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Abstract

A matrix A € C™" is called generalized diagonally dominant or, more commonly,
an H—matrix if there is a positive vector = = (1, -, z,)" such that

|CL“|.T,L >Z|O,Z’j‘ﬂf]’, 1= 1,2,"‘,71.
J#i

In this thesis, we first give an efficient iterative algorithm to calculate the vector x for a
given H-matrix, and show that this algorithm can be used effectively as a criterion for
H-matrices. When A is an H-matrix, this algorithm determines a positive diagonal
matrix D such that AD is strictly (row) diagonally dominant; its failure to produce
such a matrix D signifies that A is not an H-matrix. Subsequently, we consider the
class of doubly diagonally dominant matrices (abbreviated d.d.d.). We give necessary
and sufficient conditions for a d.d.d. matrix to be an H-matrix. We show that the
Schur complements of a d.d.d matrix are also d.d.d. matrices, which can be viewed
as a natural extension of the corresponding result on diagonally dominant matrices.
Lastly, we obtain some results on the numerical stability of incomplete block LU-
factorizations of H-matrices and answer a question posed in the literature.
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Chapter 1

INTRODUCTION

As is well-known, diagonal dominance of matrices arises in various applications
(cf [29]) and plays an important role in the mathematical sciences, especially in nu-
merical linear algebra. There are many generalizations of this concept. The most
well-studied generalization of a diagonal dominant matrix is the so called H-matrix.

In the present work, we concentrate on new criteria and algorithms for H-matrices.
We also consider a further generalization of diagonal dominance, called double diag-
onal dominance.

1.1 Basic Definitions and Notation

Throughout this thesis, we will use the notation introduced in this section. Given
a positive integer n, let (n) = {1,---,n}. Let C™" denote the collection of all n x n
complex matrices and let Z™" denote the collection of all n x n real matrices A = [a;;]
with a;; < 0 for all distinct 4,5 € (n). Let A = [a;;] € C"". We denote by o(A)
the spectrum of A, namely, the set of all eigenvalues of A. The spectral radius of A,
p(A), is defined by p(A) = max{|\| : X € 0(A)}.

We write A > 0 (A > 0) if a;; > 0 (a;; > 0) for ¢, 5 € (n). We also write A > B
if A— B > 0. We call A > 0 a nonnegative matriz. Similar notation will be used for
vectors in C".

Also, we define R;(A) = >y |ax| (i € (n)) and denote |A| = [[ay]].

We will next introduce various types of diagonal dominance, and some related
concepts and terminology.

1.2 Diagonal Dominance and Double Diagonal Dominance

A matrix P is called a permutation matrix if it is obtained by permuting rows and
columns of the identity matrix. A matrix A € C™" is called reducible if either



(i) n=1and A=0;or

(77) there is a permutation matrix P such that

All A12 ]

PAP! =
[ 0 Ay

where Aj; and A,y are square and non-vacuous. If a matrix is not reducible, then we
say that it is irreducible. An equivalent definition of irreducibility, using the directed
graph of a matrix, will be given in Chapter 3.

We now recall that A is called (row) diagonally dominant if

lai| > Ri(A) (i € (n)). (1.2.1)

If the inequality in (1.2.1) is strict for all ¢ € (n), we say that A is strictly diagonally
dominant. We say that A is irreducibly diagonally dominant if A is irreducible and
at least one of the inequalities in (1.2.1) holds strictly.

Now we can introduce the definitions pertaining to double diagonal dominance.

Definition 1.2.1 ([26]) The matrix A € C™" is doubly diagonally dominant (we
write A € G™") if

|aiil|aj;] > Ri(A)R;(A), 4,7 € (n), i #j. (1.2.2)

If the inequality in (1.2.2) is strict for all distinct 7, j € (n), we call A strictly doubly
diagonally dominant (we write A € GI"™). If A is an irreducible matrix that satis-
fies (1.2.2) and if at least one of the inequalities in (1.2.2) holds strictly, we call A
irreducibly doubly diagonally dominant (we write A € Gy™).

We note that double diagonal dominance is referred to as bidiagonal dominance
in [26].

1.3 Generalized Diagonal Dominance and H-matrices

We will next be concerned with the concept of an H-matrix, which originates from
Ostrowski (cf [30]). We first need some more preliminary notions and notation.
The comparison matriz of A = [a;;], denoted by M(A) = [a;;] € C™", is defined

by
|ai| ifi=j
Qi = op . .
j { Jag| i)
If A € Z™", then A is called an (resp., a nonsingular)M -matriz provided that it
can be expressed in the form A = sI — B, where B is a nonnegative matrix and
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s > p(B)(resp., s > p(B)). The matrix A is called an H-matriz if M(A) is a
nonsingular M-matrix. We denote by H,, the set of all H—matrices of order n.

James and Riha (cf [19]) defined A = [a;;] € C™" to have generalized (row)
diagonal dominance if there exists an entrywise positive vector = = [zx] € C" such
that

||z > |aw]ze (0 € (n)). (1.3.3)

ki

This notion obviously generalizes the notion of (row) strict diagonal dominance, in
which z = e (i.e., the all ones vector). In fact, if A satisfies (1.3.3) and if D = diag(z)
(i.e., the diagonal matrix whose diagonal entries are the entries of z in their natural
order), it follows that AD is a strictly diagonally dominant matrix or, equivalently,
that M(A)z > 0. As we will shortly claim (in Theorem 1.3.1), the latter inequality
is equivalent to M(A) being a nonsingular M-matrix and thus equivalent to A being
an H-matrix.

Since James and Riha published their paper [19] in 1974, numerous papers in nu-
merical linear algebra, regarding iterative solutions of large linear systems, have ap-
peared (see [2],[5], [22]-[25]). In these papers, several characterizations of H-matrices
were obtained, mainly in terms of convergence of iterative schemes.

For a detailed analysis of the properties of M-matrices and H-matrices and related
material one can refer to Berman and Plemmons [6], and Horn and Johnson [17]. Here
we only collect some conditions that will be frequently used in later chapters.

Theorem 1.3.1 Let A = [a;;] € C™". Then the following are equivalent.
(i) A is an H-matriz.

(ii) A is a generalized diagonally dominant matriz.

(iii) M(A)~t>0.

(iv) M(A) is a nonsingular M-matriz.

(v) There is a vector x € R™ with x > 0 such that M(A)x > 0. Equivalently, letting
D = diag(x), AD is strictly diagonally dominant.

(vi) There exist upper and lower triangular nonsingular M-matrices L and U such
that M(A) = LU.

(vii) Let D = diag(A). Then p(|I — D7A]) < 1.

Proof. Details of the proof can be found in [6] and [30]. Here we shall prove that (iii)
and (vii) are equivalent, for the benefit of better understanding the various notions.



Define D = diag(A) and Dy = diag(M(A)). Assume that M(A)~* > 0. Let
M(A)™t = [ri;]. As M(A) has nonpositive off-diagonal entries,
rii|aii| — Zrij|aji| = ]_, 1 S Z S n.
JFi
Thus M(A)~! > 0 implies that all diagonal entries of M(A) are positive, i.e., D; > 0.
It follows that B = I — Dy M(A) > 0. Moreover, as I — B = D;*M(A), I — B is

nonsingular and

(I-B)'=M(A)"'D; >0.
As B > 0, there is an eigenvector > 0 such that Bx = p(B)z. Thus

1
z > 0.

U= w2

This implies p(B) < 1. Notice that p(|I — D7*M(A)|) = p(B) = p(|/I — D*A)).
Hence p(|[I — D7*A|) < 1.
Conversely, assume that p(|/ — D7'A]) < 1. Then
p(I = Dy M(A)]) = p(II — D71 A]) < 1.
Let B=1— D;y'M(A). Then B >0, p(B) < 1 and hence
MA) ™Dy =(I-B)'=1+B+B*+--->0.
This implies M(A)™! > 0. n

Remark 1.3.2 If A is an H-matrix, then A is nonsingular: Since by Theorem 1.3.1(v)
AD is strictly diagonally dominant, it follows from the Lévy-Desplanques theorem
(see [16]) that AD is nonsingular and thus so is A. !

Remark 1.3.3 We emphasize that from the above theorem it follows that the notions
of an H-matrix and a generalized diagonally dominant matrix are equivalent. Also,
if we let D4 denote the set of all positive diagonal matrices D satisfying Theorem
1.3.1(v), we have that A is an H-matrix iff D, is not empty.

"'We caution the reader that some authors define an H-matrix by what amounts to requiring that
the eigenvalues of M(A) have nonnegative real parts, thus allowing for singular “H-matrices”.



1.4 Incomplete Block (Point) LU-factorizations
Consider the solution of the linear system
Az = b, (1.4.4)
where A € C™" is a nonsingular large sparse matrix, by iterative schemes of the form
Bzt = Cz™ 4+ b m=0,1,2,..., (1.4.5)

where B is nonsingular and A = B—C. A = B—CC is usually referred to as a splitting
of A. The aim is to find B and C so that the iterates in (1.4.5) are easily computable
and converge to a solution of (1.4.4). For example, if we choose B = diag(A) and
C = B — A, then the iterative method defined above becomes the classical Jacobi
method, which converges to a solution if and only if B is invertible and p(B~'C) < 1.
We usually implement (1.4.5) via an equivalent two-step process, namely,

{BWW:b—Aﬂm
In each iteration of (1.4.6), we solve for (™ from the first equation and update the
iterate by the second equation. It is desirable that the matrix B, called a precondi-
tioning matriz of A, is sparse, that is, it has as few nonzero entries as possible. An
“incomplete block LU-factorization” of A can be used for efficiently finding such a
preconditioning matrix (cf [2], [5] and [13]). This method is a generalization of the
“elemental incomplete (point) LU-factorization” (which in turn is based on Gaussian
elimination).
To describe the incomplete block LU-factorization of a matrix, we first need to
formally define the notions of block triangular and block diagonal matrices. For that
purpose, let A € C™" be partitioned into block matrix form as follows:

All A12 Alm
B (1.4.7)
Aml Am2 Amm

Here A;; € C™™, 1 < n;, nj <nand Y n, =y n; =n. If A;; =0forall s <j
(resp., ¢ > j), then we say A is a lower (resp., an upper) block triangular matriz.
Similarly, if A;; = 0 for all © # j, we say that A is a block diagonal matriz and write
A= diag(All, ce ,Amm)

Let a™™ be the set of all (0,1) matrices with all diagonal entries equal to one
(a (0,1) matrix means all of its entries are 0’s and 1’s). Also denote by A % B the

5



Hadamard product of two matrices A = [a;;] and B = [b;;] of the same dimensions,
defined by
Ax B = [aijbij], Z,j S <7’L>

Now let A = [a;;] and a € a™" be partitioned conformally, as in (1.4.7). Consider
the following algorithm.

Algorithm 1.1

Set
A=A
for r=1,2,--- ,m—1
AT:O[*AT—I
A, =LA,

where, if A, = [A(T-)],flr = [/L(;)], then L, = [LZ(;)] is defined by

(]

LE:) = —AE?(A&Q)* fori=r+1,---,m
LY = 1, for i€ (m)
Lg») = 0 otherwise.

At step m —1, set

U = Am—l
L = (H:};ll Lnfr)_l
N = LU-A

The matrices L and U in the above algorithm are, respectively, a lower block
triangular matrix all of whose diagonal blocks equal the identity and an upper block
triangular matrix. The incomplete block LU -factorization of A is defined to be the
product LU. We have in essence computed a block LU-factorization of (the sparser
matrix) a * A so that A= LU — N. If n; = 1 for all i € (m), then the corresponding
factorization is called the incomplete point LU -factorization of A.

Given A € C™", assume that |B| is an approximation of |A| (cf Chapter 5).
Let LU, and LU be incomplete point LU-factorizations of A and B, respectively.
According to [22], if |Li| < |Lso|, then we say L U; is “at least as stable” as LyUs.
Messaoudi [23] showed that an incomplete point LU-factorization of an H-matrix is
at least as stable as the incomplete point LU-factorization of its comparison matrix
M(A) and raised the question whether a matrix that admits a convergent incomplete
point LU-factorization for all & € o™" is an H-matrix. We answer this question
negatively in Chapter 5.



1.5 Outline of the Thesis

In Chapter 2, we give an iterative algorithm for finding a positive diagonal matrix
in D4 for a given H-matrix A, namely a positive diagonal matrix D such that AD
is strictly diagonally dominant. We show that this algorithm converges for an H-
matrix, meaning that the solution can be found in a finite number of iterations. This
algorithm itself can be viewed as a new characterization of H-matrices because it fails
exactly when A is not an H-matrix. Chapter 2 is based on [20].

In Chapter 3, we consider the notion of double diagonal dominance. We char-
acterize H-matrices in Gy by using the directed graph of a matrix, and compare
diagonal dominance to double diagonal dominance. Chapter 3 is based on [21].

In Chapter 4, we list some interesting subclasses of H-matrices, each of which
is determined by some sufficient condition. We also investigate the relations among
these classes.

In Chapter 5, we extend some definitions and theorems regarding numerical sta-
bility (found in [23]) to incomplete block LU-factorizations, and answer negatively a
question posed in [23] by giving a counterexample. This is done in the context of the
so called block OBV factorizations, which include most other methods of incomplete
(block) factorizations as special cases.

In the last chapter, we review the main results we have obtained in this thesis,
and discuss some unsolved problems.

In Appendix I, the reader can find MATLAB functions implementing the algo-
rithms mentioned or developed in this thesis. In Appendix IT we have included a test
table cited in Chapter 5.



Chapter 2

AN ITERATIVE CRITERION FOR
H-MATRICES

2.1 Introduction

The H-matrices, which can be defined by any one of the equivalent conditions in
Theorem 1.3.1, generalize the widely studied classes of strictly diagonally dominant
matrices and of nonsingular M-matrices. In this chapter, we will introduce a simple
algorithmic characterization of H-matrices.

Recall that D4 denotes the set of all positive diagonal matrices D satisfying The-
orem 1.3.1(v) and that

A is an H-matrix if and only if Dy # 0.

Suppose for a moment that A is an H-matrix and let B = M(A), x € C" be an
entrywise positive vector, and y = B~1z. Then, as B~! is an entrywise nonnegative
matrix (see Theorem 1.3.1(iii)), y is also entrywise positive. It follows that D, =
diag(y) € D4. However, the computation of such a vector y can be a relatively
intense numerical exercise since we need to solve the linear system

By = . (2.1.1)

A partial analysis of this computation is included in Section 2.3.

In [10, Theorem 1], a sufficient condition is given for strict generalized diagonal
dominance of A € C™". The proof of that result proceeds with the construction of
a matrix D € D4. However, the condition in [10] is not necessary. Moreover, the
construction of D depends on knowing a partition of (n) for which the sufficient con-
dition is satisfied, making the computational complexity prohibitive. Similar remarks
are valid for the sufficient conditions for H-matrices presented in [11] and [18].

In view of the preceding comments, we find ourselves in pursuit of another method
for computing a matrix in D,. Ideally, we want this method to be computationally



convenient, and we also want the possible failure of the algorithm to produce a matrix
in D4 to signify that the input matrix A is not an H-matrix. In other words, we are
in pursuit of an algorithmic characterization of an H-matrix, which can be effectively
implemented on a computer. The algorithm that we will introduce in the following
section has these features.

2.2 Algorithm H
Given a matrix X = [z;;] € C™" we use the notation
Ni(X)={ie(n) : |zg| > R(X)}, and Ny(X) = (n)\ Ny (X).

An algorithmic approach to computing a matrix in D4 was proposed in [14], where the
columns of the m-th iterate, A are scaled by post-multiplication with a suitable
diagonal matrix diag(d). The entries of d € C" satisfy

g1 if i € N;(AM™)
T 1 if i € Ny(AM™).

Assuming that € > 0 is sufficiently small, and that A is an H-matrix, the algorithm
produces a strictly diagonally dominant matrix. Thus the product of the intermediate
diagonal matrices yields a matrix in D4. The main drawback of this method is that
the choice of € may lead to a large number of required iterations. Moreover, when it
is not a priori known whether A is an H-matrix, a possible failure of the algorithm
to produce a matrix in Dy after a large number of iterations cannot necessarily be
attributed to the choice of €

We will next introduce a different algorithmic procedure for the computation of a
matrix in D4, in which the above drawbacks are addressed.

There are two cases where A is easily seen not to be an H-matrix. First, if A has
no diagonally dominant rows, then all the entries of M(A)e are nonpositive, violating
the monotonicity condition for nonsingular M-matrices (see [6, Theorem 6.2.3]). It
follows that A is not an H-matrix. Second, if a diagonal entry of A is zero, then
A is not an H-matrix since D4 = (). Consequently, the algorithm below is designed
to terminate (at step 1 - before any iterations take place) if either of these cases
occurs. Otherwise, it quantifies the diagonal dominance in certain rows of the m-th
iterate, A by computing the ratios R;(A(™))/ |a§§” )\. Then the algorithm proceeds
to re-distribute the (collective) diagonal dominance among all rows by rescaling the

columns of A thus producing A+,

Algorithm H
INPUT: a matrix A= [a;] € C™" and any 0:0<6 <1.

9



OUTPUT: D = DWD®...D™ €D, if A is an H-matrix.
1. if Ny(A)=0 or a; =0 for some i € (n), ‘A is not an H-matrix’,
STOP; otherwise

set A=A, DO =7 m=1

compute A = Am=1)pim=1) — g Ejm)]

if Ny(AM™) = (n), ‘A is an H-matrix’, STOP; otherwise

g o w N

set d = [d;], where

Jasa [

g 1—-0(1—2ATDY if e Ny(A™)
' 1 if i€ Ny(A™)

6. set D™ =diag(d), m=m+1; go to step 3

The theoretical basis for the functionality of Algorithm H as a criterion for H-
matrices is provided by the following theorem and the two lemmata that precede its
proof.

Theorem 2.2.1 The matriz A = [a;;] € C™" is an H-matriz if and only if Algorithm
H terminates after a finite number of iterations by producing a strictly diagonally
dominant matrix.

Lemma 2.2.2 The Algomthm ]H either terminates or it p'roduces an infinite sequence
of distinct matrices {A™ [ ]} such that lim,, ]a | exists for all i,j € (n).

Proof. Suppose that Algorithm IH does not terminate, that is, it produces an infinite
sequence of matrices. Recall that this means N;(A) # () and a; # 0 for all i € (n).
For notational convenience, we can assume that A = M(A) and that

aixy —Qi2 - —QAip
—a21 Qg2 -+ —Q2
A= ",
—0an1 —An2 e Ann

where a; > 0 and a;; > 0 for all ¢, j € (n). By the definition of d; in step 5, it readily
follows that for all i € N (A™), d; € (0,1) and also that

1o )

10



Hence, as 6 € (0,1) , for i € Ny(A) we have that for any m =1,2,-- -,

af"™ = da” = af — 0(ag” - Ri(A™))
= (1=0)a;” +6R,(A™)
> (1= 0)Ri(A™) + OR;(A™)

= Ry(A™) > Ry(AmHD),

In other words, we have shown that
N (A) = Ny (AD) C Ny(AP) C ... CNy(AM) C ...

Consequently, there exists a smallest integer ¢ such that N;(A®) = N;(A“P) for

allp=1,2,---. Since Algorithm H terminates for the input matrix A if and only if it

terminates for the input matrix A®, we may without loss of generality assume that
= 1. Further, we may suppose that

Ny (A) = Ny (AD) = {1,2,--- &k} forsome k<n

(otherwise we can consider a permutation similarity of A). Under this assumption,
the algorithm yields

Alm+1) — p(m) p(m) (m=1,2,---),

where
D™ = diag(d,,), dp = [d,d™, - d™ 1,1, 1],

and d™ € (0,1) for all i € (n). Thus,

gD _ d™al™ i s € (n) and t € N (AW)
st st if s € (n) and t € Ny(AM).

It follows that for any s,t € (n), {agtn)} is a non-increasing and bounded sequence.

Thus lim,, ai@”)

exists for all s,t € (n). -
Lemma 2.2.3 If Algorithm H produces the infinite sequence {A™ = [a%n)]}, then
for all i € Ny(A),

Tim_(Jaf"| = Ri(A™)) = 0.
Proof. Assume that A is as in the proof of Lemma 2.2.2 and suppose, by way of
contradiction, that for some i € Nj(A), lim,, o (a(m) — RZ-(A(’”))) # 0. Notice

i
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that a{™ > R;(A(™) and recall that, from Lemma 2.2.2, both sequences {a} and
{R;(A™)} converge. We can therefore conclude that there exists ¢y > 0 such that
™ — R(A™) > ¢ (m=1,2,--). (2.2.2)

In particular, al(-lm ) > e+ Ri(A™) > €. ;From Algorithm H we then obtain
(m+1) [

0 <a Z(
= o =0 (aff” — Ry(A™))
(

i

< a™ — ey (by (2.2.2))

= a
where ¢ = 0¢y. Note that ¢ is positive and therefore, as
ayy zagll)chZ 2a§T)~|—m02mc,

by letting m — oo we obtain a contradiction. m

We are now able to prove our main result in this chapter.

Proof of Theorem 2.2.1:

Sufficiency: Suppose that Algorithm H terminates after k iterations. That is,
we have obtained a strictly diagonally dominant matrix A%®) = AD, where D =
DO DA ... D(E=1) i5 by construction a positive diagonal matrix. By our introductory
remarks, it follows that A is an H-matrix.

Necessity: Let A be an H-matrix and assume that A is as in the proof of Lemma
2.2.2. Furthermore, by way of contradiction, assume that Algorithm H yields the
infinite sequences

{AY {a™Y, {R(A™)}, {N;(A™)}.

As in the proof of Lemma 2.2.2, we can without loss of generality assume that
N, (AM™) = Ny (A4) = {1,2,---,k} for some k < n and all m = 1,2,--- . Notice
that

AN — A pm) — ApMW DA ... pim) = AFm)
where F(™) is a positive diagonal matrix diag(d,,) with d,,, = [fl(m), e fkm), 1,17,
;From Lemma 2.2.2, it follows that lim,, ., A exists and so lim,, .., F™) also ex-

ists. Say these limits are B and F = diag(d), where d = [f1, -, f&, 1, -, 1]". We
thus have AF = B. Now notice that B is of the form

bii  —biz -+ —bu —Q1k4+1 .- TQin
—bp1 —bra - bik —Qgk+1 - —Qgn |,
_bnl _an U _bnk —Apk+1 - QAnn

12



where, by Lemma 2.2.3, b; = R;(B) for all i € Ny(A), and b; = a;; < R;(B) for all
i € Na(A). Hence Ny (B) = 0, implying that B is not an H-matrix.

Claim: fi = fo=---= fr =0.

Proof of claim: First, note that if all f; > 0, then B = AF would be an H-matrix,
a contradiction. So at least one of the f;’s equals zero. Without loss of generality,
assume that f; = fo = --- = f, = 0 for some p < k and that f, > 0 for all
g=p+1,p+2,---,k (otherwise we can consider a permutation similarity of A that

symmetrically permutes the first p rows and columns of A, leaving N;(A) invariant).
Then B = AF has the block form

0 * 0 *
AF_(O Anp>_<0 Bnp)_B’

where A,,_, and B,,_, are (n—p) x (n—p). As A,_, is an H-matrix, so is B,_,. This
is a contradiction, because b; < R;(B,_,) for all i € (n) \ (p). This completes the
proof of the claim.

We now have that

0 O 0 * 0 *

Once again, we have a contradiction because fln_k is an H-matrix but B,,_; is not.
This shows that Algorithm IH must terminate after a finite number of iterations,
completing the proof of the theorem. m

2.3 Some Numerical Examples

We illustrate Algorithm H and its performance when applied to an H-matrix A.
Let k£ denote the number of iterations required by the MATLAB function in Appendix
I, namely the number of iterations required by the algorithm to produce a matrix in
Da.

Example 2.3.1 (this example appeared in [15]) Let

1 0.1 0.1 0.1 08
035 1 0.1 0.7 02
A=1 01 02 1 0.1 0.02
0.1 0.06 0.03 1 0.02
01 02 02 02 1

We have k =1 (6 = 0.9) for Algorithm H; 18 iterations with ¢ = 0.02 are required
by the algorithm presented in [14].
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Example 2.3.2 (this example was given in [14]) Let

(09 0.1 005 005 0.1 0.1
0.1 1.05 005 02 0.1 0.1
01 02 09 02 02 02
01 02 01 07 O 0
05 04 002 03 098 0.01

105 05 001 03 0 0.92]

Here we have k =1 (0 = 0.9) for Algorithm H; 19(e = 0.02) iterations are needed if
we use the algorithm proposed in [14].

Example 2.3.3 (this example was given [14]) Let

1 -02 -0.1 -0.2 -0.1
-04 1 -02 -01 -0.1
A=1]-09 -02 1 —-01 -0.1
-03 -07 =03 1 —0.1

-1 -03 -02 —-04 1

In this example, k = 13 (§ = 0.9) for Algorithm IH; 46 iterations are needed by the
algorithm in [14] with e = 0.02.

Remark 2.3.4 We can calculate and compare the numbers of operations required in
the solution of (2.1.1) by using Gaussian elimination and Algorithm H, as methods
to identify an H-matrix. It is well-known that the solution of (2.1.1) by Gaussian
elimination (LU-factorization) with partial pivoting requires 2n® + O(n?) operations
(cf [12]). Algorithm H requires at most k(2n? + O(n)) operations, where k is the
number of iterations required. Thus for large n when k& < én, Algorithm H requires
less operations than the direct solution of the equation (2.1.1). In Example 2.3.1
and Example 2.3.2 above, this is indeed the case. More remarks and advice on the
implementation of Algorithm IH can be found in the next section.

2.4 Further Comments and a MATLAB Function

It is clear from the definition of Algorithm IH and Theorem 2.2.1 that the termi-
nation or not of Algorithm H is irrespective of the choice of the positive parameter
6 € (0,1). However, the column scalings and the re-distribution of the diagonal
dominance at each iteration are done according to the ratios

1_9(1 R“‘“””)

a la;;| ™)
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Also, for 0 < b < a, 1 —6(1 — b/a) is a decreasing function of § € (0,1). Hence,
larger choices of the parameter § € (0, 1) result in at least as large a set N (A™M+Y).
Nevertheless, it is not generally true that by choosing 6 close enough to 1 the number
of further iterations required for the termination of the algorithm is 1, even if A is
an H-matrix. To see this formally, let A € C™" be an H-matrix and suppose that
¢ € Ny(A™) for some positive integer m. Observe then that

(1= 0)|a\| + ORL(A™)

Ry(A™D) = 3 5 il + 3 el
ke, (Am) |akk‘ | keN(AM), k£t
So, if the entries of A satisfy
> m)||aék>| + > el > ey,

(
ke (A(m) | keNo(A™), ke

then at least 2 more iterations of Algorithm IH are required, regardless of the choice
of 6 € (0,1). We illustrate this situation with the following example.

Example 2.4.1 Consider the H-matrix

4 1 -1
A=1-1 3 1
11 -1

and notice that N1 (A) = {1,2}, Ny(A) = {3}. As

(41— +20  3(1-0)+2
Jmo > e lase| = Jlim ( 4 + 3
kGNl(A)
= Z > 1 = |CL33|7

it follows that a first pass of the Algorithm IH will not result in a strictly diagonally
dominant third row. That is, at least 2 iterations are needed for the algorithm to
terminate by producing D € Dy, regardless of the choice of 6§ € (0,1). In fact, for
0 = 0.9 exactly 2 iterations are needed.

The next practical aspect of Algorithm IH we want to discuss is the situation when
the input matrix A € C™" is not (known to be) an H-matrix. When the computed
diagonal matrix D(™ is approximately equal to the identity (and the algorithm has
not terminated), it means that the present iterate is not diagonally dominant and
there is little numerical hope that it will become one. Based on Theorem 2.2.1, we
can then stop and declare A not an H-matrix.
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We also comment that Algorithm IH can be modified so that step 6 takes place
every time an i € N;(A™) is encountered; then it proceeds by searching for the first
index in N;(A™+1)). This usually results in fewer iterations until a matrix D € Dy
is found.

We provide a MATLAB function (in Appendix I) implementing Algorithm H with
a fixed parameter 6. The termination criteria regarding the computation of a D € Dy
or the decision that A is not an H-matrix are handled by the default relative accuracy

of MATLAB.
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Chapter 3

DOUBLY DIAGONALLY DOMINANT
MATRICES

3.1 Preliminaries

The theorem of Gersgorin and the theorem of Brauer are two classical results
about regions in the complex plane that include the spectrum of a matrix (see e.g.,
Horn and Johnson [16]). To summarize, they, respectively, locate the eigenvalues of
an n X n complex matrix A = [a;;] in the union of n closed discs (known as the
Gersgorin discs),

{Z eC: \z—aii] S RZ(A)} (Z = 1,2,...,”),
or in the union of n(n — 1)/2 ovals (known as the ovals of Cassini),
{z€C: [z—ail |z —ay| < R(AR;(A)} (1,7 =12,...,n; 15 ]).

As a consequence of either of these theorems, but more precisely as a consequence
of Gersgorin’s theorem, every strictly diagonally dominant matrix is invertible. In
geometric terms, strict diagonal dominance means that the origin does not belong
to the union of the Gersgorin discs and hence it cannot be an eigenvalue. In this
chapter we will consider a condition weaker than diagonal dominance, whose geomet-
ric interpretation regards the location of the origin relative to the ovals of Cassini.
This condition gives rise to the class of doubly diagonally dominant matrices and its
subclasses, whose precise definitions were given in Chapter 1(cf Definition 1.2.1).

We begin by introducing some further definitions and notations.

With A we associate its (loopless) directed graph, D(A), defined as follows. The
vertices of D(A) are 1,2,...,n. There is an arc (¢,7) from ¢ to j when a;; # 0
and @ # j. A path (of length p) from i to j is a sequence of distinct vertices i =
i0,%1,-..,% = j such that (i, 1), (i1,%2), ..., (ip_1,1,) are arcs of D(A). We denote
such a path by P;; = (ig,1,...,%,). A circuit v of D(A) consists of the distinct
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vertices ig, 1, -+, ip, p > 1, provided that (ig, 1), (i1,%2), . .., (ip—1,1p), and (ip, i) are
arcs of D(A). We write v = (ig, i1, . - . , ip, {p) and denote the set of all circuits of D(A)
by E(A).

For n > 2, the matrix A € C™" is called irreducible if its directed graph is strongly
connected, i.e., for every pair of distinct vertices 4, j, there is a path P,; in D(A). this
definition is equivalent to the one given in Chapter 1 (see e.g. [31]).

A particular directed graph which will arise in our subsequent discussion is the
directed graph of a matrix A € C™" whose diagonal entries are nonzero, the entries
of the ip—th row and column (for some iy € (n)) are nonzero, and all other entries are
zero. Prompted by its shape, we refer to D(A) as a star centered at iy.

Recall G™", GT"" and G5 respectively denote the classes of doubly diagonally
dominant (abbrev. d.d.d.), strictly doubly diagonally dominant (abbrev. s.d.d.d.)
and irreducibly doubly diagonally dominant matrices (abbrev. i.d.d.d.)( cf Definition
1.2.2). Notice that the diagonal entries of every matrix in G or G4 are nonzero.

Let us now review some classical results and note some similarities and differences
between diagonal dominance and double diagonal dominance:

(1) If A is strictly diagonally dominant then detA # 0 (Lévy—Desplanques theo-
rem). If A € GI"" then detA # 0 (by Brauer’s theorem).

(2) If A is irreducibly diagonally dominant then detA # 0 (see Taussky [2§]
and [29]). However, a matrix in G5 is not necessarily nonsingular as the following
example shows:

1 -1 -1
A=1|-1 2 0
-1 0 2

If Ae GJ" and if (1.2.2) holds strictly for at least one pair of the vertices of some
circuit v € £(A), we can conclude that detA # 0 (see Zhang and Gu [33, Theorem
1)).

(3) If A is strictly diagonally dominant or irreducibly diagonally dominant then
A is an H-matrix (see e.g., Varga [30]). More precisely, by Theorem 1.3.1 A is an H—
matrix if and only if there exists a positive diagonal matrix D such that AD is strictly
diagonally dominant. In the literature the latter property is referred to as ‘generalized
diagonal dominance’ (see e.g., [6]), because it reduces to diagonal dominance when D
is the identity. The example in (2) above also shows that not every matrix in G5 is
an H-matrix.

(4) When A is irreducible, a form of diagonal dominance based on the circuits of
D(A), introduced by Brualdi in [7], implies the invertibility of A:

Theorem 3.1.1 ([7, Theorem 2.9]) Let A = [a;j] € C™" be irreducible. Suppose

H|aii| = HRi(A) (v € £(A)),

1€y i€y

18



with strict inequality holding for at least one circuit . Then detA # 0.

In what follows we will characterize H—matrices in G™" and G5, and will describe
the singular matrices in G5 (section 2). In section 3 we will prove several results
regarding the Schur complements of doubly diagonally dominant matrices, leading up
to the fundamental result that the Schur complements of matrices in G™" are also
doubly diagonally dominant.

3.2 Double Diagonal Dominance, Singularity and H—Matrices

We begin with some basic observations regarding matrices in G™".
Theorem 3.2.1 Let A € G™". Then the following hold.
(i) M(A) is an M-matriz.
(ii) A is an H-matriz if and only if M(A) is nonsingular.
(iii) If A e G, then A is an H-matriz.

(iv) If A e G3" is such that (1.2.2) holds strictly for at least one pair of vertices
i,7 that lie on a common circuit of D(A), then A is an H-matriz.

Proof. To show (i), for € > 0, let B = M(A) + el = [b;]. Since |b;||bj;| >
R,(B.)R;(B,) for all i,j, i # j, it follows from Brauer’s theorem that B, € Z™"
is nonsingular for every ¢ > 0, which implies that M(A) is an M-matrix (see e.g.,
condition (Cg) of Theorem 4.6 in [6, Chapter 6]). Parts (ii) and (iii) are immediate
consequences of part (i) and Brauer’s theorem. Part (iv) follows from part (ii) and
Theorem 3.1.1 applied to M(A). m

Some results related to Theorem 3.2.1 appear in [26]. There it is claimed that
matrices in Gy are H-matrices, which is false as we have seen by an example in
section 2. In Chapter 4, we shall derive two other characterizations of H-matrices in
G™".

Next we will characterize the singular matrices in G5™". First we need the following
lemma.

Lemma 3.2.2 Consider A € C™" such that D(A) is a star centered at iy € (n).
Then

detA = H Q4 [aioio — Z akloa'mk] .

j#io kg kK
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Proof. The terms in the expansion of the determinant of a matrix A as prescribed are
n
[Ta; and  —(akiaix [ amm) (k€ (n)\{io})
Jj=1 m#k,io
and the formula for the determinant follows readily. u

Theorem 3.2.3 Let A = [a;;] € Gy". Then A is singular if and only if D(A) is a
star centered at some ig € (n) and the following hold:

|Gigio laj;| = Rig(A)R;(A) (5 € (n) \ {io}) (3.2.1)
and ak’ioaiok‘
Aigig — Z —— = 0. (322)
k+#ig ALk
Proof.

Sufficiency: If D(A) is a star centered at iy € (n) and (3.2.2) holds, then by
Lemma 3.2.2, A is singular.

Necessity: Assume that A = [a;;] € G5 is singular. Since A € Gy", one of the
following two cases must occur. Either |a;| > R;(A) for all ¢ € (n) with at least one
strict inequality holding, or there exists one and only one iy € (n) such that

|@igig| < iy and|aj;| > R;(A) (5 € (n) \{io})- (3.2.3)

In the former case A is an irreducibly diagonally dominant matrix and hence nonsin-
gular, contradicting our assumption. Therefore (3.2.3) holds. It also follows from the
definition of G5 that

ITla:l = J]Ri(A) (v €&(A)). (3.2.4)
1€y 1€y
If v € E(A) and iy & v, it follows by (3.2.3) that
1€y 1€y
Then Theorem 3.1.1, (3.2.4) and (3.2.5) imply that detA # 0, contradicting our
assumption. Hence for every v € £(A), i € 7.

We now claim that every v € £(A) is of the form v = (i, j,iy) for some j €
(n) \ {io}. Indeed if v = (4,71, -, ip, i) With p > 2, then
H |aiil = |aigioll iy, | H |aii|
1€y i€v\{io,i1}

> aiiollaai | [ Ri(A)

i€y\{i0,41}

> [[ Ri(A),

1€y
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so, by Theorem 3.1.1, detA # 0, contradicting again our assumption that A is singu-
lar.

As is well known, since D(A) is by assumption strongly connected, every vertex i
lies on some circuit 7 € £(A). Therefore we deduce that

E(A) ={v; 175 = (io, i), J € (n) \ {io}}. (3.2.6)

In particular, it follows that there are no arcs (iy,is) in D(A) with i; # iy and
iy # 1ig, otherwise v = (ig, i1, 12,79) € E(A), contradicting (3.2.6). Thus D(A) is a
star centered at 7.

If for some j, |aiyillajj| > Ri,(A)R;(A), then, by Theorem 3.1.1, we are led to
the contradiction that detA # 0. Thus for each j € (n) \ {io}, we have

|ai0i0 | |ajj | - Rio (A)RJ (A)

Finally, by Lemma 3.2.2, we can now assert that A satisfies (3.2.2). m

We note that the necessity part of Theorem 3.2.3 also follows from the results
in Tam, Yang, and Zhang [27]. The next theorem offers a characterization of the
H-matrices in G5™".

Theorem 3.2.4 Let A = [a;j] € G3". Then A is not an H-matriz if and only if
D(A) is a star centered at some ip € (n) and

|@igio ||ajs| = Rio (A)R;(A) (5 € (n) \ {in})- (3.2.7)

Proof.

Necessity: Suppose A is not an H—matrix. Note that if A € G5, then M(A) €
G5". The result follows by Theorem 3.2.1 part (ii) and Theorem 3.2.3 applied to
M(A).

Sufficiency: By assumption, D(M(A)) is a star centered at some iy € (n) and
(3.2.7) holds. Consider the vector x = [zy,xa,...,z,|T, where z;, = R;,(A) and
x; = |a,| for all © # ig. Then M(A)x =0,  # 0, and thus, by Theorem 3.2.1 part
(ii), A is not an H-matrix. u

If A € G™ is singular, by Theorem 3.2.1 part (ii), M(A) is singular. The
converse of this statement is not necessarily true. More specifically, A € G5 being
nonsingular does not in general imply that A is an H-matrix (i.e., that M(A) is
nonsingular). This situation occurs in the next example.

Example 3.2.5 The following matrices illustrate the use of Theorems 3.2.3 and 3.2.4
in checking whether an irreducibly doubly diagonally dominant matrix is an H—matrix

or not. Consider the following matrices in G
1 -1 -1 111 111 1 11
A=|-2 4 0|,B=|-240|,C=|-240|,FE=|-240
-1 0 2 -1 0 2 -1 0 3 1 14
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The directed graph of A is a star centered at ip = 1 and A satisfies (3.2.2). ;jFrom
Lemma 3.2.2; A is singular. Since M(B) = A, B is not an H-matrix (even though
B is nonsingular). Note that D(C) is a star centered at ic = 1 but |cy1||ess| = 3 >
2 = R1(C)R3(C). Hence, by Theorem 3.2.4, C' is an H-matrix. Finally, D(E) is not
a star centered at any ig € {1,2,3} and so E must be an H-matrix.

3.3 Schur Complements
Let A = [a;;] € C™" be partitioned as

[ A Ap 1

3.3.8
Agr Anx ( )

where Ay; is the leading k X k principal submatrix of A, for some k € (n). Assuming
that Aj; is invertible we can reduce A (using elementary row operations) to the matrix

U, *
lo A/AH], (3.3.9)

where Uy, € C** is upper triangular and A/A;;, known as the Schur complement of
A relative to Ay, is given by A/Aj = Agy — Ag1 AL Aro. In particular, if ai; # 0, we
can reduce A to the matrix

@11 Q12 - Qip
0 b22 e b2n
R (3.3.10)

ai1a1;

where b;; = a;; — =2, 2 <4,j < n. The trailing (n — 1) x (n — 1) submatrix of
the matrix above is the Schur complement of A relative to Ay; = [a;1], which we will
subsequently denote by B = [b;;], and index its entries by 2 <i,j < n.

In this section, we shall prove that if A belongs to G™" and detA;; # 0, then
A/Aq; belongs to G™" 7 We will first consider the Schur complements of matrices
in G"". We note that our proofs rely on the fact that if A € G}"", then all principal
submatrices of A are invertible and so the associated Schur complements are well
defined. The following is a well known fact in numerical linear algebra.

Lemma 3.3.1 If A € C"" is strictly diagonally dominant and partitioned as in
(3.3.8), then detAy; # 0 and A/Aq is also strictly diagonally dominant.

Lemma 3.3.2 Let A = [ay;] € G, Then

a210a12 asz1a13 21013 a310a12

929 — as3 — 923 — a3y — . (3311)

a1 a1 a1 a1
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Proof. Since A = [a;;] € G}, from Theorem 3.2.1 part (iii), A is an H-matrix.
Hence there is a positive diagonal matrix D = diag(dy, ds, d3) such that AD is a
strictly diagonally dominant matrix. Since dja;; # 0, we can reduce AD to the
matrix
dia daa12 dzay3
0 d2a22 __ daaziaiz d3a23 _ dsasiais

ail ail )

doazialn dsaziais
0 dyagy — 22 dzagy — S0

which, by Lemma 3.3.1, is also strictly diagonally dominant and (3.3.11) follows.
|

Theorem 3.3.3 Let A € G'" and let B € C" "' as in (3.3.10). Then B €
ngfl,nfl.

Proof. Since A = [a;;] € G, one of the following two cases must occur. Either there
exists ¢ € (n) such that |a;| < R;(A) or |a;| > Ri(A) (i € (n)). In the latter case,
by Lemma 3.3.1, B is strictly diagonally dominant and hence B € G """, We now
consider the former case in two subcases:

(i) i=1.
In this case, we shall also prove that B is strictly diagonally dominant (and hence
in G771, It suffices to prove that

|baa| > Z |ba;], (3.3.12)
=3

a21a14 . .
where by = a9y — %, and by; = agj — %, with j > 3.
Since

n
|a11|[age| > Z |a1j| Z |a2j| Z |a1;| Z |a2g| + Jag | Z ’alj|

=2 72 =2

n n
> lann| Y |ag;| + |azi||ara| + |as1] Y [ay;],
=3 =3

(where we used the assumption |aj;| < Ry(A) for the last inequality), we have

" a0 910
Jaram] — larsan] > lan| 3 (w | u l‘) > \an\Z gy — 22101
j=3
That is,
Uy — 2112 > | 22‘ _ |a21a12| Z 0 — 21047 ’
11 | 11‘ =3 an



which is equivalent to (3.3.12).

(i) i> 2.

In this case we will see that B belongs to Grf_l’”_l. Without loss of generality,
we can assume that ¢ = 2. Set

a1 —ays|
Ar = | —|ax] |az)| — >3 |ag]|
—las1| — ;413 ]as] |ass]

Since A € G} it follows that A; € G2 N Z>® and that A; has positive diagonal
entries. Applying Lemma 3.3.2 to A; we obtain

|a21| |CL136L31|
[’a22| las] Z|a1jl |ass] lant|

J#1,3

- |az1ay3] |as |
[Z|a2j|+ |2111|3 > la 3]|+| -~ > gl - (3.3.13)

Jj=3 j#1,3 ]7513
Setting
. |a21| - |a31a13| |Cl210l13|
1= T Z |a1j| |(l33| - | | Z |a2]‘ |
1] =4 a1
\a:ﬂ’
|as;| + |ay],
j;é213 ’ | 11| ]75213 !
we see that (3.3.13) is equivalent to
10 as1a
lagg] — 102212l 1y ) amansl) (3.3.14)
|a11] |a11]
For ~v; we have
|G21’ = \031013|
P DL R oy

|a33|>R3(A) |CL21 |

Z‘ 1J|

™ Jag;] + 1% (jayy | - ’a13|)]

laai 5= oy |an]

‘a11‘>R1(A ‘a21‘

|asi | |ag1| &
ZI aj] [Z Jass| + Jo S Jay | = ™ S laylys (3.3.15)
Jj=4

J#1,3 | s
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;From (3.3.14) and (3.3.15), it follows that

(s — a21012 (g3 — as1a13 > [|a22] _ |a21a12|1 l’a33| _ |a31a13| > +’Y2’Y3
ai aii |011| |CL11|

a a1 a
| 21|Z| 1]‘+Z’a2j‘+ | 21 13| 3
| = = |a11]

|6L21| 31|

[ Z|1J|+Z‘a2jy Z‘3J|+| Z‘U’
J#1,3 J#13
n . .
> Z agj — (2101, Z as; — a3101; ’

=3 a1 13 an

or equivalently ’bgg”bgg' > RQ(B)Rg(B) Slmllarly, ‘bgg”bjj’ > RQ(B)R]<B) fOI"j =

4,5,...,n. In general, since row reduction with respect to a strictly diagonally dom-
inant row preserves strict diagonal dominance, we have that |b;||b;;| > R;(B)R;(B)
for i,j =3,4,...,n and i # j. Hence, B e G}~ """ 1. u

Corollary 3.3.4 If A = [a;;] € GI"" and |a11| < Ri(A), then B, as in (3.3.10), is
strictly diagonally dominant.

Proof. This is subcase (i) in the proof of the previous theorem. m
We continue now with general Schur complements of matrices in G}"".

Theorem 3.3.5 Let J = {i € (n) : |a;| < Ri(A)}, where A = [a;;] € G is
partitioned as in (3.3.8). Then

(1) A/Aq is strictly diagonally dominant if J C {1,2,---,k}.
(i) AJAL € GYP ™ gf 9£JTc{k+1,...,n}.

Proof.

(i) If J =0, then A is strictly diagonally dominant and hence the result follows
by Lemma 3.3.1. If J # (), then J can only contain one element. Without loss of
generality, assume that i = 1 € J (otherwise we can symmetrically permute the first
k rows and columns of A, an operation that leaves the Schur complement in question
unaffected.) ;From Corollary 3.3.4, B (as defined in (3.3.10)) is strictly diagonally
dominant. The result follows by noting that A/A;; is equal to a Schur complement
of B (see e.g., Fiedler [8, Theorem 1.25]) and by applying Lemma 3.3.1 to B.

(ii) ;From Theorem 3.3.3 we have that B € G}~ ""~'. Inductively, since A/A;
is equal to a Schur complement of B, it follows that if ) # J C {k+1,...,n} then
AJAy € GYRnTR
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Remark 3.3.6 If() £ J C {k+1,...,n}, A/A1 is not necessarily strictly diagonally
dominant. For example, consider

2 -1 0
A=| -1 11 -1 |eG3
0 0 2

0.6 —1

Taking A;; = [2] with J = {2} we have that A/A;; = [ 0 92

] which is not

strictly diagonally dominant.
We can now turn our attention to Schur complements of matrices in G™".

Theorem 3.3.7 If A € G™" is partitioned as in (3.3.8) with detAy;; # 0, then
AJAy € GMTRnR

Proof. Let A = [a;;] be as prescribed above. We first observe that a; # 0 for i €
{1,2,...,k}. Indeed, if a; = 0 for some i € {1,2,...,k}, then 0 > R;(A)R;(A) for
all j € (n)\ {i}. Also R;(A) # 0 since detA;; # 0 and hence R;(A) = 0 for all
j € (n) \ {i}. Thus the i—th column of Ay; is zero, a contradiction.

Now set D = diag(e?®1811  W8I8Akk &, .\ ... §,), where, for j € {k+ 1,k +
2,...,n},

5. — eiarga’jj if Qjj 7é 0
J 1 otherwise.

Note that A+ eD € G, for every € > 0. Suppose that we row reduce A + eD and
obtain the matrix

(lar1| + E)eiargan aip Qi
O 622(6) e bgn(E)
0 bua(€) - bun(e)

Set B(e) = [b;;(e)]. For 2 <14 < k we have

a;1014

bii(€) = (|aii 1argai; _ - 3.3.16
(€) = (|au| + €)e TREST ( )
(€)= 4 — @i1a1; o
For k+1 <1 <n,
bii(€) = a; + €6; — fndl (3.3.18)

(|a11| + E)eiargan ’
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Ai1Q7;5 . .
biil€) = a;i — J c g > 2). 3.1
”(6) Qij (1| + €)elargan (j#14 j>2) (3.3.19)

JFrom Theorem 3.3.5 we obtain
ule)Ibis(€)] > Ri(BO)R,(B©) (i # J: 1.5 > 2). (3.3.20)
The combination of (3.3.16)—(3.3.19) gives

Qi1a7;

11T%|bu'(€)| = |a; = |bi], i > 2

and
Q1075

(recalling B from (3.3.10)). Hence, by taking the limit in (3.3.20) as € — 0, we have

lim [by; (€)] = |ai; —

|biil [bj;| > Ri(B)R;(B) (i # j).

Thus B € G" "', The theorem follows by noting that A/A;; is equal to a Schur
complement of B, and by applying the above argument inductively. m

3.4 A Property of Inverse H-matrices

We will close this chapter by proving a theorem (Theorem 3.4.2) that generalizes a
classical result (Theorem 3.4.1) in a way that parallels our generalization of diagonal
dominance to double diagonal dominance. We must comment however that the result
of Theorem 3.4.1 is implicit in the proof of a result by Fiedler and Ptk in [9].

A matrix A = [a;;] € C™" is said to be strictly diagonally dominant of its row
(resp., of its column) entries if

|aii| > lag| (resp., |az| > [a ),
for all ¢ € (n) and all j € (n) \ {i} (see [17]). We will call A = [a;;] € C™" strictly
doubly diagonally dominant of its entries if
|aiillag;| > laijllazi| (i,5 € (n); i # j).

We will show that the inverse of an H-matrix (and hence of every matrix in Gi"") is
strictly doubly diagonally dominant of its entries. First we extend Theorem 2.5.12 in
[17] from matrices with real entries to matrices with entries from the complex field.
As was mentioned above, this result has been proven in [9] implicitly.

Theorem 3.4.1 If A € C™" is strictly diagonally dominant, then A™! is strictly
diagonally dominant of its column entries.
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Proof. By the assumption of strict diagonal dominance, A = [a;;] is invertible. Let
A~ =[], Since ay; = (—1)""detA;;/det A, where A;; denotes the submatrix of A
obtained by deleting row j and column i, it suffices to prove that |detA;;| > |detA;]
for all j # ¢. Without loss of generality, we only consider the case where i = 1 and
j = 2. Since A is strictly diagonally dominant, so is A;;, i € (n). Hence detA;; # 0.
Suppose that 0 < |detA;;| < |detAss|. Then there is a positive number ¢y : 0 < ¢y <1
such that

|detA11| - €0|detA12| =0.

Hence detA;; + eoewodetAlg = 0, where g = argﬁ%ﬁ“ + 7. Note that for every
12

€ € [0,1] and every ¢ € R,

detAq; + eewdetAlg =

)
Qo2 Q23 +-° QA2p ag1€e P ag3 -+ A2p
= det| : : : : + det
L Ap2 Gp3g " Gpp ameew Aps -+ Qpp
i 7
agy + €e"Pagy; azs -+ ag,
(¥
a3z -€€°Tagy agz -+ A3n | A
= det _ ) _ ] = detC.
7
L an2 + €e (panl ap3 -+ Qpp

The matrix C' is strictly diagonally dominant for every € € [0, 1] and every ¢ € R
because .
|ags + ee"Pan| > |an| — |az| > D |as],

k=3
and because fori = 3,4, ...,n, |a;| dominates the sum of the off-diagonal moduli of C'
by the triangle inequality. Hence detC' # 0 or detAy; +ee'Pdet Ay, # 0. In particular,
detAy; + €pe?PodetA, # 0, which is a contradiction. Thus |detAy;| > |detAys,
completing the proof of the theorem. m

Theorem 3.4.2 If A = [a;] € C"" is an H-matriz, then A™" is strictly doubly
diagonally dominant of its entries.

Proof. Since A is an H-matrix, by Theorem 1.3.1(v) there is a positive diagonal
matrix D = diag(dy, - - -, d,) such that AD is strictly diagonally dominant. Note that
(AD)"! = D71A~! = [d; 'ay] so from Theorem 3.4.1

1 1 1 1
d—ioz“- Ejajj > Ejaji EiOéij ,
which is equivalent to |au;||aj;| > |aujllayil, 4,5 € (n), @ # j. -
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Remark 3.4.3 The converse of Theorem 3.4.2 is not necessarily true. For example
consider

-1 -1 1 -1 -1 0
A= 0 1 —1 and A'=1| -1 21
-1 2 3 -1 11

Notice that A~! is strictly doubly diagonally dominant of its entries. However A is
not an H-matrix since

-1 -5 =2
MAN =] -1 -2 -1
-1 -3 -1

is not a nonnegative matrix (which is necessary and sufficient for M(A) to be a
nonsingular M-matrix, see Theorem 1.3.1(iii)).
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Chapter 4

SUBCLASSES OF H-MATRICES

4.1 Introduction

As we mentioned in Chapter 1, there are many equivalent characterizations of
H-matrices. However, except for special cases, none of them can be easily applied
in practice. This reason motivates the quest for sufficient conditions, which on some
occasions can be more useful in identifying H-matrices (cf [10],[18] and [11]). In
this chapter, we collect and compare some subclasses of H-matrices, each of which
contains G}"" as a subclass and is determined by some sufficient condition. We also
derive two new characterizations for H-matrices in G™".

We first need some further notation. We say that N; and N, constitute a partition
of (n) if Ny N Ny =) and N; U Ny = (n). Let then

oy = Z |a,-k], and ﬂz = Z |a2k| (411)
keN1\{i} keNa\{i}
Notice that R;(A) = o + 5;, 1 € (n).
Finally, let N C (n). We denote by A(NN) the principal submatrix of A whose
rows and columns are indexed by N.

4.2 M-matrices and their Schur Complements

For future reference, we state a proposition on nonsingular M-matrices and its
Schur complements.

Proposition 4.2.1 Let A = [a;j] € Z™". Then the following are equivalent.

(1) A is a nonsingular M-matriz.

(2) There ezists a partition (n) into Ny and Ny such that both A(Ny) and AJ/A(Ny)
are nonsingular M-matrices.

(3) For any partition of (n) into Ny and Ny , both A(Ny) and A/A(Ny) are nonsin-
gular M-matrices.
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Proof. The equivalence of (1) and (2) is well-known (e.g. see [1]). Obviously, (3)
implies (2), and hence (1). If (1) holds, then for an arbitrary partition N; and Ny of
(n), it follows from Theorem 3.1 in [1] that both A(/V;) and A/A(N;) are nonsingular
M-matrices. m

4.3

Some Subclasses of H-matrices

We will now consider some subclasses C; of the H-matrices. For notational sim-
plicity we let C; denote both the ith class and its defining condition. As usual, we
refer to a matrix A = [a;].

Ci:
C,y:
Cs:
Cy:

C5Z

CGI

lai;)| > Ri(A) Vie (n), (s.dd.).

lasllass > RAAVR;(A) ¥irj € (), i £ (s.ddd).

There is an ¢ € (n) such that |a;|(|a;;| — B;) > Ri(A)|a;i], V75 € (n)\{i}.
([10]) There exists a partition of (n) into N; and Na, such that

(’CL”| — ozl-)(|ajj| — ﬁj) > ﬁiOéj, Vi € Nl, \V/] € N2.

([18])
(a) There exists a partition of (n) into Ny = {iy, s, -, i} and Ny = (n)\ Ny,
such that A; 2 M(A)(N,) is a nonsingular M-matrix,
(b) Foralli€ Ny and j € Ny, (A7'u); < 4, where (A7'u); denotes the ith
component of A7 u and
|aj5] = B;

Vo= o J €Ny,
a.

J
u = (ﬂ’ipﬁiza e ’ﬁ%)t ’
and where «;, §;,7 € (n) are defined in (4.1.1). Also |a;;| — 3; > 0 and y; = o0

when a; = 0.
(Note that if Ny has only one element, 3; = 0.)

(a) There exists a partition of (n) into Ny = {iy, a9, -, i} and Ny = (n)\ Ny,
such that A; 2 M(A)(N;) is a nonsingular M-matrix.
(b) M(A)/A; is strictly diagonally dominant.

We will now examine the relation between the above mentioned subclasses of
H-matrices.
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Theorem 4.3.1 C; C Ci,4, i€ (5).

Proof. Tt is obvious that C; C Ca. The proof of C3 C C3 C Cy4 was given in [10].
The relation C4 C Cs has been proved in [11]. We will now prove Cs C Cg. For
simplicity, we can assume that M(A) is of the form

13 —Qr2 -+ —aip

—a Q22 -+ —Q2p
, (4.3.2)

—Qp1 —Ap2 Ann

where a;; > 0 Vi, j € (n). Recall the fact that A is a nonsingular M-matrix iff for any
permutation matrix P, P'AP is a nonsingular M-matrix. Therefore, we can assume
that N1 = {1, 2, tet ,]{?}, NQ = <7’L>\N1 Then

Ak41,k+1 —OAk+1k+2 " —Qktin
M(A)/A1 =
—Op k41 —Qp k2 " Qpon
—Qkt1,1 —Ak+12 0 TOk41k —A1k+1 —Q1k+2 0 —A1p
_ oAt
1
—Qp1 —Ap2 " —An K —Akk+1 —Akgk+2 0 —Agn

(1>

[bij]i,j2k+l :

It is easy to see that

bii = ai— (an, -, aw) AV

by = —ag—(an,---,ax)AT'v; Qi # ],

where v; = (ayj, -+, ax))! > 0,5 € Ny. Since A7 > 0, by Theorem 1.3.1(iii) and
v; < u, we have 0 < Al_lvj < A7'u, and hence it follows that

bii = a; — (a;n,- - 7aikz)A1_1Vi
> aii — (an, -+, ai) Ay 'a
= Q4 — Z ait(Aflu)t.
teENy

Thus, using the assumptions of Cg, we have that b;;

> Qi — (ZtENl Qit) Vi = Qii — 04 if a; #0
= Qg if a; = 0

{Zau‘—(an’—ﬁi):ﬁizo if a; # 0

=a; >0 ifO./i:O7
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where we have used some assumptions about Cys. Note that for all ¢, j € Ny, i # j,

-1
bij = —ai; — (an, -, aw) A7 v; < 0.

Hence M(A)/A; € Z"%"=* with all diagonal entries positive. For i € Ny, we have

bii — Z

teNa2\{i}

= Q;; — (aih s aaz’k)Al_lvi
— Z Qi — (ai17 Ty aik) Z (Al_lvt)
teNa\{i} teN2\{i}
= Q4; — Z Qi — (aih T 7a’i/€)A1_1 (Z Vt)
tEN i} tENo
= Ay — Z aip — (@, aaik)Al_lu
teN2\{i}

= (aii - ﬁz) - (ailv T aik)Al_lu
= Y0 — D ten, ai (A7), if a; #0

>’}/iCYZ'—’}/Z'Oéi:0 lfOéZ#O
>0 lfOéZ:O '

Hence bi; > >ieny\qiy 10it], Vi € Ny and thus M(A)/A; is a strictly diagonally domi-
nant M-matrix (see [31, Theorem 5.14]). This completes the proof. m

Remark 4.3.2 By Proposition 4.2.1, we know that Cg C 'H,,, and hence the proof
of the above theorem implies Theorem 1 in [18]. Also Theorem 4.3.1, to some extent,
reveals how strong the assumptions in Theorem 1 are when compared to Proposition

4.2.1.

We continue with some illustrative examples.

Example 4.3.3

Take Ny = {1,2}, Ny = {3,4} so that

1 -1 -1 0
-1 3 0 -1
A= 1 1 4 _a
i 7 0
-3 —3 1 3
1 -1
Alzl_l 3].
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Then
v = A ST

4
1

- [ 78]
-9 2

is strictly diagonally dominant. Notice that for this partition, (b) in Cs is not satisfied

| i

1 3

Obviously (A;Mu); = 2 > 3. However, if we take N; = {1,3} and N, = {2,4}, both
(a) and (b) in Cs are satisfied.

—_

IR NIV
NN |

Al’lu = [

_4
3

Example 4.3.4

3 -1 -1
A=|-1 3 -1
-1 -1 5

It is easy to check that for any partition of (3), (b) in Cs can not be satisfied, but
A is an H-matrix. This example shows that Theorem 1 in [18] is only a sufficient
condition for H-matrices. If we take Ny = {1,2} and N, = {3}, then A € Cg, and
hence Cgy is a proper subset of Cg.

4.4 Two criteria for H-matrices in G™"

Huang [18] has proved that Cs is also a necessary condition for diagonal domi-
nance. This result can be generalized to matrices in G™". We now proceed to prove
this fact. We first need four technical results.

Lemma 4.4.1 Let

ailp —Q@i2 —@g - —Qip
—as; 99 o --- 0

A= —asy 0 ass - 0 (4.4.3)
—Qan1 0 0o - QAnp,



be doubly diagonally dominant, where agr > 0,a1, > 0 and ajy > 0, k € (n). Let
ajy < Ri(A). Then A is a nonsingular M-matriz iff Jo(A) 2 {t € (M)\{1} : anran >
Ri(A)Ri(A)} # o

Proof. Define Jy(A) = {t € (n)\{1} : a;1 = 0}. One of two cases will occur:

Case 1: Ji(A) = ¢. In this case, the result follows from Theorem 3.2.4.

Case 2: J1(A) # ¢. In this case, Jo(A) # ¢ because ajjay > 0 = Ri(A)Ri(A)
for t € J1(A) and hence necessity becomes trivial. Sufficiency is true without any
assumption on Jy(A): Notice that there exists a permutation matrix P which keeps
the order of the first row and column such that

t A o*
par= 4 3]
where D is a positive diagonal matrix and where Aq; = bijl1<ij<n—tn(a)' has the
form (4.4.3) and satisfies that A;; is doubly diagonally dominant and J;(A;) = ¢.
Since A is a nonsingular M-matrix iff A;; is a nonsingular M-matrix, it follows from
case 1 that Ay is a nonsingular M-matrix iff Jy(A11) # ¢. Note that by1by = aq1aq >
Ri(A)Ry(A) > Ri(A1n)Ri(An), t € (m)\J1(A), t # 1, and hence Jo(A11) # o,
completing the proof. m

Lemma 4.4.2 Let A € Z™" be doubly diagonally dominant of the form (4.3.2). Sup-
pose that a;1 < Ri(A) and that for some k > 1, ayp # 0 and Xy 14y are 7 0. Also
suppose that A € H,,. Then Cs holds.

Proof. Suppose that A is as prescribed in the statement of the lemma. Without loss of
generality, assume that k = 2, i.e., a1 # 0 and ; = >°7_5 ag; # 0. Take Ny = {1,2}
and Ny = (n)\N;. Then

A, = l aixr —ai2 ]

—ag1 a2

is a nonsingular M-matrix> and u = (3, 32)!. Hence it suffices to prove that

(Al_lll)i<’}/jzjjoéﬂj iGNl, jGNQ.
J
The latter are equivalent to
(aj; — Bj)(anage — a12a91) > oj(agnf + a12f32), j € No (4.4.4)

1J1(A)| denotes the number of elements in J(A).
2This follows from a well-known property of M-matrices, i.e., that all principal submatrices of a
nonsingular M-matrix are nonsingular M-matrices.
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and
(a;; — B;)(annaiz — ainag) > aj(a B + a1 fa), j € No (4.4.5)

where o, 3;,7 € (n), are defined by (4.1.1) (e.g., 1 = Yjg a1, fo = dofgQor, j =
S22 aji, j € Na, etc.). Since A is doubly diagonally dominant and ay; < R;(A), we
have a;; > R;(A), j € (n)\{1}, that is, a;; — 5; > a;. Thus

(aj; — Bj) (11022 — a12a21) > v (a11a22 — G12a21)
J(R ( ) ( )—a12a21)

Vv

i(R1(A)(a21 + Ba) — argan)

a;((arz + Br)ag — aizaz1 + B2 R (A))
(
(

Il
L

= aj(anbi + Ri(A)Bs)
aj(an B + a1 ),

v

where in the last step we have applied R;(A) > ay;. Hence (4.4.5) follows. Equations
(4.4.4) are trivial if a; = 0. Now let o # 0. Then

(a5 = Bj) (anazn — azan) = (ana;; — anf) (am - afaﬂ)
11
2 (Bi(A)R;(A) —ans)) <a22 - afm)
11

v

(By(4) - ) <a22R1(A) . R<A>>

o)

a1 + a2

a11Q22 — CL21Rl )
1(A)

g
> (cmﬁl + ay2 (R2(A) — agl)
|

a1 + a2 (A)>

a11
> aj(anf + ai232),

where we have used the assumptions that Ri(A) > aq; in the third step and that
ajz > 0, By # 0 and Ry(A) > ay; for the last inequality. This shows (4.4.4). u

Lemma 4.4.3 Let A € 'H,, satisfy the hypotheses of Lemma 4.4.1, then Cs holds.

Proof. Let A be as prescribed. We can assume that 2 € Jy(A), ie., ajjaxp >
R1(A)R2(A) = as R1(A). Take Ny = {1,2} and Ny = (n)\ N so that A; = [ an

—Q21 Q22

—ai2
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is nonsingular M-matrix and u = (1, 0)". Hence

(A7) <y = G e
Qj aj1
are equivalent to
ajj(a11a22 — @21012) > ajiasn, j € N (4.4.6)
and
ajj(a11a22 — aiaa91) > ajiaafr, j € Na, (4.4.7)

where «;, §;, i € (n) are defined by (4.1.1). The proof of (4.4.7) is the same as that
of (4.4.5) by noting o; = aj1,5; = 0,a;; > «;,j > 2. For (4.4.6), as in the proof of
(4.4.4), we get

a102 — Rl(A)Rg(A)>

@jj(@n&m - 0126121) > aj (@261 + a2 a
11

> ajia0,

where the last inequality holds since a2 > 0 and ajjass > Ri(A)Re(A) = Ri(A)as.
Hence (4.4.6) holds. u

Lemma 4.4.4 Let A € Z™" be doubly diagonally dominant of the form (4.5.2). Let
ajn < Ri(A) and Jo(A) = {k € (n)\{1} : ax = 0} # ¢. Also suppose that A € H,
and that VI & Jo(A), Xremp 10y @ir = 0. Then Cs holds.

Proof. Let A be prescribed. By the hypotheses, there exists a permutation matrix P
such that
An 0]

4.4.8
A A (4.48)
where A;; satisfies the assumptions of Lemma 4.4.1. Since A € H,, iff A1, Ay are H-
matrices, it follows from Lemma 4.4.1 that Jy(A11) # ¢. For simplicity, we can assume
that A has the form (4.4.8) and that A;; has the form (4.4.3) with £ > 2 in place of
n, where ajjage > Ri(A)Ry(A) = Ri(A)ag;. Take Ny = {1,2} and Ny = (n)\V; and

then
A1 _ [ aix —ai2 ]

—a21 22

WAP:[

satisfies (a) of Cs and u = (1, 0)". Thus

(A;lu)i<7j:”7@ i € Ny, j € Ny,
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are equivalent to

(a;; — Bj)(annag — ainas) > ajagnfi, j € Ny (4.4.9)

and

(a;; — Bj)(arage — a12a21) > ajagi fr, j € Na, (4.4.10)
where «; and 3;, i € (n) are defined by (4.1.1). Here the proof of (4.4.10) is the same
as that of (4.4.5). If o;j = 0, (4.4.9) is trivial. Assume that «; # 0. Then (4.4.9)
follows from (4.4.6) for j € {3,---,k}. For j € {k+1,---,n}, in the proof of (4.4.4)
we have

a11a22 — a1 (A) )

(ajj - 53’)(@11(122 — aipa1) > QO (@251 + a2 .

> Oéjaggﬁl.

The last inequality holds since a1o > 0 and ajjae — as; Ri1(A) > 0. m
We can now prove the promised result.

Theorem 4.4.5 Let A be in G™". Then the following are equivalent.
(1) Cs holds for A.

(2) Cg holds for A.

(8) A€ H,.

Proof. Define J3(A) = {i € (n) : |a;| > Ri(A)}. As before, we can assume that M(A)
is of the form (4.3.2).

(1) = (2) :  This follows from Theorem 4.3.1

(2) = (3) :  This follows from Proposition 4.2.1.

(3) = (1) :  Since A is doubly diagonally dominant, one of the following cases
must occur:

Case 1: J3(A) = (n),i.e., A is strictly diagonally dominant.

In this case take Ny = {1}, Ny = (n)\N;. Then A; = [ay;] is a nonsingular M-matrix

and R (A
A o v =
ai aj1
Hence (a) and (b) of Cs hold.
Case 2:  a; > R;(A) and J3(A) # (n). This is Theorem 2 in [18].
Case 3: There exists a unique iy € (n) such that a;,;, < R;,(A4), aj; > R;(A).
Without loss of generality, assume that iy = 1. Recall that

Jo(A) ={k € (n)\{1} : ay, = 0}.

_ 97 teN: 9t
Aty = 2\} 93t

J € Na.
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In this case, we can conclude that one of the following subcases must happen:

(1) there exists some k € (n)\{1} such that a;, # 0 and X, 1,4y ke 7 0.

(2) J2(A) = ¢ (ie, a1 > 0, k € (n)) and Ype o f1py are = 0, k € (n)\{1}.

(3) JQ(A) 7é ¢ and Zte(n)\{l,k} Apt = 0, ke <n>\J2(A), k 7é 1.

These three subcases correspond to Lemmas 4.4.2 ,4.4.3 and 4.4.4, and hence the
result follows. m
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Chapter 5

STABILITY OF INCOMPLETE BLOCK
LU-FACTORIZATIONS OF
H-MATRICES

5.1 Introduction

In Chapter 1 we introduced the notion and scope of incomplete (block) LU-
factorizations, as given by Meijerink and van der Vost [22]. In this chapter we will
consider a more general method, called the Oliphant-Buleev-Varga or O BV method,
which was introduced by Beauwens (cf [4], [5]). Many other methods of incomplete
factorizations, such as the method of Axelsson [2] and that of Meijerink and van der
Vost [22], can be considered as special cases of the OBV method.

Meijerink and van der Vost [22] primarily studied incomplete point LU-factorizations
of M-matrices and obtained some results on numerical stability. Messaoudi [23] stud-
ied incomplete point LU-factorizations of H-matrices and extended the results in [22]
relating to numerical stability. Messaoudi also obtained some new characterizations
of H-matrices. In this chapter, we will study OBV factorizations of H-matrices and
extend some results given by Messaoudi to OBV factorizations.

Recall that o™™ denotes the set of all (0, 1) matrices with all diagonal entries equal
to one and that given A, B € C™", A% B denotes their Hadamard product. Let 5"
be the set of all (0, 1) matrices and let £ denote the matrix all of whose entries equal
one. In the sequel, all matrices involved are partitioned into the form (1.4.7) unless
otherwise specified.

Now we describe the OBV method. Consider the following algorithm applied to
A e C"" with a € a™™ and g € g™".

Algorithm 5.1

Set
Py = Liyp=U;=ag1 % Au,
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Uj = oajxAy, 1<j<m,

ajl*Ajla 1<j§m

For 1 =2,---,m, set

i—1
Py = Ly = Uy = cuy x Ay — By * (Z LisKssUsi>

s=1

For j=t+1,---,m, set
i—1
Uij = aij * Aij - ﬁij * (Z LisKssUsj> 3
s=1
i—1
Lji = Oy % Aji - 5;‘1' * (Z LjsKssUsi> )
s=1

where K,, is an approximation to P_'.

Ss

Notice that in Algorithm 5.1, P;; is determined from P;j; (j < ¢). Therefore, it
makes sense to define K as an approximation of the inverse of a given block diagonal
matrix P. Here we briefly mention three major techniques that have been proposed
for determining K. For more details, one can refer to [13] and [5].

(1) Hadamard approximation. First compute P~! and then take K = v % P!
for some v € ™.

(2) von Neumann approximate inverse. Suppose that P has a sparse (point)
factorization P = (I — L)S(I —U), where L, U are strictly lower and upper triangular
matrices, respectively, and S is diagonal. Then take K = (I+U+U?*+...+U®)S (I +
L+L*+...+ L") as an approximation to P~!, where s, t are appropriate nonnegative
integers.

(3) Polynomial approximation. Suppose that the matrix P admits a convergent
splitting P = B — C (i.e., p(B7'C) < 1). Then take K = (3_,(B~'C)")B~! as an
approximation to P~!, where s is an appropriate nonnegative integer.

Definition 5.1.1 Let A € C™". The matrix LP~'U, where L,U and P are, respec-
tively, the lower block triangular, upper block triangular, and block diagonal matrices

computed by Algorithm 5.1, is called an incomplete block LU -factorization, or a block
OBV factorization of A.

Remark 5.1.2 (i) LP~'U can be written as LU, where L is a lower block triangular
matrix whose ith block diagonal entry equals the identity matrix of order n;.
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(ii) The formulae in Algorithm 5.1 can be written in a matrix form as
L+U—-P=axA—-B3x((P—-LPY(P-U)). (5.1.1)

(iii) It can be shown that when 3 = a € o™ and K, = P!, s € (m), Al-

Ss )

gorithm 5.1 reduces to Algorithm 1.1. In particular, if 3 = a = E and
K, = P!, then both Algorithm 1.1 and Algorithm 5.1 yield the complete

s8

block LU-factorization, i.e., the usual LU-factorization.

(iv) Since a triple (o, 3, K) uniquely determines Algorithm 5.1, we can simply
refer to (a, 3, K) as an incomplete block LU-factorization or a block OBV
factorization of A. Notice that in the triple (o, 5, K), K = diag(K11, -, Kynm)
is a block diagonal matrix, where K;; € C"",

(v) In Algorithm 5.1, v, 5 could be, in fact, taken to be arbitrary matrices in C™".
However, since the main function of o and 3 is to control the sparsity of the
factorization, we only consider a € ™™ and § € g™".

(vi) Let LP7'U be an OBV factorization of A. Define N = LP~'U — A. Then
A= LP7'U — N is a splitting of A.

Now we can extend some definitions given by Messaoudi [23]. In Algorithm 5.1, if

1. Uy is nonsingular for all i € (m), we say that A admits a regular block OBV
factorization.

2. Uy is a nonsingular M-matrix for all i € (m), we say that A admits a positive
block OBV factorization.

3. U, is nonsingular for all i € (m) and if p((LP~'U)"'N) < 1, we say that A
admits a convergent block OBV factorization.

4. U is nonsingular for all ¢ € (m) and if p(|[(LP7'U)"'NJ|) < 1, we say that A
admits an absolutely convergent block OBV factorization.

Analogously to the definitions in [23], we set

F., = {Ae€C"": A admits a regular block OBV factorization for any
a€a™ [f=al.

7, = {AeC"": M(A) admits a positive block OBV factorization
for any o € ™", B = a}.

Jn = {A e C™: A admits a convergent block OBV factorization
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for any o € ™", 3 = a}.
K, = {Ae€C"": A admits an absolutely convergent block OBV factorization

for any a € ™", 5 = a}.

O%(A) = {B = [By] € C™" : diag(|Bs|) = diag(|Aul) and |By| <|Ay| i,5 € (m)}.
Subsequently, we will show that

where 7% ={A € J,: QA) C J.}.

5.2 Stability

Given A, B € Q4(A), let LP~'U and L, P;'U, be the block OBV factorizations
of A and B, respectively. If |LP~!| < |L;P;!|, then we say that the block OBV
factorization of A is at least as stable as that of B. This definition of stability was
given in [22] implicitly. We will consider the cases where either B = A or B = M(A).
In particular, we will focus on the stability of the OBV factorizations of an H-matrix
and its comparison matrix.

Meijerink and van der Vost [22] studied the stability of incomplete point LU-
factorizations of M-matrices. Messaoudi [23] generalized the corresponding results
to H-matrices. In this section, we will further generalize some results in the above
papers to block OBV factorizations of an H-matrix. Let’s first recall some of their
results.

Theorem 5.2.1 ([22]) Let A € C™" be a nonsingular M-matriz. Then the in-
complete point LU -factorization LP~*U of A is “at least as stable” as the complete
factorization A = LUy without pivoting, i.e., |LP™'| < |Ly|.

Theorem 5.2.2 ([23]) Let A € C™" be an H-matriz and let o € o™ be given.
The incomplete point LU -factorization using a and without pivoting of A is at least
as stable as the corresponding factorization of M(A).

For the existence of block OBV factorizations of nonsingular M-matrices and H-
matrices, one can refer to [5] and [13].

Now we turn our attention to the block OBV factorization. The following theorem
is our main result in this section, extending Theorem 5.2.2 above. For notational
simplicity, we will momentarily use A° (instead of M(A)) to denote the comparison
matrix of A.
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Theorem 5.2.3 Let A € C™ be an H-matriz and A° its comparison matriz. Let
(o, B, K) cmd (a, 3% K°) be respectively the block OBV factorizations of A and AY,
where a, a® € o™, B, % € ", K and K satisfy [ < a <a?, 3 <3° |K| <
K% < (PO) , for all s € (m). Then the factorization («, 3, K) of A is at least as

SS

stable as the factorization (a, 3°, K°) of A® without block entry pivoting.

Note: The following proof is parallel to that of Theorem 3.2 in [13].

Proof. Given two triples (a, 8, K) and (a?, 3%, K°), by Algorithm 5.1 we can obtain
two splittings A = LP7'U — N and A° = LO(P%)~1U" — N° Tt follows from [13,
Theorem 3.1] that L° P° and U are all nonsingular M-matrices. Let L=LpP'=
[LU] and L° = LO(P°)™' = [L%]. Then Ly = LY = I,, i € (m). Note that
L = L;; Pj y and [N/?j = L%(PZ%)*I. To prove the theorem, according to the definition
of stab1hty, we only need to show that |L;| < ]f)%|, i, j € (m), i > j. Thus it is
sufficient to prove that

L] < |L° and [P7Y] < (P°)7!
Set offdiag(A) = A — diag(A). From Algorithm 5.1, we have

|L11| = |P11|=|U11|20411*|A11|

= |L1’—| 1’:|U?1‘7
[Lj| = aj*|Anl =LY ], (5.2.2)
Uyl = auy*|Ayl =03, i<j<m.

Thus the inequalities

\diag(Py)| > |diag(PY)|,
offdiag(P)| < offdiag(FD). (5.2.3)
|Lj| < |LY| Uyl < Ul t<j<m.

hold for ¢ = 1. Now assume that (5.2.3) is true for 1 < ¢ < i — 1. Then for ¢t = 1,
using Algorithm 5.1 we have

diag(Py)| > |diag(ci) x Aw)| —

i—1
dzag (ﬁzz * (Z LstssUsz>>‘
s=1
i—1
s=1

> |diag(o) » A2)| - dwg( (Z 2 |))

> diag(al; x AY) — diag (52 * (Z Ly Kgsng))
= diag(PY),

> |diag(ay; * Ay)| —
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where we have applied the fact that L° U° are nonsingular M-matrices, K2, > 0, s €
(m) and diag(a) = diag(a®) = I. Also,

loffdiag(Py)| < l|offdiag(cu; * Ay)| +

offdzag (ﬂu * (Zz_% LisKssUsi>> ‘
s=1

i—1
offdiag <—aii * A?Z- + Bii * (Z L?3K28U3i>>
s=1

IN

IN

1—1

offdiag (—a?i * A + B (Z L%K&U&))
s=1

= —offdiag(Py) = |offdiag(P})|,

and

|Lji| =

i—1
Qljj * Aji - 5ji * (Z LiSKSSUSj> ‘

s=1

IN

i-1
aji * |Aji| + Bji * (Z |Lis||Kss||Usj|>

s=1

IA

i—1

—ag; * Aj + 35 (Z L?SKSSUSJ) (5.2.4)
s=1

_ 0 _ 0 . .

= —L;= |Lji|, 1 <7< m.

Similarly,
Uyl <|UG1 i< j <m.

Therefore we have proved by induction that (5.2.3) is true for all ¢ € (m). ;From
above, we know that M(P) = diag(M(Py1),- -+, M(Ppy)) > P° = diag(PY,- -+, P°, ).
Since P is a nonsingular M-matrix, so is M(P) (cf [17, Theorem 2.5.4(a)]) and hence
P is an H-matrix. Moreover, from a well-known result of Ostrowski ( e.g. cf [13]) we
have

[P < M(P)TH< (PO (5.2.5)

The combination of (5.2.4) and (5.2.5) implies that |L| < |[(L°)~!|. This completes
the proof. m

In Theorem 5.2.3, take a® = 3° = F and K° = (P°)~!. Then (a?, 3% K°) is the
complete block OBV factorization of A° i.e., A = LO(P%)~1UY and hence we have
the following result.

Corollary 5.2.4 The block OBV factorization (o, 3, K) of an H-matriz satisfying
a € a™", [ € ™ and |K| < (P°)7! is at least as stable as the complete block
factorization of its comparison matriz without block entry pivoting.

45



5.3 Some Characterizations of H-matrices

Messaoudi [23] gave some new characterizations of H-matrices in terms of the sets
T,J,K and incomplete point LU-factorizations. We now show that those theorems
also hold for block OBV factorizations. We begin with a lemma.

Lemma 5.3.1 Let A € Z™" be partitioned as in (1.4.7). Then the following are
equivalent.

(i) A is a nonsingular M-matrix.

(ii) There exist lower and upper block triangular matrices L and U respectively,
such that A = LP~'U, where P = diag(Py1, -, Ppm) and where Ly = Py; =
Uii, i € (m), are nonsingular M-matrices.

Proof. (From Theorem 4.2 in [5], it follows that (z) implies (7). Conversely, let
L =LP"' =Ryl and U = U = [Uy]. We will show that both L and U are
nonsingular M-matrices. We first prove that L, U € Z™" by induction on i +
J» 1 <i,j < m (the proof is similar to that of Theorem 6.2.3 in [6]). Notice that
diag(L) = diag(I,,, -, 1,,), diag(U) = diag(Pyy1,- -, Ppm) € Z™". Hence we only
need to show that offdiag(L) < 0, and offdiag(U) < 0. If i + j = 3, the equalities
R21 S 0, U12 S 0 follow from Alg = R11U12 and Agl = R21U11, since U12 = Rl_llAlg =
A <0, and Ry = Ay Uy <0 (U > 0). Let i+ 4 > 3, i # j, and suppose the
inequalities Ry < 0 and Uy <0, k # 1, are valid if £k +1 < i+ j. Then if j <1, we
have the relation

Aij = RijUjj + ZRilUlj' (536)

1<j

Since i +1 < i+ j,l +j < i+ j, by the induction we have R; < 0, and Uj; <
0. Hence it follows from (5.3.6) that >i<j RaUyy > 0. Thus since A;; < 0 and

U;' >0, Ry = (A — Siej RulUyy) U' < 0. Similarly if i < j, Uy; < 0. Hence
LeZ" and U = U € Z™". Notice that since L is a lower (point) triangular matrix
in Z™" with all diagonal entries equal to one, it is a nonsingular M-matrix, i.e.,
L~' > 0. Since, by Algorithm 5.1, P = diag(U) = diag(Uy1, - - -, Upm), We can write
U = UlP, where

Inl U12P251 e Ulmpﬂ_l%l

~ .« e . _1
A B A

0 0 .- I,

is also an upper triangular matrix with all diagonal entries equal to one. Hence U, is
also a nonsingular M-matrix. Since P is a nonsingular M-matrix, P~! > 0, and hence
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AU = P10, 'L > 0, ie., A is a nonsingular M-matrix (cf Theorem 1.3.1(iii)).
|

Theorem 5.3.2 H,, = 7,.

Proof. The relation ‘H,, C 7, follows from Theorem 4.3(3) in [5]. To prove 7, C
H,, let A € 7,. Then M(A) admits a positive block OBV factorization for any
a € a™ [ =a. If we choose @« = 3 = E, then M(A) admits a complete positive
block factorization, i.e., M(A) = LP~'U, where P; = L;; = U; are nonsingular
M-matrices i € (m). It then follows from Lemma 5.3.1 that M(A) is a nonsingular
M-matrix, i.e., A € H,.

Let A € C””. If we take @ = I, then from Algorithm 5.1 we obtain the block
Jacobi splitting A = D4 — B, where Dy = diag(aq1, -+, any,). This splitting is the
same as the point Jacobi splitting of A. The combination of this fact and the proofs
of Theorem 4.2 in [13] and Theorem 3.4 and Theorem 3.6 in [23] gives the following
result.

Theorem 5.3.3 H, = K, = J%

5.4 Answer to an Open Question

Recall that if n; = 1, i € (m) = (n), and if 3 = @ and K = P!, then the OBV
method Algorithm 5.1 reduces to the incomplete point LU-factorization Algorithm
1.1. In this section, let us consider the special case in which

J. = {A e C™ : A admits a convergent incomplete point
LU-factorization (Algorithm 1.1) for any o € o™"}.

It is obvious that J, C J,,. ¢From Theorem 4.2 in [13] we know that H,, C 7, and
hence H,, C jn Messaoudi [23] posed the question whether jn C H,. We have
observed here that J» C Hy. However, the general inclusion T € H,, is not true for
all n > 2, as the following example shows.

Example 5.4.1 Let

2 =1+ -1
A=1|1 3 —1
2 2 3

Since det(M(A)) = —1.0711 < 0, M(A) is not a nonsingular M-matrix (cf [6]) and
hence A is not an H-matrix. It is tedious to verify the fact that A admits a convergent
incomplete point LU-factorizations for any o € o®3. Therefore, we put the details of
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this verification in Appendix II. In Appendix I, we have written two Matlab functions,
one for Algorithm 1.1, the other for Algorithm 5.1. The testing table in Appendix
IT can be obtained from either of those two algorithms. The above example can be
extended to the case where n > 3 by taking

- A 0
a2 0]

As A is the direct sum of the identity and a matrix in Js but not in Hs, it follows
that A is in J,, but not in H,,.
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Chapter 6

CONCLUSION

This thesis is devoted to the study of generalizations of diagonal dominance, which
include double diagonal dominance and generalized diagonal dominance.

Our study of double diagonal dominance is motivated by Pang’s work [26]. Using
the directed graph of a matrix, we characterized H-matrices in G35 (cf Theorem
3.2.4). We also extended a well-known result on diagonal dominance to double diag-
onal dominance, that is, Schur complements of a doubly diagonally dominant matrix
are also doubly diagonally dominant (cf Theorem 3.3.7). We discussed subclasses
of H-matrices , each of which contains G}"" as a subclass, and studied their rela-
tionships. We especially obtained two characterizations of H-matrices in G™", and
corrected an inaccurate claim in [26].

Our interests in studying H-matrices include searching for new algorithms and
criteria. By Theorem 1.3.1, A € H,, iff there is a positive vector  such that M(A)z >
0 or iff (1.3.3) holds. However, for a given matrix, it is not easy to find such a vector
x or show that one does not exist. In Chapter 2, we gave Algorithm IH and proved
that it is efficient and computationally convenient. Some numerical examples, given
in Chapter 2, show that in certain cases, Algorithm IH requires less operations than a
direct method. Since we did not obtain an upper bound on the number of iterations,
we could not estimate the number of operations required by Algorithm IH.

Finally, as an application of H-matrices in the study of iterative solutions of linear
systems, we considered the block OBV factorizations of an H-matrix. We showed that
under certain conditions the construction of an OBV factorization of an H-matrix is
at least as “stable” as the construction of the OBV -factorization of its comparison
matrix. We also obtained some new characterizations of H-matrices in terms of the
sets Fn, T,, I, and K. All these results extend the corresponding results in [23].
Lastly we showed by a counterexample that a matrix which admits a convergent
incomplete point LU-factorization for any o € o™" is not necessarily an H-matrix,
which answers a question posed in [23].
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APPENDIX TI:
MATLAB FUNCTIONS

I.1 Matlab Function For Algorithm H

function [diagonal,m] = hmat(a, theta, maxit)
% INPUT: a=square matrix, theta=parameter of re-distribution
% maxit=maximum number of iterations allowed

% OUTPUT: m=number of iterations performed,
’» diagonal=diagonal matrix d so that ad is strictly diag. dominant
yA =[ ] if a is not an H-matrix)

n= size(a,1); diagonal=eye(n); m=1; one=ones(1l,n); stoppage=0;
if (nargin==1); theta=.9; maxit=100; end
if (nargin==2) maxit=100; end

if (1-all(diag(a)))
stoppage=1; diagonal=[ ]; m=m-1; ’Input is NOT an H-matrix’,
end
while (stoppage==0 & m<maxit+1)
for i=1:n
r(i)=sum(abs(a(i,1:n)))-abs(a(i,i));
if (abs(a(i,i))>r(i))
d(i)=((1-theta)*a(i,i)+theta*r(i))/(abs(a(i,i)));
else
d(i)=1;
end
end
if (d==one)
stoppage=1; diagonal=[ ]; ’Input is NOT an H-matrix’,
elseif (d<one)
stoppage=1; ’Input IS an H-matrix’,
else
for i=1:n
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1.2

diagonal(i,i)=diagonal(i,i)*d(i);
end
a=axdiag(d); m=m+1;
end

end
if (m==maxit+l & stoppage==0)

diagonal=[ ]; m=m-1;

>’Inconclusive: Increase "theta in (0,1)" or increase "maxit"’,

end

Matlab Function For Algorithm 1.1

function [1,u,r]=LUF(A,V,X)

b
b
b
o
b
b
b
b
b
b
b
1
m
b
A

This function implements the incomplete block
LU factorizaton of A.

The matrix X is a (0,1) matrix, the (i,j)-th
block is nonzero iff

the nonzero block entry in (i,j) position is accepted
thoughout Gaussian elimination.

V is a vector of dimension m and V(i)

is the order of the i-th diagonal

block entry of A. r is the spectral radius of
the matrix (I*u) '* N,

where N = 1xu - A.

eye(size(A)); n = size(A,1);

length(V);

A;

A .x X; Y Hadamard product.

for i = 1:m

v(i) = 0;
for k = 1:1

v(i) = v(i) + V(k);
end

end
for r = 1:m-1 % Gaussian elimination at r-th step.

ifr>1

ir = v(r-1) + (1:V(r)); % Notice the brackets (1:V(r)).
else
ir = 1:V(1);

end
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1.3

for i = r+1:m
ix = v(i-1) + (1:V(i));
if any(any(X(ix,ir)))
1(ix,ir) = A(ix,ir) * inv(A(ir,ir));
for j = r+l:m
iy = v(j-1) + (1:V(3));
if any(any(X(ix,iy))) & any(any(X(ir,iy)))
A(ix,iy) = A(ix,iy) - 1(ix,ir)*A(ir,iy);

end
end
end
end
end
for i=1:m
if 1 >1
ix = v(i-1) + (1:V(i));
else
ix = 1:v(1);
end
for j =1imm
if j > 1
iy = v(§-1) +(1:V(j));
else
iy = 1:v(1);
end
u(ix,iy) = A(ix,iy);
end
end
N = 1*xu -b;

T = inv(1*u);
r=max (abs(eig(T*N)));

Matlab Function For Algorithm 5.1

function [L,U,r] = LUFF(A,V,X)

% This function is used to obtain the block OBV

% factorization of a matrix A.

% V is a vector of dimension m whose i-th component is the order
% of the i-th diagonal block entry of A.
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% It returns a triplet (L, U, r) where L is a lower block matrix
% with all diagonal blocks equal to I and U is an upper block
triangular

% matrix. r is the spectral radius of matrix (LxU) 'xN, where
% N=L*U-A.

n = size(A,1);
m = length(V);
B = A;
A =X .x A;
ir = 1:v(1); P(ir,ir) = A(ir,ir); L(ir,ir) = A(ir,ir); U(ir,ir)
= A(ir,ir);
for i = 1I:m
v(i) = 0;
for k = 1:1
v(i) = v(i) + V(k);
end
end
for j = 2:m
jy = v(j-1) + (1:V(§));
U(l:v(1),jy) = A(L:v(1),jy);
L(jy,1:v(1)) = A(jy,1:v(1));
end

for i = 2:m
ix = v(i-1) +(1:V(i));
Q(ix,ix) = A(ix,ix);
for s=1:i-1

if s ==

ss = 1:v(1);
else

ss = v(s-1) + (1:V(s));
end

Q(ix,ix) = Q(ix,ix) - L(ix,ss)*inv(P(ss,ss))*U(ss,ix);
% Assume p(ss,ss) is nonsingular.
end
P(ix,ix) = X(ix,ix) .* Q(ix,ix);
L(ix,ix) X(ix,ix) .* Q(ix,ix);
U(ix,ix) X(ix,ix) .* Q(ix,ix);
for j = i+1:m
jy = v(j-1) + (1:V(§));
U(ix,jy) = A(ix,jy);
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end

H =3

L(jy,ix) = A(jy,ix);
for s=1:i-1

if s ==
ss = 1:v(1);
else
ss = v(s-1) + (1:V(s));
end
U(ix,jy) = U(ix,jy) -L(ix,ss) *inv(P(ss,ss))* U(ss,jy);
L(jy,ix) = L(jy,ix) -L(jy,ss) *inv(P(ss,ss))* U(ss,ix);
end
U(ix,jy) = X(@ix,jy) .* UGix,jy);
L(jy,ix) = X(jy,ix) .* L(jy,ix);
end
L * inv(P);
L x U;
T - B;

max (abs(eig(inv(T)*N)));
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(Continued)

# | aea®’ L U p((LU)™'N)
1 1 1] 1 0 o112 —-1+1 —1

59 011 0.5 1 0 0 3.5—0.5 —0.5 0.3555
11 1| 1 056-008% 1]/[0 0  328+004i
1 1 1] 1 0 0] [2 -1+ —1 1

60 110 0 1 0 0 3 —1 0.1052
11 1] |1 1-033 1] 0 0  5-0.33i |
1 1 1] 1 0 0 2 —1+4d  —1]

61 110 0.5 1 0 0 35—-052 0 0.1118
11 1] 1 088-016i 1| 0 0 4 |
1 1 0] 1 0 012 -1+ 0

62 1 11 0.5 1 0 0 3.5—-0.5 —1 0.1457
11 1| 1 08—-016i 1]||0 0  38—016i
1 0 1] ! 0 0] 2 0 -1 ]

63 1 11 05 1 0 0 3 =05 0.2720
111 | 1 067 1] (0 0 433
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(Continued)

# L U p((LU)'N)
[ 0 2 —1
64 1 0 35-05i  —05 0.0000
0.88 — 0.16i 0 4.44 — 0.08i |
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LIST OF SYMBOLS

2 denotes a definition

A = [a;j] € C™": an n x n complex matrix with entries a;;

(n) ={1,---,n}

Z™": the n x n real matrices with nonpositive off diagonal entries

o(A) is the spectrum of A

p(A) is the spectral radius of A

A > 0 denotes an entrywise nonnegative array A

Ri(A) = Ypri ||

Al = [lai]]

G™"™: the class of n x n doubly diagonally dominant matrices

G"": the class of n x n strictly doubly diagonally dominant matrices
G3": the class of n x n irreducibly doubly diagonally dominant matrices
M(A) is the comparison matrix of A

e is the column vector all of whose entries are ones

E is the matrix all of whose entries are ones

diag(x): diagonal matrix with diagonal entries equal to the entries of x
diag(A): diagonal matrix with diagonal entries equal to the diagonal entries of A
H,,: the class of n x n H-matrices

D,: diagonal matrices D such that AD is strictly diagonally dominant
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A x B is the Hadamard (entrywise) product of A and B

Ni(X) ={i € (n) : |wu| > Ri(X)}

N5 (X) = (n) \ Ny (X)

a™™: the class of n x n (0,1) matrices with diagonal entries equal to 1.
fB™: the class of n x n (0,1) matrices
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