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Abstract

The principal pivot transform (PPT) is a transformation of the matrix of a linear system
tantamount to exchanging unknowns with the corresponding entries of the right-hand side of
the system. The notion of the PPT is encountered in mathematical programming, statistics
and numerical analysis among other areas. The purpose of this paper is to draw attention
to the main properties and uses of PPTs, make some new observations and motivate further
applications of PPTs in matrix theory. Special consideration is given to PPTs of matrices
whose principal minors are positive. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Suppose thatt € M, (C) (then-by-n complex matrices) is partitioned in blocks
as
A1 A
A= 1.1
<A21 Azz) (2.1)

* This work was supported by a grant from the Natural Sciences and Engineering Research Council of
Canada.
* Tel.: +1-306-585-4771; fax: +1-306-585-4020.
E-mail addresstsat@math.uregina.ca (M.J. Tsatsomeros).

0024-3795/00/$ - see front matter2000 Elsevier Science Inc. All rights reserved.
PI:S0024-3795(99)00281-5



152 M.J. Tsatsomeros / Linear Algebra and its Applications 307 (2000) 151-165

and further suppose thdt ; is an invertible submatrix. Consider then

_ (All)_l —(A]_]_)_]‘Alz )
b= <A21(A11)1 A2z — Az1(A1D) YA12 ) 1.2)

The matricesA andB are related as follows: if = (x{, x))T andy = (y], yD)Tin
C" are partitioned conformally t8, then

A <x1) - (yl) if and only if B <y1> — <x1>.
X2 V2 X2 y2

The operation of obtainin® from A is encountered in several contexts, includ-
ing mathematical programming, statistics and numerical analysis, which we outline
below.

Tucker [23] considers a “combinatorial” equivalence relation among rectangular
matrices, which is implicitly determined by a nonsingular (not necessarily principal)
submatrix ofA. The equivalence class &f comprises theivot(al) transformsof
A, namely, all matrices that are permutationally equivaler tabove. When the
equivalence relation is determined by a principal submatrix, Tucker [24] uses the
termprincipal pivotal) transform(PPT) and asserts thatAf has positive principal
minors (that is, ifA is aP-matrix), then so does every PPTAfTucker’s motivation
for introducing combinatorial equivalence and studying PPTs is rooted in an effort
to generalize Dantzig's simplex method from ordered to general fields. In turn, the
domain—range relation betwednandB observed by Tucker is later used by Cottle
and Dantzig [5] as an important feature of the “principal pivoting algorithm” for the
linear complementarity problem, when the coefficient matrix is a Peadatrix. In
this algorithm, PPTs are used to exchange the role of basic and nonbasic variables of
the problem and the fact th@-matrices are preserved is applied effectively. Prin-
cipal pivot transforms have since found similar uses in the context of mathematical
programming (see, e.g. [19]).

The PPT, under the nanssveep operatqrplays an important role in statistics,
mainly because of conceptual and computational advantages it enjoys in solving
least-squares regression problems. The vdztbat minimizes| Xb — Y ||2, where
Xisn x k of fullrank andYisn x 1, appears in the PPT of

A X'x X'y
“\r'x vy

relative to its principal submatriX T X, which is given by

x"x) 1 —X"x)"IxTy
YIxx™x) 1 yly—vy"'xx"™x)"1x"y )-

Indeedh = (X"X)~1XTY is recognizable as the solution of the normal equations
associated with this least-squares problem, #@hdt — YTX(XTX)"1XTY is the
residual sum of squares. Whefl X is not invertible, this process can be modified

to produce particular solutions of the least-squares problem via the corresponding
generalized inverse (see Section 3 for a description). The first application of the
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above ideas in statistics seems to be contemporary to Tucker’s results on combi-
natorial equivalence and is attributed to Efroymson [8]. For further references and
the historical context in statistics, see [11,20]. Adaptations of the sweep operator
are in use for a variety of statistical computations, for example in solving least-
squares problems subject to linear constraints [17] and in repeated computations of
likelihood e.g., in Monte Carlo Markov chain models (see [15,26]).

A fundamental matrix factorization of the PPT turns up in a discussion of interval
nonsingularity andP-matrices in [13]. We review this factorization in Lemma 3.4
and take the opportunity to provide a proof valid for complex matrices of a result
claimed in [13] (see Remark 5.4). In a related vein, Elsner and Szulc [9] introduce
a generalization oP-matrices to blockP-matrices and show that blodk-matrices
are invariant under certain principal pivot transformations.

The relation betweeA andB mentioned earlier prompted Stewart and Stewart
[21]to refer toB as theexchangef A. The authors use exchanges in order to generate
S-orthogonal matrices from hyperbolic Householder transformations, and then apply
them to solve the mixed Cholesky updating/downdating problem. In [21] it is also
noted that this method of construction $forthogonal matrices is a folk result in
circuit theory and a reference to Belovitch [1] is made for a special case.

The PPT also appears under the tgiyrationin [7], and is mentioned in a survey
of Schur complements by Cottle [4].

The above varied interest in PPTs and the luck of a readily accessible compre-
hensive reference motivate us here to collect, study and present proofs of their main
properties. We also initiate a discussion on determinants, characteristic polynomi-
als and eigenvalues of PPTs from a matrix-theoretic prospective. The relation and
parallelism of PPTs to inversion is also considered, as well as a potential applica-
tion to iterative techniques for solving linear systems. Last, we discuss matrix class-
es that are invariant under principal pivot transformations, including the aforemen-
tioned P-matrices and-orthogonal matrices, as well as an interesting subclass of the
P-matrices introduced by Pang [19] that containsithenatrices and their inverses.

In addition to the brief account of PPTs given so far, the subsequent commentary
contains more information regarding our sources and motivation.

2. Notation and preliminaries

Let n be a positive integer andl € M,,(C). Theith entry of a vectoxk is denoted

by x (7). In the remainder the following notation is also used:

e (n)=1{1,2,...,n}. Foranya C (n), the cardinality ofx is denoted by«| and
a=uo)\ (n).

e Ala, B]is the submatrix oA whose rows and columns are indexedby C (n),
respectively; the elementse@f g are assumed to be in ascending order. When arow
or column index set is empty, the corresponding submatrix is considered vacuous
and by convention has determinant equal to 1. We abbrexiatex] by A[«].
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e A/Al«a]is theSchur complememf an invertible principal submatriA[«] in A,
thatis,A/A[a] = Ala] — Ala, a]Ale] A[a, @]. It is known that detA /A[«])
= detA/det(A[«]).

e o(A) is the spectrum angd(A) = maxX|\r| : A € 0 (A)} is the spectral radius of
A

e diagds, ..., d,) isthe diagonal matrix in, (C) with diagonal entriegy, . .., d,.

Definition 2.1. Givena C (n) and provided tha#i[«] is invertible, we define the
principal pivot transform(PPT)of A € M, (C) relative tow as the matrix pptA, «)
obtained fromA by replacing

Alal by Ala]™,  Ala, @l by — Ala] YAl al,
Ala, o] by Ala, ]Ale]™2,  A[a] by A/A[al.

By convention, ife = @, then ppi(A, ) = A.

We continue with two comments relevant to the subsequent discussion. First, as
with Schur complements (see e.g., [18]), the notion of a PPT can be extended to
the case of noninvertible principal submatrices by considering generalized inverses.
Some work in this direction is presented in [16]. Second, the PPT is related but
distinct from the following block representation of the inverse (see [18, (1.9)]): Given
an invertibleA € M, (C) ande C (n) such thatA[«] and A[&] are invertible, A1
is obtained fromA by replacing

Alal by (A/A[@D) ™Y, A, @l by — Aol Ala, @1(A/Ala]) Y,
Ala, a] by (A/Ala]) " Ala, a]Ala] ™Y, Alal by (A/Ala) ™t

3. Basic properties of PPTs

We begin with a formal statement of the basic domain—-range exchange property
of ppt(A, @), and include a proof sketch for the sake of completeness.

Theorem 3.1. Let A € M, (C) and ¢ C (n) so thatA[«] is invertible. Given a
pair of vectorsx, y € C", defineu, v € C" by u[a] = y[a], ul@] = x[&], v[a] =
x[a], v[@] = y[a]. ThenB = ppt(A, «) is the unique matrix with the property that
for every such, y, y = Ax if and only if Bu = v. Moreover ppt(B, @) = A.

Proof. Consider the permutation matrifor which

([ x[a] T Ala] Ala, a]
Px = (x[&]) and PAP' = (A[&,a] Ald] )
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By the construction outlined in Definition 2.1 and on lettiBg= ppt(A, «), we have

T Ala] 1 —Ale] 1Al @]
PBP = <A[6e,cx]A[a]_1 A/Ala] )

Then, withu andv as prescribed, it can be easily verified ti®a PT(Px) = Py
if and only if Pv = PBPT(Pu), or equivalentlyAx = y if and only if Bu = v. To
show unigueness, suppose tiat = v if and only if Ax = y. Then(B — B )u =
0 for all u such thatu[e] = y[a] = Ala]x[a] + Ale, @]x[@] andula] = x[@]. AS
Ala] is invertible andx is chosen freely, it follows thatB — B )u = 0 for all u €
C", thatisB = B’. To see that ppiB, «) = A, notice that pptB, «)x = Ax for all
xeC'. O

In [23] it is mentioned thatt—* € M, (C) can be found with a sequence of at
mostn PPTs (and by interchanging rows or columns if needed). For example, as
indicated in the next theorem, in certain cases the inverse of a matrix is the outcome
of consecutive PPTs.

Theorem 3.2. Let A € M, (C) and suppose that there exists a partitiorwof (n)
into subsets;,i = 1,2, ..., k so that the sequence of matrices

Ag=A, A =ppt(A;i—1,0p), i=12...k

is well definedi.e., the matricesA; _1[«;] are invertiblg. Thenppt(A, o) = Ag. In
particular, if « = (n), then A is invertible andi —1 = A;.

Proof. By Theorem 3.1 (and the notation thereof) applied to each ofithia se-
guence, and since thg are mutually disjoint sets whose uniondswe have that
Ax =y ifand only if Ayu = v for all x, y € C". It follows by the uniqueness of a
PPT thatd; = ppt(A,@). O

Recall that g1)-inverse of a rectangular matrkis a matrixY such thatXY X =
X (see [3]). The following connection between PPTs &bdinverses of positive
semi-definite matrices is observed in [11].

Proposition 3.3. ConsiderA € M,,(C) so thatA[(n), o] consists of«| linearly in-
dependent columns that span the column space of A. ppEAT A, o) is an (1)-
inverse ofAT A.

Proof. Without loss of generality, suppose thét=[A1]|A2] € M, (C), whereA;
consists ofk < n linearly independent columns & that span its column space.
Consider the matrices

AT (AIAl A{Az)
ATAL ATA,
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and
(AJApt —(AIAl)lAIAz)

B = ppt(ATA, (k) =
ppt( (k)) (A;—Al(AIAl)l 0

(Notice that the trailing principal submatrix of pptT A, (k)) vanishes.) It is then
easily verifiable that TABATA = ATA. O

For a survey of results on generalized inverses of partitioned matrices see [18,
Section 4.1].

To study further the basic properties of At «), we continue with a useful
observation that appears implicitly in [13; 23, proof of Theorem 4].

Lemma3.4. LetA € M,(C) anda C (n) so thatA[«] is invertible. LetT; be the
matrix obtained from the identity by setting the diagonal entries indexeddxyual
to 0. LetTo> = I — Ty and consider the matrice8, = To + Th A, Co = T1 + THA.
Thenppt(A, @) = C1C, .

Proof. Without loss of generality, we can assume that (k). (Otherwise we can
apply our argument to a permutation similarityAj Observe then that

_ 1 0 _ (Ala]l  Ala, a]
Cl_(A[&,oe] A[&]) and Cz_( 0 I )

and thus

1 I 0 Ale]™ —Ale] 1Ale, @]
16, _<A[&,a] A[&]) ( )

0 I
B Ala]™? —Ala] Ao, a]) A -
=\ Al@, «]A[a] ! A/Ala] = Ppt4, ).

Definition 3.5. In the notation of Lemma 3.4, we refer to gpt, ) = C1C§1 as
thebasic factorizatiorof ppt(A, ).

In connection to a remark added to the proof in [23], the following result sheds
more light on the combinatorial relationship between a matrix and (the basic factor-
ization of) its PPTs.

Theorem 3.6. Let A € M,(C) and« C (n) so thatA[«] is invertible. LetB =

pPpt(A, o) and | be the identity inV,,(C). Then there exists a permutation matrix
P € M>,(C) such that

(—B I)P(g)zo. (3.1)
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Moreover if Ty andT» are as in Lemm&.4,then

(T T»
P—(T2 n)'

Converselyif B=ppt(A, o) for somex C (n), then(3.1) holds for an appropriately
defined permutation matriR € Mo, (C).

Proof. Inthe notation of Lemma 3.4, we have thiat= ppt(A, «) if and only if

(=B 1) (gi) =0.

The claims of the theorem follow by substituting = 7> + ThA andCz = T1 +
T>A. The fact thaP as above is a permutation matrix, follows from the definition of
Ty andT,. O

Example 3.7. To illustrate the definitions and observations so farglet {1, 3} so

that
1 21 -1 -6 1
A= (1 1 0) and B = ppt(A,a) = (—1 -5 1) .
2 81 2 4 -1
Notice the exchange taking place relative to the indexsatthe equations

(-(3) = (2)-6)

The basic factorization @ is Clcgl, where
1 00 1 2 1
C1=<l 1 0) and C2=<O 1 0).
0 0 1 2 8 1
Also if B = {2}, then

02 12 -02
ppt(B,B) = | -02 —02 02]|=4a"1

1.2 -08 -0.2

Theorem 3.8. LetA € M, (C) anda C (n) so thatA[«] is invertible. Then
(i) det(ppt(A, a)) = detA[a]/detA[«], and
(i) if in addition A[&] is invertible ppt(A, o)~ = ppt(A, @).

Proof. Let C1C2_1 be the basic factorization of p, «). The conclusions fol-
low, respectively, from Lemma 3.4 and by directly verifying that @pte)~1 =
C2Crt =ppt(A,@). O

Note that invertibility of pp{A, «) does not necessarily imply invertibility @
[16]. A simple counterexample is provided by
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1 2 1 -2
A=<1 2) and ppl(A,{l}):(1 O)'

4. Eigenvalues of PPTs

We continue with what to our knowledge are new observations on the eigenvalues
of PPTs. Itturns out that the process of finding a PPT does not, in general, correspond
to an easily describable mapping of the eigenvalues. Somewhat elegant descriptions
of this mapping, which seem challenging to analyze practically, are mentioned in the
following theorem.

Theorem4.1. Let A € M,,(C) anda C (n) so thatA[«] is invertible. LetC1C2_1
be the basic factorization @ipt(A, ). Then the following are equivalent

(i) » € o (Ppt(A, @));

(ii) A is a finite eigenvalue of the matrix penci{ — ACa.
When in addition A # 0, then the following condition is also equivalent ()
and (ii):

(i) A — D is singular where D = diag(dy, ..., d,) with d; = 2 Llifi e and

d; = A otherwise.

Proof. The equivalence of (i) and (ii) follows from Lemma 3.4 and the fact that
is a finite eigenvalue of the matrix pen€if — AC> if and only if A is an eigenvalue
of C1C2_1. For the equivalence of (ii) and (iii) wheh # 0, observe that up to a
permutation similarity of,
I[a] — AAla] —MAla, @]

Ala, o] Ala]l — Aa] )’
wherel is the identity matrix inM,,(C). Thus, multiplying the leadingx| rows of
C1 — AC2 by =11, we obtain that (i) holds if and only if

AL I« 0
A_( 0 u[&])

is singular. [

Cl—)»C2=<

It is worth pointing out the parallelism between a PPT viewed as ‘partial inver-
sion’ and its nonzero eigenvalues being the zeros gfddet D) in (iii) of the above
theorem. A more precise account of det- D) as a function of and of its relation
to the spectrum of the PPT is given next. Note that undess@, de{ A — D) is not
a polynomial ina.

Proposition 4.2. Let A € M,,(C) anda C (n) such thatA[«] and A[&] are invert-
ible. Let)x be an indeterminatend letD = diag(dy, . . ., d,) withd; = rlifiea
andd; = X otherwise. Then
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, detA — D)

detA[«]
is the characteristic polynomial @pt(A, «). Moreover the coefficients of (1) can
be expressed as real linear combinations of the principal minors of A.

g(h) = (=1l

Proof. SinceA[«]andA[a] are invertible, we respectively have thiat= ppt(A, «)

is well-defined and by Theorem 3.8, nonsingular. It then follows from Theorem 4.1
(iii) that A is an eigenvalue oB if and only if de{A — D) = 0, whereD is as de-
scribed above. Sind® is diagonal, we obtain the following easy to verify determi-
nantal expansion:

de(A — D)= Y (1P []d; detA[p]. (4.1)
B (n) i¢p
Since = (BNa)U(BNa)and(BNa) N (B Na) =@, we have
l—[d" — ) |Bnal-1Bnal (4.2)
igp

Also notice thata| > |8 Na| > |BNal —|BNal,ie.,

Bnal—I|BNal = —lal, (4.3)
and that
BNnal—|1BNal < IBNal <lal (4.4)

Equalities hold in (4.3) and (4.4) if and onlyff= « andp = «, respectively. Thus,
multiplying the equation in (4.1) by!®! and using (4.2)—(4.4), we obtain thiais an
eigenvalue oB if and only if 1 is a (nonzero) root of the polynomial

Ml det(A — D) = ) (=DFlleHPnel-Iine] detap]. (4.5)
BS(n)
The term of highest degree in (4.5) appears whenx and equal$—1)/*/1" detA[«].
The constant term in (4.5) appears whee= @ and equal§—1)'*! detA[a]. Thus,
by Theorem 3.8 (i)g(1) in the statement of the theorem is indeed the characteristic
polynomial of B and its coefficients are real linear combinations of the principal
minors ofA as seen by (4.5). O

Note that under the assumptions (and as a consequence) of the above proposition,
if A e M,(C) has real principal minors, then the spectrum of (pptw) is closed
under complex conjugation.

Corollary 4.3. Let A € M,,(C) anda C (n) so thatA[«] is invertible. Thenl
o (ppt(A, @)) (resp,—1 € o (ppt(A, o)) ifand only ifl € o (A) (resp, —1 € o (A)).
Alsoppt(A, «) is singular if and only ifA[@] is singular.



160 M.J. Tsatsomeros / Linear Algebra and its Applications 307 (2000) 151-165

Proof. The results on the-1 eigenvalues follow from Proposition 4.2. The singu-
larity condition for ppt(A, «) follows either from Theorem 3.8 (i) or from Theorem
4.1 (i). O

We continue with an application to iterative techniques for solving a linear system
Ax = b, whereA € M, (C) is invertible. Such iterative techniques are obtained by
expressing the unique soluti@m@s a fixed point of a matrix equatian= T'x + ¢ for
an appropriate matriX. In fact, based on aplitting of Ainto A = M — N and as-
suming thaM is invertible, we takd’ = M 1N ande = M ~1b. Then the sequence
{xx}3° generated by, = T'x;_1 + c for arbitraryxo converges to the solutionif
and only if p(T) < 1 (see e.g., [25]). The Jacobi method is obtained whes:
diaglais, ..., an,) and N = M — A. In many instances, certain splittings lead to
divergent sequences. This may be overcome by considering P and an
equationt = T'x + d equivalenttor = Tx + ¢, as suggested by the following result
and illustrated by the subsequent example.

Proposition4.4. LetT € M,(C) andx, ¢ € C". Leta C (n) so thatT [«] is invert-
ible. Consider the vector u defined by

N e ifiea,
u(i) = {O otherwise.

Thenx = Tx + cifand only ifx = Tx +d,whered = ¢ — I+ f)u.

Proof. LetT, T, x, c, uandd as prescribed. Observe that by Theorem 2.4 ,=
x—c i§ equivalent tol' (x — u) =x — (c—u), which in turn is equivalent ta =
Tx —Tu+ (c—u),ie,x=Tx+d. O

Example 4.5. Consider the matrip and the corresponding Jacobi iteration matrix
T given by

1 —3/2 -1/4 0 32 1/4
A=|-372 1 -5/2| and T=<3/2 0 5/2).
~1/2 -1/2 1 1/2 12 0

We find thato (T) = {2.1419 —0.6419 —1.5}. Thatis, a(T) > 1, the Jacobi iter-
ationx; = Tx,x—1 + c fails to converge to the solution of a systeim = ». However,
if we consider
0 2/3 -5/3
T=ppt(T,{1,2)=12/3 0 -1/6],
1/3 1/3 -11/12

thenaA(f) ={-1/4,0,2/3} and thus,o(f) = 2/3 < 1. It follows that the iteration
xr = Txx—1 + d with d as in Proposition 4.4, converges to the solutiomef= b.
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In passing we mention th@tabove satisfies the assumptions of the Stein—Rosenberg
theorem in [25] and hence the Gauss—Seidel iteratioAfalso fails to converge to
the solution of the system.

5. PPTs of P-matrices

One of the main matrix classes discussed in association with PPTs is the class
of P-matricesthat is, matrices i1, (C) all of whose principal minors are positive.
Tucker [24] asserts that principal pivot transformations preserve the classmat-
trices. In the case of redt-matrices, a simple proof of this assertion can indeed
be based on Theorem 3.1 and on the following characterization ofP-eahtri-
ces:A € M, (R) is a P-matrix if and only if for every nonzera € R", x and Ax
have at least one pair of corresponding entries whose product is positive (see [10,
Theorem 5.22]). Here we present a proof of the assertion in [24] for the general case
of complexP-matrices, based on the following well-known result.

Lemmab5.1. Let A € M, (C) be a P-matrix. Them~1 is a P-matrix. Moreover
A/Ala] is a P-matrix for alle C (n).

Proof. SinceA is a P-matrix, A[«] is invertible and the block representation of
A~1 mentioned at the end of Section 2 is valid for everg (n). Therefore every
principal submatrix ofA~1 is of the form(A/A[«])~! for somea € (n) and has
determinant det[«]/ detA > 0. This shows tha#i—1 is a P-matrix and, in turn,
thatA/A[«] is a P-matrix for everyw C (n). O

Theorem 5.2. Let A € M,(C) be a P-matrix andx C (n). Thenppt(A, «) is a
P-matrix.

Proof. LetA be aP-matrix and consider first the case wheres a singleton; with-
out loss of generality assume that= {1}. Let B = ppt(A, o) = (b;;). By defini-
tion, the principal submatrices & that do not include entries from the first row of
B coincide with the principal submatrices 4§ A[«] and thus, by Lemma 5.1, have
positive determinants. The principal submatriceBdhat include entries from the
first row of B are equal to the corresponding principal submatrices of the m&dtrix
obtained fronB usingb11 = (A[e])~! > 0 as the pivot and eliminating the nonzero
entries below it. Notice that

B 1 0 b11 —bnAla, a]\ _ (b11 —b11Ala, a]
T\ —Ala,a] I)\Ala,alb11  A/Ala] “\0 Ala] ’
Thatis,B’ is itself aP-matrix for it is block upper triangular and the diagonal blocks
are P-matrices. It follows that all the principal minors Bfare positive, and thuBis

a P-matrix. Next, consider the case= {i1, ..., it} € (n) with k > 1. By the proof
completed so far, the sequence of matrices
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Aog=A, A;=ppt4A; 1, {i;}), j=12,...,k

is well defined and compriseB-matrices. Moreover, from the uniqguenessht
ppt(A, «) shown in Theorem 3.1 it follows that; = ppt(A, @) = B and thusBis
aP-matrix. O

The next theorem summarizes the relation between PPTsPamatrices and
follows readily from the previous result.

Theorem 5.3. Let A € M, (C). Then the following are equivalent
(i) A'is a P-matrix.
(i) There exister < (n) such thappt(A, @) is a P-matrix.
(i) Forall « C (n), ppt(A, ) is a P-matrix.

Remark 5.4. Theorem 5.3 is stated in similar terms in [13, Theorem 4.4]. However,
the proof provided in [13], unless modified, is valid only whkeis a real matrix.

The P-matrices include several well-studied subclasses of matrices, notably the
positive definite matrices, totally positive matrices and tMematrices. None of
these classes is invariant under principal pivot transformations. There is, however,
an interesting subclass of thiematrices that is PPT invariant. This class is intro-
duced in [19] and we describe its basic features next. All inequalities henceforth are
entrywise.

Firstrecall thatA € M, (R) is aZ-matrixif its off-diagonal entries are all nonpos-
itive, and is a nonsingulavi-matrix if, in addition, it is aP-matrix. EquivalentlyA
is a nonsingulaM -matrix if and only if A = s — P, whereP > 0 ands > p(P).

(See [2] for details on these matrix classes.) The matrix M, (R) is called ehidden
Z-matrixin [19] provided that there exist-matricesX, Y such that

AX=Y and r'X+s'Y>0

for some vectors, s > 0. Consider now the clasg consisting of all matrices that
are hiddenZ-matrices andP-matrices simultaneously. As is shown in [19],€ ¢
if and only if

A = (s1I — P1)(s2l — P2) 7, (5.1)

wheres1, sp are scalarsPi, P, are nonnegative matrices, and there exists a vector
u > 0 such that

Piu < siu and Pou < sou. (5.2)

Notice that% contains theM-matrices (by takingP, = 0, s, = 1) and their in-
verses (by taking’, = 0, s1 = 1). It is also shown in [19] that every PPT (as well
as every permutational similarity, Schur complement and principal submatrix) of a
matrix in% is also ing. We include a proof of this result, utilizing the language and
the observations herein and in [13].
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Theorem 5.5. LetA € M,(C) N % anda C (n). Thenppt (A, o) € 9.

Proof. Let A be as described in (5.1) and (5.2) and denbte (s1/ — P1), X =

(s21 — Pp) sothatAX = Y. LetT be the matrix obtained from the identity by setting

the diagonal entries indexed by (n) equal to 0 and consider the matrices
U=TX+U-T)Y, V=U-T)X+TY.

That is,U andV are obtained fronX andY by exchanging the rows indexed by

Thus, on lettingd = ppt(A, «), we haveB = VU1, whereU andV areZ-matrices

satisfyingUu > 0 andVu > 0. Itfollows thatB € 4. [

A natural question that arises is whether every matrigiis the PPT of anV/-
matrix. (Some related questions are included in Section 6.) The answer is in the
negative and is provided by the following counterexample. Let

210
A=<1 2 1>.
01 2

ThenA is an H-matrix with positive diagonal entries and thus as is shown in [19], it
belongs ta?. It can be easily checked, however, that no PPA of a Z-matrix.

We continue with a few words on some other matrix classes that are preserved by
principal pivot transformations. One such class compriseseh@positivanatrices,
thatis, allA € M, (R) such thatAx > 0 for somex > 0. Clearly, by Theorem 3.1, a
PPT of a semipositive matrix is semipositive.

Next, recall theS-orthogonal matrices mentioned in the introduction. The matrix
0 € M, (R) is calledS-orthogonal if there exists a signature mat§ix M, (R) (i.e.,
adiagonal matriswhose diagonal entries atel) such thap'SQ = S. Thatis, the
columns ofQ are orthonormal with respect to the indefinite scalar prodfiet y)
defined byS When S = I, then anS-orthogonal matrix is simply an orthogonal
matrix. In [21] it is formally shown thas-orthogonal matrices can be constructed
for any prescribed signature mat®as follows. Suppose that= diag(s1, . . ., sn)
and thats; = 1 foralli e o« € (n) ands; = —1foralli € . LetR € M,,(R) be an
orthogonal matrix such thak[«] is invertible. ThenQ = ppt(R, @] exists and is
S-orthogonal. It follows that PPTs preserve this generalized orthogonality property.

It is interesting to note that the mapping via PPTs of orthogonal matRces
M, (R) to S-orthogonal matrices discussed above can be implemented by a transfor-
mation on the space ofby-2: matrices of the form

I O

(Rip™* 0 0 0
Ro1(R11) 7t —1> (R 1) 0 O
-1

0 O
0 -1
(R 1) — ( .0
0 O
= (I ppt(R, (k))),
where we have takea = (k) and partitionedR based on it¥k-by-k leading prin-
cipal minor R1; for illustrative purposes. A similar transformation is used in the
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solution of Riccati equations in systems theory that maps symplectic matrices (thought
of as embedded in the symplectic pencils) to Hamiltonian matrices (see [14] and
references therein).

Last, A € M,,(C) is an EP-matrix provided that it commutes with its Moore—
Penrose inverse, or equivalentlyRf(A) = R(A*) (see [3]). As is shown in [16],
under certain assumptions a PPT (as well as a Schur complement) of an EP-matrix
is an EP-matrix.

6. Conclusions and some questions

Most of the work involving PPTs so far focuses on their basic domain/range ex-
change property and the fact that they presdtwmatrices. There also seems to be
very limited cross-discipline awareness of the uses of PPTs. With this work we hope
to raise the level of this awareness and the interest in PPTs. As with Schur com-
plements, a lot of fundamental questions can be asked, regarding e.qg., rank, inertia,
and possible generalizations of PPTs. We conclude with a few questions of personal
interest.

It has been shown in [6] that the important problem of testing’fanatrices is co-
NP-complete. In view of Theorem 5.3, we are led to dskhere a computationally
advantageous utilization of PPi® check whether a given matrix is a P-matrix or
not? Some progress in this direction, based on the proof of Theorem 5.2, is reported
in [22].

As observed in Example 4.5, PPTs in certain instances map the eigenvalues to
desired regions, e.g., the open unit didkhen and how can we choasgeso that the
eigenvalues gbpt(A, «) lie in a given region of the complex plane?

The class? of matrices that are hidderi and P contains both thé/-matrices
and their inverses. Thus it is natural to ask whether PPTs can play a role in the
inverseM-matrix problem (see, e.g., [12]). To be more specific, it is clear from the
results herein and properties df-matrices that a nonnegative matixe M, (R)
is the inverse of ar/-matrix if and only if it can be transformed into Zmatrix
via consecutive PPTs corresponding to some (and thus every) partitioh dthat
is, M and inverseM -matrices can be thought as ‘connected’ through paths of PPTs
within the classé. Can certain PPTs of Aother than the inverse its¢lbe used to
characterize it as an inverse M-matrix? Is there a simple identification process of
matrices in% that are inverse M-matrices? When is a nonnegative matri isn
inverse M-matrix?
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