and the result θ t Σ−1 θ = yt C t C −t C −1 Cy =
yt y), and Normal transformations zi = Φ(yi ) on the y components yields
Z ∞

Z ∞

...
−∞

Z
√
g(θ)L̃(θ)dθ = ( 2π)m |C|

−∞

1

Z 1

...

g(µ + Cy(z))h(y(z))dz,

0

0
1

t

where y(z) = (Φ−1 (z1 ), ..., Φ−1 (zm ))t and h(y) = e 2 y y L̃(µ + Cy).
This general transformation is straightforward to apply and as long as the stated
assumption of approximate normality is correct, this method should be reasonably efficient
because the transformed integrand should be approximately constant.

3.2

Split-t Transformations

A possible problem with the modal approximation transformation occurs when L̃(θ) has
tail behavior that is not accurately modeled by the multivariate Normal distribution. There
are several schemes that might improve on the modal approximation transformation. The
method that we consider here is to use a modification of the split-t transformation technique
discussed by Geweke (1989, 1991). With this technique, we again (as in the previous section)
use the Cholesky decomposition CC t of Σ to define y = C −1 (θ −µ), but the transformation
zi = Φ(yi ) is modified by splitting at the origin and using alternative functions in each
direction that could have (i) the form of Student’s t distribution function and (ii) scale
factors different than 1 (which would be standard deviations in the Normal case). The
function L̃(θ) is investigated along the directions indicated by the Cholesky decomposition
of the modal covariance matrix, in order to determine the appropriate degrees of freedom
and scale factors. For our method we start with the same basic model as Geweke, but we
have a different algorithm for choosing the scale factors. We also extend Geweke’s model
by allowing different degrees of freedom parameters for each dimension, and we provide an
explicit algorithm for choosing these parameters.
To be more specific, we first consider the one dimensional integral
Z ∞

L̃(θ)dθ.

I(L̃) =
−∞

Given the mode µ and the modal variance σ 2 , we define y = (θ − µ)/σ and write I(L̃) as
Z ∞

Z ∞

I(L̃) = σ

L̃(µ + σy)dy = σ
−∞

L(y)dy,
−∞

2
.
and then use an assumption that L(y) = Ke−y /2 to motivate the final transformation
z = Φ(y), where Φ is the standard Normal distribution function. Thus, we obtain

Z 1

I(L̃) = σ

L̃(µ + σΦ−1 (z))φ(z)−1 dz.

0
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In order to handle more general tail behavior for L(y), we use the Student’s t family of
distributions. With this family, we model L(y) using
y2
.
L(y) = K(1 + 2 )−(ν+1)/2
νδ
with ν > 0 (where K is the normalizing constant). To account for possibly different tail
behavior to the left and right of the mode at y = 0, we will allow different δ and ν values
to be used for negative and positive y. This then will give us a “split-t” model for L(y).
The determination of good values for δ and ν based on several evaluations of L(y) is
a nonlinear approximation problem that could be solved using a variety of methods. We
choose to examine the value of L(y) at several points ±y and then fit values δ − and ν −
for y negative, and δ + and ν + for y positive. We first determine
approximate δ ± values by
√
approximately solving log(L(±αδ ± )/L(0)) = −1.25 √
with α = 2.5 (the equation is solved
twice: once for δ − and once for δ + ). The value α = 2.5 was chosen because the log of the
.
scaled (divided by K) model, when evaluated at y = ±αδ, is −(ν + 1)
√ log(1 + 2.5/ν)/2 =
−1.25, with less than 5% relative error for all ν ≥ 0.6. The use of α = 2.5 therefore allows
us to determine good approximate values for δ ± independent of ν. (We expect values of ν
much less than 0.6 to be rarely needed.)
Having found δ ± , we need to determine some ν ± values so that the model approximates L(y) for both positive and negative
√ y. We already know that the model provides a
good approximation to L(y) at y = ± 2.5δ ± for all ν ≥ 0.6, and at y = 0. We would like
to choose ν ± values so that the model approximates L(y) at some other y values. We could
pick some appropriate β and solve log(L(±βδ ± )/L(0)) = −(ν ± + 1) log(1 + β 2 /ν ± )/2 for
ν ± , in order to get an exact fit at y = ±βδ ± . We choose instead to get an approximate
fit at two other sets of y values, y = ±δ ± and y = ±2δ ± . In order to accomplish this, we
determine the ν ± values that minimize
ν+1
4
log 1 +
2
ν


ν−





+ log

L(±2δ ± )
L(0)

ν+1
1
log 1 +
2
ν




+





+ log

L(±δ ± )
L(0)



.

At this stage we should have approximate values for both sets of parameters, δ − and
and δ + and ν + , with
.
L(y) = K(1 +

y2
±
)−(ν +1)/2
ν ± (δ ± )2

for y = 0, y = ±δ ± , y = ±αδ ± and y = ±2δ ± . The procedure could be iterated to
further refine δ ± and ν ± , but we found that further iteration did not really improve the
quality of the model, with typical test problems. The algorithm we used assumes a Normal
approximation for ν ≥ νmax . It is used twice: once for the δ − and ν − parameters, and once
for the δ + and ν + parameters.
Algorithm for Determining Split Transformation Parameters
• Solve log(L(±αδ ± )/L(0))
= −1.25 for δ ± to 5% relative accuracy, using the Secant
√
method, with α = 2.5.
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• Determine ν − and ν + in the range (0, νmax ) to minimize
ν+1
4
log 1 +
2
ν






− log

L(±2δ ± )
L(0)



1
ν+1
log 1 +
2
ν


+





− log

L(±δ ± )
L(0)



.

In the examples in Section 4 we used νmax = 8 and minimized over integer values of ν. As
we note in Section 4.1, however, there might be cases where it will be better to let ν range
below the value 1.
The values of δ + , δ − , ν + , ν − resulting from this algorithm are used to construct the
final transformation for I(f ). Instead of y = Φ−1 (z), we use
(

y=T

−1

(z) =

δ ± t−1 (ν ± , z) if ±(z − 0.5) > 0 and ν ± < νmax
δ ± Φ−1 (z)
if ±(z − 0.5) > 0 and ν ± = νmax

y
with z[0, 1], t(ν, y) = Nν−1 −∞
(1 + s2 /ν)−(ν+1)/2 ds and Nν chosen so that t(ν, ∞) = 1.
For multidimensional problems, we need to use this algorithm for each of the integration variables. Assuming that the mode µ and modal covariance Cholesky factor C
have been found, we define L(y) = L̃(µ + cii ei y) (where ei is the standard ith Euclidean
basis vector), for the ith variable, for i = 1, 2, ..., m. We then use the split transformation
parameter selection algorithm twice for each i, to obtain transformation parameters νi± and
δi± . The work needed to determine the mode, modal covariance matrix and split transformation parameters will usually be insignificant compared to the work for the integration.
The tests we have completed indicate that most of the work for the construction of our
transformation comes in the determination of the mode, and this work can be significantly
reduced if a good initial value is given to start the numerical optimization. After the mode
has been found, we need O(m3 ) work to determine Σ and C. The determination of the
split-t parameters requires only O(m) work, because we need a few L(y) values for each of
the integration variables in order to fine good δ ± and ν ± parameters.
This completes our discussion of the transformation selection process. The selected
transformations will allow the original domain of integration (which we assume to be effectively infinite) to be transformed to the unit m-cube:

R

Z ∞

Z ∞

...
−∞

g(θ)L̃(θ)dθ = |C|

Z 1

Z 1

...

−∞

0

g(µ + Cy(z))h(y(z))dz,
0

−1 (z ))t and h(y(z)) = (
where y(z) = (T1−1 (z1 ), ..., Tm
m
transformation Jacobian factors Ji defined by

(

Ji (zi ) =

±

δi± Nν ± (1 + zi2 /νi± )(νi
√i 2
δi± 2πezi /2

+1)/2

Qm

i=1 Ji (zi ))L̃(µ

+ Cy(z)), with the

if ±zi > 0 and νi± < νmax
if ±zi > 0 and νi± = νmax .

If the transformation process has been successful, h(y) should be approximately constant,
and therefore fairly easy to integrate with standard numerical integration methods for the
hypercube.
It remains possible that some tails of the posterior will be thicker than those detected
by our transformation algorithm, so that h(y) becomes unbounded at some places along
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the boundary of the transformed integration region. In principle, if the original integral
is finite, then the transformations we use will result in a finite transformed integral, even
though the integrand may be unbounded in parts of the integration region; the integration
rules we use do not require integrand values at the boundary of the integration region, and
our algorithm can adapt to boundary singularities. In practice, an unbounded h(y) could
slow convergence. This slow convergence would typically be observed and would serve as a
warning. We have not come across real examples where tail thickness has caused misleading
results with this method. On the other hand, such examples could be constructed and the
possibility of inaccuracy due to undetected heavy tails should be kept in mind.

4

Examples

We now illustrate our subregion-adaptive scheme and compare it with importance sampled
Monte Carlo integration. The Monte Carlo integration method used for all of our tests is
an antithetic variate enhanced version of crude Monte Carlo. With this standard technique
(see Davis and Rabinowitz, 1984 or Evans and Swartz, 1992) for improving the convergence
of crude Monte Carlo, for every random point z[0, 1]m at which we sample the transformed
integrand, we also sample at the point (1, 1, ..., 1)−z. In Section 4.1 we use a one-dimensional
example to show how important the tails in the transformation can be. In Sections 4.2-4.4
we apply the technique to three multidimensional problems. In the calculations for all of
these examples we have scaled the posterior L̃ by adding the constant − log(L̃(µ)) to log(L̃)
during the computation of L̃. This avoids underflow problems that can occur with some
statistical problems.

4.1

A One Dimensional Example

In this section we consider the computation of integrals using a Pearson Type IV density
function (see Johnson and Kotz, 1970, p. 12). These integrals have the form
Z ∞

I(g) =

g(θ)
−∞

e

−ρν π
θ−λ
√ ))
( 2 −atan( ω
2
ν

(1 +

(θ−λ)2 ν+1
) 2
ω2 ν

dθ .

The exact mode and modal variance for the density function are given by
µ = λ + ρων 1.5 /(1 + ν)
and
σ 2 = (ω 2 (ν + 2ν 2 + ν 3 (1 + ρ2 )))/(1 + ν)3 .
In order to investigate the behavior of the automatic transformation selection method described in the previous section we fixed (λ, ω, ρ, ν) = (0, 1, 20, 4) and used g = 1, θ and
θ2 .
We first approximately computed I(1), I(θ) and I(θ2 ) using no transformation, but
with the integration domain truncated to the interval [-2000,2000]. This particular truncated domain was determined by using domains of the form [−α, α] for different choices of
α and selecting the smallest domain where the results were accurate to at least three decimal digits. Computation with the truncated interval [-2000,2000] required 165 integrand
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evaluations to compute results accurate to three or four decimal digits with a simple one
dimensional globally adaptive algorithm. Larger domains could have been used to achieve
more accurate results, but at a higher total integrand evaluation cost.
Next, we computed the three integrals I(1), I(θ) and I(θ2 ) using an unsplit Normal
transformation with a simple one dimensional subregion-adaptive algorithm. This computation terminated after 765 integrand evaluations had been made, with only one or two digit
accuracy in the results. Then we computed the integrals using the transformation selected
by the algorithm in Section 3.2. The algorithm selected a split Normal/Cauchy model with
0.66 and 1.69 as respective scale factors (i.e. (ν − , δ − , ν + , δ + ) = (8, 0.66, 1, 1.69)). This
computation required only 45 integrand evaluations to achieve three to four digit accuracy.
Further investigation revealed that the poor results obtained using the Normal transformation are mostly because of the limited integration domain that results from the use of finite
precision arithmetic. For z ' 1 we theoretically expect very large values for Φ−1 (z), but
standard software returns maximum values for Φ−1 (z) in the range 5-6 (single precision,
with range 6-7 for double precision). For the test problem considered in this section where
σ = 14.34, the upper limit for the actual integration domain when the inverse Normal
transformation is used is therefore less than 100, and this is too small to accurately account
for the tail behavior in the test problem integrand. Similar results were obtained with other
values of skewness parameter ρ. In this example ν was restricted to be at least 1 and it is
likely that better results would have been obtained if we had allowed ν to be less than one.
We then computed the three integrals using importance sampled Monte Carlo integration. This method required about 250,000 integrand evaluations for only two-digit
accuracy with the split transformation and 6,000,000 integrand evaluations for two-digit
accuracy with the Normal transformation. Three-digit accuracy would require approximately one hundred times as much work.
We also used this setting to illustrate an important difficulty that can arise with
sequential Gauss-Hermite schemes (Naylor and Smith, 1982; Dellaportas and Wright, 1991).
2
We applied a sequence of N -point Gauss-Hermite rules, for N = 1, 2, ..., 50, to ex /2 g(µ +
σx)L̃(µ + σx). For N = 50 the results were accurate to only two digits for I(1) and
only one digit for I(θ)/I(1), but the relative difference between results for N = 50 and
N = 49 were approximately 10−4 for I(1) and 10−3 for I(θ)/I(1), suggesting a much higher
level of accuracy than was present. Although Gauss-Hermite rules and the generalizations
developed by Dellaportas and Wright (1991) can be very effective for problems where the
posterior density is approximately Normal, these results suggest that they should be used
with caution when there is serious doubt about approximate Normality. The approach we
have taken may be better able to adapt to moderate posterior non-Normality.

4.2

A Nonlinear Regression Example: BOD

Data on biochemical oxygenation demand (BOD) were analyzed by Bates and Watts (1988)
and subsequently by Tanner (1993) using a two-parameter nonlinear regression model yi =
θ1 [1 − exp(−θ2 xi )] + i , with Normal constant-variance errors. We use the prior 1/(360σ)
on (θ1 , θ2 , σ) over the region (0, 60) × (0, 6) × (0, ∞). (Tanner allowed θ1 and θ2 to take
negative values, which seems to us scientifically unreasonable.) After integrating out σ the
11

integrands have the form
Z

I(g) =

g(θ1 , θ2 )[S(θ1 , θ2 )]−3

1
dθ1 dθ2 .
45π 3

This example is interesting because the posterior is markedly non-Normal (see the cited
references for plots of the likelihood and posterior contours).
Results using g(θ) = 1, g(θ) = θ1 , and g(θ) = θ2 , shown in Tables 4.2.1 and 4.2.2,
were computed using the DCUHRE software. The errors given are estimated errors from
the adaptive integration software combined with the error estimation method described in
Section 2.4. For comparison, we also applied an importance-sampled Monte-Carlo method
combined with the split transformations. These results are given in Table 4.2.3. There the
reported errors are standard errors from the Monte-Carlo method. The results from longer
computer runs, which we believe to be accurate to three decimal digits, are (1̄, θ̄1 , θ̄2 ) =
(2.24, 18.8, 1.16).
Table 4.2.1: Adaptive Modal Results
Expected Values
L̃(θ1 , θ2 )’s
1̄
θ̄1
θ̄2
333
1.380
19.216
0.5673
925
1.443
19.320
0.5695
1.519
19.247
0.5894
2109
4477
1.609
19.229
0.6112
9213
1.681
19.258
0.6247
Err. Est.
.0074
0.881
0.0408
Table 4.2.2: Adaptive Split Results
Expected Values
1̄
θ̄1
θ̄2
L̃(θ1 , θ2 )’s
333
1.893
18.438
0.8288
925
1.930
18.648
0.9078
2109
2.044
18.582
1.0977
4477
2.069
18.589
1.0849
9213
2.131
18.435
1.1529
Err. Est.
.0067
0.426
0.1060
Table 4.2.3: Monte-Carlo Split Results
Expected Values
L̃(θ1 , θ2 )’s
1̄
θ̄1
θ̄2
4500
1.81
18.8
0.76
Std. Err.
0.20
1.6
0.36
The splitting algorithm chose a t on 2 d.f. for the transformation of θ2 in the positive
direction, with a scale factor of 1.4 (for the negative direction of θ2 and both directions
of θ1 the algorithm fitted Normal distributions with scale factors close to 1), and this led
to dramatically improved answers in comparison with the modal Normal transformation.
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There is also a substantial improvement over Monte Carlo in this example. (Although
the Monte Carlo estimate of expectation of θ1 was quite accurate, its large standard error
indicates that this has occurred by chance.) Note that our estimated errors are reasonably
close to the actual errors. An additional interesting result, not displayed here, was based on
9,300 Monte Carlo samples using the modal Normal approximation, which is equivalent to
modal Normal importance sampling. The expectation approximations were very inaccurate,
and also had Monte Carlo standard errors that were misleadingly small by an order of
magnitude (presumably because the tails of the distribution were inadequately sampled).
A version of Gauss-Hermite integration we implemented also performed very poorly in this
problem.

4.3

Stanford Heart Transplant Data Example

This example has been considered in a number of papers (e.g. Naylor and Smith, 1982).
The integrals of interest have the form
Z ∞Z ∞Z ∞

I(g) =

g(λ, τ, p)L̃(λ, τ, p)dλdτ dp,
0

0

0

with
L̃(λ, τ, p) =

pλp
i=1 (λ+xi )p+1

Qn

τ pλp
λ
p Qm
i=n+1 ( λ+xi )
j=1 (λ+yj +τ zj )p+1

QN

QM

λ
p
j=m+1 ( λ+yj +τ zj ) .

We first make the transformation (λ, τ, p) = (eθ1 , eθ2 , eθ3 ), and the integrals now have
the form
Z ∞ Z ∞ Z ∞

I(g) =

g(eθ1 , eθ2 , eθ3 )L̃(eθ1 , eθ2 , eθ3 )e(θ1 +θ2 +θ3 ) dθ.

−∞ −∞ −∞

Then, numerical optimization is applied to the function log(L̃(eθ1 , eθ2 , eθ3 )) + θ1 + θ2 + θ3 to
obtain the mode µ and modal covariance matrix Σ, with Cholesky factor C. It is important
to include the θ1 + θ2 + θ3 terms (that arise from the Jacobian for the transformation to the
θ variables) in the objective function during the optimization, because the transformation
selection and integration algorithms also use these terms. The maximum value is approximately −375, so the constant 375 was added to log(L̃) during the integral computations in
order to avoid underflow problems when computing L̃.
Results in Tables 4.3.1 and 4.3.2 were computed using the DCUHRE software. The
results are similar because the transformation selection algorithm selected a normal/normal
split for all three variables with the scale factors δ ± ' 1. The errors given are estimated
errors from the adaptive integration software combined with the error estimation method
described in Section 2.4. For comparison, we also used an importance sampled Monte-Carlo
method combined with the split transformations, for the integration. These results are given
in Table 4.3.3. The reported errors are standard errors from the Monte-Carlo method. The
results from longer computer runs which we believe to be accurate to four decimal digits
are (1̄, λ̄, τ̄ , p̄) = ( 0.2969, 32.60, 1.047, 0.4969 ). (We believe Naylor and Smith, 1982,
incorrectly reported the exact value of τ̄ to be 1.042.) Once again, as in the previous
example, the best results are produced by the transformed subregion adaptive numerical
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integration; the error estimates are reasonably close to the actual errors and considerably
smaller than the Monte Carlo standard errors.
Table 4.3.1: Adaptive Modal Results
Expected Values
L̃(λ, τ, p)’s
1̄
λ̄
τ̄
315
0.2949
32.521
1.0323
855
0.2958
32.530
1.0386
2025
0.2961
32.556
1.0406
4365
0.2963
32.585
1.0421
9135
0.2964
32.597
1.0441
Err. Est.
0.0005
0.037
0.0033

p̄
0.4980
0.4977
0.4976
0.4976
0.4975
0.0007

Table 4.3.2: Adaptive Split Results
Expected Values
L̃(λ, τ, p)’s
1̄
λ̄
τ̄
315
0.2943
32.455
1.0364
855
0.2947
32.488
1.0378
2025
0.2955
32.507
1.0396
4365
0.2962
32.573
1.0408
9135
0.2964
32.604
1.0426
Err. Est.
0.0005
0.049
0.0031

p̄
0.4967
0.4972
0.4970
0.4973
0.4974
0.0003

Table 4.3.3: Monte-Carlo Split Results
Expected Values
1̄
λ̄
L̃(λ, τ, p)’s
τ̄
p̄
4500
0.3032
31.86
1.110
0.4885
Std. Err.
0.0036
0.95
0.037
0.0092

4.4

A Hierarchical Model Example

In this section we consider an integral that arose in a Hierarchical Model problem. An
article by Carlin, Kass, Lerch and Huguenard (1992) considers two cognitive models for
predicting error rates in computer-based tasks using the cognitive psychological concept
of human working memory. One of the models (the full model) requires the evaluation of
six-dimensional integrals. A reduced model involves five-dimensional integrals. Here, we
consider the reduced model integrals.
The required integrals have the form
Z ∞ Z ∞ Z ∞ Z ∞Z ∞

I(g) =

g(λ)L(λ)π(λ)dλ
−∞ −∞ −∞ 0

(1)

(2)

−∞

with λ = (γ, µθ , µθ , σθ , α)t , and g = 1 and λ. The prior density function π(λ) is given
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by
− 21 ((

π(λ) =

e

(2)
(1)
µ
−a2
−a1
γ−µ
α )2 )
θ
)2 +( θ b
)2 +( σ γ )2 +( 2 2 )+( α−µ
b1
σα
γ
dσ
2
θ

µ

√

√
√
2(c+1) √
2πb1 2πb2 2πσγ cdc σθ
2πσα

,

and the likelihood function L(λ) has the form

L(λ) =

2 Y
10
Y

Z ∞ − 12 (
e

θ

√

i=1 j=1 −∞

(i)
(i)
−µ
j
θ
)2
σθ

2πσθ

(i)

(i)

w(θj , λ)dθj ,

with
(i)
w(θj , λ)

=

(i)

3
3 Y
Y

(eθj

k=1 l=1

(1 + eθj

+γ(k−1)+α[l/2] zi,j,k,l
)
(i)

+γ(k−1)+α[l/2] ni,j,k,l
)

,

where [x] is used to denote the integer part of x and the zi,j,k,l and ni,j,k,l values come from
experimental data. Putting everything together, the computation I(f ) could actually be
considered a twenty-five dimensional numerical integration problem. However, we treat the
problem as a five dimensional integral with a difficult integrand, part of which is a product
of twenty one-dimensional integrals. Because variable σθ has limits 0 and ∞, the initial
transformation σθ0 = log(σθ ) was used. Numerical optimization is then used to obtain
the mode λ̂ and modal covariance matrix Σ, with Cholesky factor C, and an additive log
posterior constant, that turned out to be 232. Then the integral I(g) can be put into the
form
I(g) = |C|

Z 1

Z 1

...
0

ew4 g(λ̃(z))L(λ̃(z))π(λ̃(z))dz,

0

where λ̃(z) = (w1 , w2 , w3 , ew4 , w5 )t is defined using w = λ̂ + Cy(z) with
y(z) = (T1−1 (z1 ), T2−1 (z2 ), ..., T5−1 (z5 ))t .
Results in Table 4.4.1 were computed using the DCUHRE software with the split
transformation. The transformation selection algorithm chose inverse normal transformations for all cases, will all scale parameters approximately 1.0, so the modal and split
transformation results were almost identical. Results in Table 4.4.2 were computed for
comparison using an importance sampled Monte-Carlo algorithm, with the split transformations. The results from longer computer runs which we believe to be accurate to four
(1) (2)
decimal digits are (1̄, γ̄, µ̄θ , µ̄θ , σ̄, ᾱ) = ( 0.1360, 1.016, -4.252, -4.859, 0.1773, 1.794 ). As
in the previous two examples, transformed subregion-adaptive numerical integration outperforms Monte Carlo; the error estimates are again reasonably close to the actual errors
and considerably smaller than the importance sampled Monte Carlo standard errors.
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Table 4.4.1: Adaptive Split Transformation
Expected Values
(1)
(2)
1̄
L(λ)’s
γ̄
µ̄θ
µ̄θ
339
0.1309
1.0155
-4.250
-4.851
791
0.1331
1.0155
-4.250
-4.854
1921
0.1345
1.0155
-4.252
-4.855
4181
0.1352
1.0152
-4.251
-4.854
8927
0.1353
1.0155
-4.251
-4.856
0.0005
0.0030
0.012
0.015
Err. Est.

Results
σ̄
0.1707
0.1714
0.1721
0.1730
0.1744
0.0037

ᾱ
1.7941
1.7943
1.7944
1.7939
1.7937
0.0053

Table 4.4.2: Monte-Carlo Split Transformation Results
Expected Values
(1)
(2)
L(λ)’s
1̄
γ̄
µ̄θ
µ̄θ
σ̄
ᾱ
4500
0.1386
1.012
-4.250
-4.84
0.190
1.796
Std. Err.
0.0036
0.032
0.096
0.15
0.017
0.053

5

Concluding Remarks

The purpose of the work reported here was to extend applicability of subregion-adaptive
software and evaluate its effectiveness in an important class of statistical integration problems. We were not attempting to provide methodology for especially difficult integration
problems, but rather an efficient scheme for analytically intractable yet well-behaved lowdimensional integrands, which arise frequently in simple Bayesian analyses.
We used split-t distributions to transform the domain of integration to the unit cube,
where the previously existing software could be employed. These transformations were
chosen because similar ones were shown by Geweke (1989) to be effective as importance
functions for Monte Carlo integration. We expected this approach to be more efficient, for
most problems of low dimensionality, because subregion-adaptive integration is known to be
more efficient than Monte Carlo for regular problems of modest dimensionality on the unit
cube (and importance sampling with a probability distribution is equivalent to crude Monte
Carlo on the unit cube after transformation by the corresponding distribution function).
The subregion-adaptive error estimates were reasonably close to the actual errors. We
may compare these error estimates to the corresponding Monte Carlo standard errors to
get an idea of the gain in efficiency. Computing the efficiency ratio [(Monte Carlo standard
error)/(subregion-adaptive error)]2 for the results in Examples 2-4 (using as subregionadaptive error the difference between the long-run values and the values reported on the
second-to-last line, based on almost 4500 function evaluations) we find efficiency is improved
by large factors: in only one case was the ratio less than 10 and in several it was more
than 1000 (the median efficiency ratio among the 13 expectations reported there is 38,
with quartiles of 20 and 900). We do not wish to overemphasize these numbers, but it
is clear that subregion-adaptive integration offers substantial gains in efficiency judged in
terms of accuracy for a given number of function evaluations. Thus, to achieve a given
level of accuracy we would expect substantial reductions in running time for the subregionadaptive scheme we propose. Our conclusion is not that Monte Carlo should be abandoned,
16

but rather that for routine evaluation of low-dimensional integrals having a dominant peak
split-t-transformed subregion-adaptive integration will often be much more efficient.
The form of the transformation function matters. As in importance sampling, distributions with tails that are too thin can lead to very inefficient or even disastrous results.
This was illustrated in the Pearson-family example. On the other hand, any probability
distribution used in importance sampling may also be used to define a transformation to the
unit cube; thus, by analogous procedures, it should be possible to improve any importance
sampling method for integrating smooth functions of modest dimensionality.
We should acknowledge that all of our examples involve calculation of normalizing
constants and expectations. These are important and sometimes challenging problems
(e.g., DiCiccio, Kass, Raftery, and Wasserman, 1997), but marginal densities are often
of interest as well. Although the method described here should be applicable, there are
implementation issues that would need further attention before it could be applied effectively
to marginal density calculation. This is one class of problems for which sampling methods
are particularly well suited. We view subregion-adaptive integration as a complementary
approach most useful, as it currently exists, for the calculation of normalizing constants and
expectations.
The development of software to perform the analyses presented here is nearly complete. This software includes other transformations (such as unsplit multivariate Student-t)
and other numerical integration methods such as adaptive importance sampling, modified
Gauss-Hermite (Genz and Keister, 1996) and spherical-radial integration (Monahan and
Genz, 1996a,b). The software will be made available through standard public domain internet sources, including statlib. Work on constructing a version for use with the S statistical
computing environment is also underway.
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