
Spectral Properties of Reducible Nonnegative and Eventually Nonnegative Matrices

1 Definitions

Let η = (η1, η2, . . . , ηt) and ν = (ν1, ν2, . . . , νt) be two sequences of nonnegative

integers. (Append zeros if necessary to the end of the shorter sequence so that they

are the same length.) We say that ν is majorized by η if
∑j

l=1 νl ≤
∑j

l=1 ηl for all

1 ≤ j ≤ t and
∑t

l=1 νl =
∑t

l=1 ηl. We write ν ¹ η.

Let Γ = (V,E) be a graph where V is a finite vertex set and E ⊆ V ×V is an edge set.

A path from j to m is a sequence of vertices j = v1, v2, ..., vt = m with (vl, vl+1) ∈ E

for l = 1, ..., t − 1. A simple path is a path where the vertices are pairwise distinct.

The empty path will be considered to be a simple path linking every vertex to itself.

The path v1, v2, ..., vt is a cycle if v1 = vt and v1, v2, . . . , vt−1 is a simple path.

Let Γ = (V, E) be a graph. We say a vertex l has access to a vertex j if there is a

path from l to j in Γ. A vertex is final if it does not access any other vertex in Γ.

A vertex is initial if it is not accessed by another vertex. We define the transitive

closure of Γ by Γ = (V, E) where E = {(j, l)|j has access to l in Γ}. If l has access to

j and j has access to l, we say j and l communicate. The communication relation is

an equivalence relation. Thus we can partition V into equivalence classes which we

will refer to as the classes of Γ.

We define the graph of a matrix A by G(A) = (V,E) where V = 〈n〉 and (l, j) ∈ E

whenever alj 6= 0. Irreducibility is equivalent to the property that every two vertices

in G(A) communicate. The classes of G(A) are also referred to as the irreducible

classes of A.

Let K, L ⊆ 〈n〉. The matrix AKL is the submatrix of A whose rows are indexed by

K and whose columns are indexed by L. The sets K1, K2, ..., Kk partition a set K if

they are pairwise disjoint and
⋃k

j=1 Kj = K. We allow Kj = ∅ for ease of notation in

some places. If κ = (K1, ..., Kk) is an ordered partition of a subset of 〈n〉, we write:

Aκ =




AK1K1 AK1K2 . . . AK1Kk

AK2K1 AK2K2 . . . AK2Kk

...
...

...

AKkK1 AKkK2 . . . AKkKk


 .

We say Aκ is block lower triangular if AKlKj
= 0 whenever l < j.

Given a matrix A, there exists an ordered partition κ = (K1, K2, ..., Kk) of 〈n〉 so

that each Ki corresponds to a class of G(A) and Aκ is block lower triangular. The

matrix Aκ is referred to as the Frobenius normal form of A. A class Kj is said to

be singular if AKjKj
is singular and nonsingular otherwise. The classes for which

ρ(AKj ,Kj
) = ρ(A) are referred to as the basic classes of A.
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We define the reduced graph of A by R(A) = (V, E) where V = { K | K is an

irreducible class of A }, and E = { (K,L) | there is edge from a vertex j ∈ K to a

vertex l ∈ L in G(A) }.
The singular length of a simple path in R(A) is the sum of the indexes of zero of each

of the singular vertices it contains. The level of a vertex K is the maximum singular

length over all the simple paths in R(A) which terminate at K.

Let νi(A) be the number of singular vertices with level i in R(A) and let m be the

largest number for which νi(A) 6= 0. Then ν(A) = (ν1(A), . . . , νm(A)) is referred to

as the level characteristic of A.

2 Combinatorial Properties of Nonnegative Ma-

trices

The relationship between the combinatorial structure of a nonnegative matrix and its

spectrum, eigenvectors, and Jordan structure is surprisingly elegant and beautiful, as

well as useful. Surveys of results of this type can be found in Berman and Plemmons

[1], Hershkowitz [5], and Schneider [14]. We provide some of the results listed in these

papers here, as well as some additional results.

We offer an example to illustrate some of the theorems we present here as well as the

some of the definitions given in the definitions section.

Example 2.1 Let

A =




4 0 0 0 0 0

5 1 0 0 0 0

0 2 2 0 0 0

1 1 0 4 0 0

1 0 0 1 1 2

2 0 0 0 3 2




.

Notice that A is in Frobenius Normal Form and has 5 classes, 3 basic classes, and

ρ(A) = 4. Consider the reduced graph of A :

where circles denote basic classes and squares nonbasic classes. From the graph, we

easily determine the level of each class, summarized below:

The Classes of A and Their Levels in R(ρ(A)I − A)

Class Level ρ(AKi
)

K1 = {1} 3 4 (Basic)

K2 = {2} 2 1 (Nonbasic)

K3 = {3} 0 2 (Nonbasic)

K4 = {4} 2 4 (Basic)

K5 = {5, 6} 1 4 (Basic)

2



3

2

5

1

4

Figure 1: Reduced Graph of A

We can find generalized eigenvectors of the form

x1 =




∗
∗
∗
∗
∗
∗




, x2 =




0

0

0

∗
∗
∗




, x3 =




0

0

0

0

∗
∗




where ∗ denotes a positive entry, and the set {x1, x2, x3} will be a basis for the alge-

braic eigenspace of A with respect to ρ(A). We may obtain an eigenvector of A with

zero-nonzero pattern given by x3 by attaching the unique (up to scalar multiplication)

positive eigenvector of AK5 to the zero vector of length 4. We find that

x1 =




1

5/3

5/3

1

52/75

1




, x2 =




0

0

0

5

3

3




, x3 =




0

0

0

0

2

3




are of the prescribed form and satisfy x3 ∈ null(A − 4I), x2 ∈ null[(A − 4I)2],

x1 ∈ null[(A − 4I)3] and so form a basis for the algebraic eigenspace of A with

respect to the eigenvalue 4. Then we also have that x1 is the generalized eigenvector

having the most positive entries of all generalized eigenvectors of A.
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Also, notice that, if we let κ = (K1, K2 ∪K4, K5, K3), then

Aκ =




4 0 0 0 0 0

5 1 0 0 0 0

1 1 4 0 0 0

1 0 1 1 2 0

2 0 0 3 2 0

0 2 0 0 0 2




is in level form.

We now proceed with a series of theorems illustrating the relationship between the

combinatorial structure of a nonnegative matrix, and its spectral properties.

Theorem 2.2 (Rothblum [12]) Let A be an entrywise nonnegative matrix. Let

ρ = ρ(A). Then the indexρ(A) is equal to the maximum level of a vertex in R(ρI−A).

In [6], Hershkowitz and Schneider show that for a nonnegative matrix, the level charac-

teristic, reordered into nonincreasing order, is majorized by the height characteristic.

Theorem 2.3 (Hershkowitz and Schneider [6]) Let A be an entrywise nonnega-

tive matrix. Let ρ = ρ(A) and ν̂ be the ordered sequence formed by listing the elements

of ν(ρI − A) in nonincreasing order. Then ν̂ ¹ η(ρI − A).

Our next result shows there is a nonnegative basis for the generalized eigenspace of

a nonnegative A, associated with ρ(A), and the positive entries are combinatorially

determined.

Theorem 2.4 (Rothblum [12]) Let A be a nonnegative matrix. Let ρ = ρ(A). Let

κ = (K1, K2, . . . , Kk) be such that Aκ is in Frobenius normal form. Let p =multρ(A)

and i1, . . . , ip be chosen so that ρ(AKij
Kij

) = ρ. Then there exists a basis {x(1), x(2), . . . , x(p)}
of Eρ(A) such that

x
(j)
Kl

{ À 0 if Kl has access to Kij in R(A).

= 0 if Kl does not have access to Kij in R(A).

Next we characterize the nonnegative matrices A that have a positive right eigenvector

associated with ρ(A).

Theorem 2.5 (Rothblum [13]) Let A be a nonnegative matrix. Let ρ = ρ(A). The

following are equivalent:
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(i) There exists an x À 0 so that (ρI − A)x = 0.

(ii) The set of singular vertices of R(ρI − A) is equal to the set of final vertices of

R(ρI − A).

In the next two theorems we look at nonnegative eigenvectors associated with eigen-

values in addition to the spectral radius.

Theorem 2.6 (Victory [16]) Let A be a nonnegative matrix in in Frobenius normal

form. Let λ be a real number. The following are equivalent:

(i) There exists an eigenvector x so that Ax = λx and x > 0.

(ii) There is a vertex Kl of R(A) so that whenever Kj has access to Kl in R(A), then

λ = ρ(AKlKl
) > ρ(AKjKj

).

Theorem 2.7 (Victory [16]) Let A be an nonnegative matrix in Frobenius normal

form. Let λ be a real number. If there is a vertex Kl of R(A) so that whenever Kj

has access to Kl in R(A), then λ = ρ(AKlKl
) > ρ(AKjKj

), there is a (up to scalar

multiples) unique vector x that satisfies Ax = λx and

xKj

{ À 0 if Kj has access to Kl in R(A).

= 0 if Kj does not have access to Kl in R(A).

We conclude our list of combinatorial properties of nonnegative matrices with one

final theorem. The combinatorial spectral properties of nonnegative matrices is a

very rich area. We recognize that our list is by no means exhaustive and encourage

readers to send us their favorites to add to the list.

Theorem 2.8 Let A be a nonnegative matrix. Let z be a vector. Let ρ = ρ(A). Then

the following are equivalent:

(i) (ρI − A)z ≥ 0 implies that (ρI − A)z = 0.

(ii) The set of initial vertices of R(ρI − A) is equal to the set of singular vertices of

R(ρI − A).
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3 Combinatorial Properties of Eventually Nonneg-

ative Matrices

The nonnegative matrices exhibit many combinatorial properties which do not appear

to carry over to the eventually nonnegative matrices. Here we show how to construct

an irreducible eventually nonnegative matrix for which the spectral radius is a multiple

eigenvalue. It is the nilpotent part of an eventually nonnegative matrix is the major

contributor to the apparent lack of combinatorial consistency between nonnegative

and eventually nonnegative matrices.

Example 3.1 We take a reducible nonnegative matrix and turn it into an irreducible

eventually nonnegative matrix by adding an an appropriate nilpotent matrix.

Let B =




1 1 0 0

1 1 0 0

1 1 1 1

1 1 1 1


 . Then B is a reducible nonnegative matrix with ρ(B) = 2,

a double root. Notice that x = [1,−1, 0, 0]T is a right nullvector of A and yT =

[0, 0, 1,−1] is a left nullvector A. Let

C =




0 0 1 −1

0 0 −1 1

0 0 0 0

0 0 0 0


 .

Then BC = CB = C2 = 0. Let A = B + C. Then Aj = Bj for all j ≥ 2, so A is

eventually nonnegative. On the other hand,

A =




1 1 1 −1

1 1 −1 1

1 1 1 1

1 1 1 1


 .

is irreducible with ρ(A) = 2 appearing as an eigenvalue with multiplicity two. Notice

index0(A) = 2.

Now consider

D =




1 1 0 0

1 1 0 0

1 1 2 2

1 1 2 2


 .

Then D+C is an irreducible eventually nonnegative matrix with the spectral radius 4

as a simple root. The associated eigenvector is z = [0, 0, 1, 1]T , which is not a positive

vector.
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Using this technique, we can create reducible eventually nonnegative matrices for

which various combinatorial properties of nonnegative matrices fail, and we encourage

interested readers to experiment on their own. We also present a few more examples

at the end of our paper

In Carnochan Naqvi and McDonald [2], they show that Theorems 2.2 -2.8 hold for

eventually nonnegative matrices A with index0(A) ≤ 1. Also in this paper the follow-

ing set of interesting examples are discussed:

Example 3.2 We now look at two eventually nonnegative matrices which appear in

[17]. The matrices

A(1) =




2 2 0 0 0 0

2 2 0 0 0 0

1 1 1 1 0 0

1 1 1 1 0 0

0 0 1 −1 2 2

0 0 −1 1 2 2




, and A(2) =




2 2 0 0 0 0

2 2 0 0 0 0

1 1 2 0 −1 1

1 1 0 2 1 −1

0 0 1 −1 1 3

0 0 −1 1 3 1




have index0(A
(j)) = 2. Both matrices have vertices in R(4I − A(j)) with level 2

even though index4(A
(j)) = 1. If, however, we raise each matrix to the power of the

index0(A
(j)) we see that

(A(1))2 = (A(2))2 =




8 8 0 0 0 0

8 8 0 0 0 0

6 6 2 2 0 0

6 6 2 2 0 0

0 0 0 0 8 8

0 0 0 0 8 8




which obviously exhibits the standard combinatorial structure of a nonnegative ma-

trix.

Example 3.3 Consider the matrix A below which is 1-cyclic eventually nonnegative

and A6 is the direct sum of 6 positive matrices. We will be defining A in terms

of the sum of two matrices B and C so that index0(B) ≤ 1, C is nilpotent and

BC = CB = 0.

Let T be the 2× 2 matrix of all twos. Let

R =

[
1 −1

−1 1

]

7



We define B and C as follows:

B =




0 T 0 0 0 0

T 0 0 0 0 0

0 0 0 T 0 0

0 0 0 0 T 0

0 0 T 0 0 0

0 0 0 0 0 T




C =




0 0 R R R −R

0 0 −R −R R −R

0 0 0 0 0 0

0 0 0 0 0 0

R −R 0 0 0 0

R −R 0 0 0 0




with A = B + C.

The matrix A is an irreducible eventually nonnegative matrix. Once A is raised to

power 3 =index0(A), A3 can be partitioned into the direct sum of nonnegative ma-

trices. In particular, any prime power g > 3 is not an element of DA = {±1,±2,±3}
and then the Frobenius normal form of Ag is the same as the Frobenius normal form

of B in the decomposition of A.

For example, seven is not an element in DA. Consider

A7 = B7 =




0 0 27 27 0 0 0 0 0 0 0 0

0 0 27 27 0 0 0 0 0 0 0 0

27 27 0 0 0 0 0 0 0 0 0 0

27 27 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 27 27 0 0 0 0

0 0 0 0 0 0 27 27 0 0 0 0

0 0 0 0 0 0 0 0 27 27 0 0

0 0 0 0 0 0 0 0 27 27 0 0

0 0 0 0 27 27 0 0 0 0 0 0

0 0 0 0 27 27 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 27 27

0 0 0 0 0 0 0 0 0 0 27 27




.

This is the same reducible structure as the matrix B in the decomposition of A.

In our last example, we show how to construct nonsingular irreducible eventually

positive matrices A so that the smallest g for which Ag À 0, depends on quantitative

rather than qualitative properties of A. Thus results on exponents of primitive ma-

trices (see [1]) will not carry over to eventually nonnegative matrices with index0 ≤ 1.

Example 3.4 Given any odd integer N > 0, we construct an n × n matrix A so

that AN is not positive, but Ag À 0 for all g > N . We use a method due to Soules

[15], and generalized in [3], to illustrate how to construct a matrix A with prescribed

eigenvalues. Let

Tn = {(λ1, λ2, . . . , λn)|1 = λ1 ≥ λ2, . . . , λn ≥ −1}.
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be a subset of Rn. Let D be the diagonal matrix

D =




λ1 0 . . . . . . 0

0 λ2 0 . . . 0
...

. . . . . .
...

...

0 . . . 0 λn−1 0

0 . . . . . . 0 λn




.

Then from the work in [?], we know that for each Soules matrix R, there is a closed

convex polytope S(R) ⊆ Tn, for which A = RDRT ≥ 0 for (λ1, λ2, . . . , λn) ∈ Tn if and

only if (λ1, λ2, . . . , λn) ∈ S(R). The point (1, 0, . . . , 0) ∈ S(R), so if |λj| < 1 for all

1 < j ≤ n, then the points (1, λg
2, . . . , λ

g
n) will converge to points in S(R), even when

we start with points which are not in S(R). In this manner we can easily construct

symmetric eventually nonnegative matrices which become nonnegative matrices at

a prescribed exponent. We now pick a particular Soules matrix R, and choose our

eigenvalues for A so that AN is nonnegative, and this is the first odd exponent for

which this happens. For this particular example, we will go on to show that Ag À 0,

for g ≥ N + 1, but the diagonal elements of AN are zero. Consider the Soules matrix

R =




1√
n

1√
n(n−1)

1√
(n−1)(n−2)

. . . . . . 1√
2

1√
n

1√
n(n−1)

1√
(n−1)(n−2)

. . . . . . − 1√
2

...
...

... 0

1√
n

1√
n(n−1)

1√
(n−1)(n−2)

...

1√
n

1√
n(n−1)

2−n√
(n−1)(n−2)

...

1√
n

1−n√
n(n−1)

0 . . . . . . 0




.

Let 1 ≥ δ ≥ 0 be a positive parameter and let

D =




1 0 . . . . . . 0

0 −δ 0 . . . 0
...

. . . . . .
...

...

0 . . . 0 −δ 0

0 . . . . . . 0 −δ




.
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Let A = RDRT . Then Ag = RDgRT

=




1+(n−1)(−δ)g

n
1−(−δ)g

n
. . . . . . 1−(−δ)g

n
1−δg

n
1+(n−1)(−δ)g

n
1−(−δ)g

n
. . . 1−(−δ)g

n
...

. . . . . . . . .
...

1−(−δ)g

n
. . . 1−(−δ)g

n
1+(n−1)(−δ)g

n
1−(−δ)g

n
1−(−δ)g

n
. . . . . . 1−(−δ)g

n
1+(n−1)(−δ)g

n




.

Setting δ = ( 1
n−1

)
1
N , we see that the diagonal elements of AN are zero. Notice AN ≥ 0

and Ag À 0, for g ≥ N + 1. The eigenvalues of Ag are {1, (−δ)g, . . . , (−δ)g}.

4 The Peripheral Jordan Form of a Nonnegative

(or Eventually Nonnegative) Matrix

In this section, we investigate the Jordan form corresponding to the peripheral spec-

trum of a nonnegative matrix. As mentioned in Section 2, it is known that if ν and η

are two sequences of nonnegative integers, then there exists a nonnegative matrix A

with height characteristic η, corresponding to the spectral radius, and level charac-

teristic ν, corresponding to the spectral radius (with entries rewritten in decreasing

order), if and only if ν is majorized by η ([7] Theorem 3.3 and [11] Corollary 4.5).

In this section, we extend this property to all eigenvalues in the peripheral spectrum

and offer necessary and sufficient conditions, based on the level and height character-

istics, for a multiset J of Jordan blocks to correspond to the peripheral spectrum of

a nonnegative matrix.

It follows easily from the Perron Frobenius Theorem that the peripheral spectrum of a

nonnegative matrix A is a union of complete sets of roots of unity (multiplied by ρ(A)).

Hence, if a multiset J , all of whose eigenvalues have modulus 1, corresponds to the

peripheral spectrum of a nonnegative matrix, then σ(J ) must partition into complete

sets of roots of unity. This partition can be determined based on the following well

known lemma.

Lemma 4.1 If a multiset S can be partitioned into complete sets of roots of unity,

then the partition is unique.

We extend the notion of level characteristic to all of the peripheral eigenvalues.

Definition 4.2 Suppose A ≥ 0. Let µ = (M1,M2, . . . ,Mm,Mm+1) be the level par-

tition of A with respect to ρ = ρ(A). For each λ ∈ π(A), let νi(λ) be the number of

times λ occurs as an eigenvalue of AMiMi
. Then the λ−level characteristic of A (with

respect to ρ) is the sequence νλ,ρ(A) = (ν1(λ), . . . , νm(λ)) (note that νm+1(λ) = 0 so

it need not be included).
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Lemma 4.3 (McDonald [8]) Let A be a nonnegative matrix. Set m = indexρ(A)(A)

and let (L1, L2, . . . , L2m+1) be the split–level partition of A with respect to ρ(A). Set

Pj =
2m+1⋃

q=2(m+1−j)

Lq

and let λ ∈ π(A). Then for j = 2, . . . , m, the Jordan form of λ for APjPj
can be

produced from the Jordan form of λ for APj−1Pj−1
by increasing the size of a select

number of Jordan blocks by one, and adding copies of J1(λ).

Corollary 4.4 (McDonald and Morris [9]) Let A ≥ 0 with ρ(A) = ρ. Then, for

each λ ∈ π(A), ν̂λ,ρ(A) ¹ ηλ(A).

As stated in the above definition and corollary, the peripheral eigenvalues of a nonneg-

ative matrix A must be distributed among the levels of A such that the majorization

condition in Corollary 4.4 is satisfied. We are interested in the question of whether

or not there exists a nonnegative matrix with peripheral spectrum corresponding to

a given multiset J of Jordan blocks. Corollary 4.4 asserts that the eigenvalues of

J must partition into level sets satisfying the majorization criterion. The definition

below will allow us to gather information about a partition of a multiset of eigenvalues.

Definition 4.5 Suppose L1, . . . , Lk are multisets of eigenvalues. For each λ ∈ ⋃k
i=1 Li,

let νλ(Li) be the number of times λ is listed in Li. Then νλ(L1, L2, . . . , Lk) is defined

to be the sequence (νλ(L1), νλ(L2), . . . , νλ(Lk)).

We are now ready to state a necessary and sufficient condition on the Jordan form of

a nonnegative (or eventually nonnegative) matrix. Note that we state our theorem

for the case where ρ(A) = 1. If ρ(A) 6= 1, consider the matrix 1
ρ(A)

A.

Theorem 4.6 ([9]) Let J be a self conjugate multiset of Jordan blocks all of whose

eigenvalues have modulus 1. Let m be the size of the largest Jordan block in J with

eigenvalue 1. Then the following are equivalent.

(i) J corresponds to the peripheral Jordan form of a nonnegative matrix.

(ii) σ(J ) = L1

⋃
L2

⋃ · · ·⋃ Lm where
⋃

represents a multiset union and

(a) Each Li partitions into complete sets of roots of unity and

(b) For each λ ∈ σ(J ), ν̂λ(L1, . . . , Lm) ¹ ηλ(J ).

Remark 4.7 Part (ii) (b) of Theorem 4.6 is equivalent to saying that no two eigen-

values in an Li come from the same Jordan block in J .
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Remark 4.8 The exact same result holds for the peripheral spectrum of an eventu-

ally nonnegative matrix.

Remark 4.9 Suppose J satisfies condition (ii) of Theorem 4.6. Then there exists a

nonnegative matrix

A =




A11 0 . . . 0

A21 A22 . . . 0
...

...
...

Am1 Am2 . . . Amm




in level form with Jordan form corresponding to J . Moreover, from the proof of

Theorem 3.5 in [8], we may construct A so that each subdiagonal block Aij, i > j, is

positive and has arbitrarily large entries.

The level blocks L1, L2, . . . , Lm in the above theorem can be put in any order, as

illustrated by the following corollary.

Corollary 4.10 (McDonald and Morris [9]) Let

A =




A11 0 . . . 0

A21 A22 . . . 0
...

...
...

Am1 Am2 . . . Amm




be a nonnegative matrix in level form, all of whose eigenvalues have modulus 1. Then,

for any permutation τ of 〈m〉, there exists a B ≥ 0 similar to A such that the level

form of B is

B =




B11 0 . . . 0

B21 B22 . . . 0
...

...
...

Bm1 Bm2 . . . Bmm


 .

and σ(Bii) = σ(Aτ(i)τ(i)) for i = 1, . . . ,m.

We will refer to the condition stated in Theorem 4.6 (ii)(b) as the majorization

condition. Suppose J is a multiset of Jordan blocks (all of whose eigenvalues have

modulus 1) and m is the size of the largest Jordan block in J . Note that it is possible

to find a partition L1, . . . , Lm of σ(J ) such that the majorization condition is satisfied.

As the next example illustrates, it may also be possible to partition the eigenvalues

of J into m sets, each of which is a union of complete sets of roots of unity. However,

it may not be possible to achieve both requirements with the same partition of σ(J ),

and hence J does not correspond to the peripheral Jordan form of a nonnegative

matrix.
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Example 4.11 Consider the following multiset of Jordan blocks whose spectrum

partitions into Z6 ∪ Z10 ∪ Z15.

J = {J2(1), J2(e
2πi
2 ), J2(e

2πi
3 ), J2(e

4πi
3 ), J2(e

2πi
5 ), J2(e

8πi
5 ), J1(1), J1(e

2πi
6 ), J1(e

10πi
6 ),

J1(e
2πi
10 ), J1(e

6πi
10 ), J1(e

8πi
10 ), J1(e

12πi
10 ), J1(e

14πi
10 ), J1(e

18πi
10 ), J1(e

2πi
15 ), J1(e

4πi
15 ),

J1(e
8πi
15 ), J1(e

12πi
15 ), J1(e

14πi
15 ), J1(e

16πi
15 ), J1(e

18πi
15 ), J1(e

22πi
15 ), J1(e

26πi
15 ), J1(e

28πi
15 )}.

It was shown in [8] Example 3.7 that J does not correspond to the peripheral spec-

trum of a nonnegative matrix. We see that the eigenvalues partition into complete

sets of roots of unity, but these sets of roots cannot be partitioned into m = 2 levels

so that the majorization condition is satisfied. Note that the partitions of σ(J ) into

2 sets, each of which is a union of complete sets of roots of unity are as follows:

(a) L1 = Z15, L2 = Z10

⋃
Z6 or

(b) L1 = Z10, L2 = Z15

⋃
Z6 or

(c) L1 = Z6, L2 = Z15

⋃
Z10.

Then ηλ(J ) = (1, 1) does not majorize ν̂λ(L1, L2) = (2, 0) for λ = e
2πi
2 , e

2πi
3 , and e

2πi
5 ,

respectively.

Note that it is possible to partition σ(J ) into 2 sets, L1 and L2 such that, for each

λ ∈ σ(J ), ν̂λ(L1, L2) ¹ ηλ. For example, consider L1 = Z15

⋃{e 2πi
2 } and L2 =

Z10

⋃
Z6 \ {e 2πi

2 }. However, each Li is not a union of complete sets of roots of unity.

Note that Morris has a matlab program to test if a set of Jordan blocks of a matrix

correspond to the peripheral spectrum of a nonnegative matrix. It is presented in [9].

5 The Jordan Form of Nonnegative and Eventu-

ally Nonnegative Matrices

The original ideas for looking at the Jordan form of an eventually nonnegative matrix

are due to Zaslavsky (see [18] and [17]).

A multiset of Jordan blocks J is said to be a Frobenius multiset if for some positive

integer h the following conditions are satisfied:

(i) there is exactly one block in J with eigenvalue ρ(J ) and this block is 1× 1,

(i) π(J ) = ρ(J )Zh, and

(ii) e
2
hJ = J .

13



We note that our definition differs from that of [18] and [?] in that we do not require

ρ(J ) > 0 so we do consider {[0]} to be a Frobenius multiset.

In this section, we offer necessary and sufficient conditions on the Jordan form of

an eventually nonnegative matrix that are stated as Theorem 5.5. In keeping with

the approach taken in the previous section, we attempt to construct the Jordan form

of the component levels of the desired eventually nonnegative matrix, starting with

the eigenvalues that have the largest magnitude. The steps taken to do this are

summarized briefly below.

1. Start with a self-conjugate multiset J of Jordan blocks with P (J ) = {ρ1, ρ2, . . . , ρt}
where ρ1 > ρ2 > · · · > ρt.

2. Check to see that J ρ1 satisfies the conditions of Theorem 4.6. If so, we obtain

multisets which correspond to the peripheral Jordan form of the levels of the

desired eventually nonnegative matrix.

3. Consider J ρ2 . We must be able to assign Jordan blocks to the multisets ob-

tained in the previous step (the ”existing” multisets) and/or to ”new” multi-

sets (which will correspond to the peripheral Jordan form of upper levels of

the desired matrix) so that the updated existing multisets partition into self-

conjugate Frobenius multisets with spectral radius ρ1 and each new multiset

satisfies the the conditions of Theorem 4.6. We must also have that the Jordan

form assigned to each multiset is compatible with our original Jordan form.

4. We continue in this manner, beginning with the multisets resulting from the

previous step, we add to these multisets or create new multisets between exist-

ing multisets so that new multisets satisfy the conditions of Theorem 4.6 and

existing multisets remain unions of self-cojugate Frobenius collections.

We illustrate this process with an example.

Example 5.1 Let

J =

{[
3
]
,

[
3 0

1 3

]
,

[−3 0

1 −3

]
,
[
3e

2πi
3

]
,
[
3e

4πi
3

]
,




2 0 0

1 2 0

0 1 2


 ,

[
2i

]
,
[−2i

]
,
[
2e

2πi
5

]
,
[
2e

4πi
5

]
,
[
2e

6πi
5

]
,
[
2e

8πi
5

]
,

[
1
]
,
[
e

2πi
6

]
,
[
e

10πi
6

]
,

[−1 0

1 −1

]
,

[
i 0

1 i

]
,

[−i 0

1 −i

]}

Then P (J ) = {3, 2, 1} and we first check to see that J 3 satisfies the extended Tam

Schneider condition. Indeed it does, as can be seen by taking

14



L2 = {[3], [−3], [3], [3e
2πi
3 ], [3e

4πi
3 ]} and

L1 = {[3], [−3]}

Notice that L2 partitions into two self-conjugate Frobenius collections, one with index

of cyclicity 2 and the other with index of cyclicity 3. This must remain the case

as we update L2 in subsequent steps by adding blocks with eigenvalues of smaller

magnitudes. Likewise, L1 must remain 2-cyclic when blocks are added. At this point,

if J does correspond to the Jordan form of an eventually nonnegative matrix A, we

know that A must have two levels (perhaps in addition to a zero level). L1 and L2

give us the peripheral Jordan form of the levels of A. Note that, in this example, L1

and L2 are unique up to a reordering of the multisets.

Now, we must consider J 2. We may create three new upper levels at this point

(interlaced with the existing levels) and/or update the existing L1 and L2. The

”new” upper levels created at this point must satisfy the extended Tam-Schneider

condition (and will perhaps be broken into several new component levels as we shall

see). Notice that [2i] and [−2i] must be placed in either L1 or L2 since [−2] 6∈ J 2 so

it would be impossible for a multiset containing [2i] or [−2i] to satisfy the extended

Tam-Schneider condition. Also, we may place [2i] and [−2i] in either L1 or L2 and we

choose one of the multisets arbitrarily at this point. Notice that 2Z5 ⊂ σ(J 2), but 5

is not an allowable index of cyclicity for either L1 or L2 (since neither 2 nor 3 divides

5) and hence, these fifth roots must be represented in a new upper level. Note that

one arrangement that is allowable for this step is given by

L2 = {[3], [−3], [3], [3e
2πi
3 ], [3e

4πi
3 ]},

U1 =

{[
2 0

1 2

]
, [2e

2πi
5 ], [2e

4πi
5 ], [2e

6πi
5 ], [2e

8πi
5 ]

}
,

L1 = {[3], [−3], [2i], [−2i]}.

Then U1 satisfies the extended Tam-Schneider condition as required; take

U
(2)
1 = {[2], [2e

2πi
5 ], [2e

4πi
5 ], [2e

6πi
5 ], [2e

8πi
5 ]} and

U
(1)
1 = {[2]}.

This results in a current assignment of Jordan blocks to component levels given by:

C4 = L2 = {[3], [−3], [3], [3e
2πi
3 ], [3e

4πi
3 ]},

C3 = U
(2)
1 = {[2], [2e

2πi
5 ], [2e

4πi
5 ], [2e

6πi
5 ], [2e

8πi
5 ]},

C2 = U
(1)
1 = {[2]}, and
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C1 = L1 = {[3], [−3], [2i], [−2i]}.

Notice that the multisets have simply been relabeled to avoid the use of further

subscripting as we move to the next step. We now consider J 1. We may create up

to five new multisets, each satisfying the extended Tam Schneider condition and/or

update the existing component levels. There are numerous options for the placement

of Jordan blocks in the existing component levels and/or new levels. Before giving

a few of the options, we would like to make some observations. Since 1 only occurs

once as an eigenvalue in σ(J 1), we can only create one new component level at this

step. Notice that Z2 and Z4 are each subsets of σ(J 1), and we may create a new

component level with spectrum equal to either Z2 or Z4. Also notice that Z2 and Z4

are both 2-cyclic, so could be incorporated into any of the three component levels C1,

C2, or C4, but not C3 as it is 5-cyclic. Also note that C2 has index of cyclicity 1, so

we may assign all Jordan blocks from J 1 to C2 and the resulting multiset would still

be a self-conjugate Frobenius multiset with index of cyclicity 1. However, we give a

different allowable assignment for this last step below:

C4 = {[3], [−3], [3], [3e
2πi
3 ], [3e

4πi
3 ], [e

2πi
6 ], [−1], [e

10πi
6 ]},

C3 = {[2], [2e
2πi
5 ], [2e

4πi
5 ], [2e

6πi
5 ], [2e

8πi
5 ]},

C2 = {[2]}, and

C1 =

{
[3], [−3], [2i], [−2i], [1], [−1],

[
i 0

1 i

]
,

[−i 0

1 −i

]
,

}
.

In this case, we were able to construct self-conjugate Frobenius multisets from the

given J and so J does correspond to the Jordan form of an eventually nonnegative

matrix. We note that the eventually nonnegative matrix that could be formed from

the multisets specified above would have two levels (since there are two Cj’s with

spectral radius ρ(J ) = 3) and one nonempty upper level. If we consider this one

nonempty upper level in its own right, it has two levels. So we have a total of four

component levels. We note that it would also be possible to construct an eventually

nonnegative matrix with six component levels had we used

C6 = {[1], [−1], [i], [−i]},
C5 = {[2]},
C4 = {[3], [−3], [3], [3e

2πi
3 ], [3e

4πi
3 ], [e

2πi
6 ], [−1], [e

10πi
6 ]},

C3 = {[2]},
C2 = {[3], [−3], [2i], [−2i], [i], [−i]}, and

C1 = {[2], [2e
2πi
5 ], [2e

4πi
5 ], [2e

6πi
5 ], [2e

8πi
5 ]},
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for example. We could also construct five component levels, but there is no way to use

fewer than four component levels. We would like to note that there are many more

options for the choice of component levels than the two given above in this example.

We see that the choices made at each step are not unique.

Another way to view the construction of the Jordan form of component levels in

the previous example is that we simply applied a permutation similarity to ⊕J and

block partitioned the resulting matrix so that each diagonal block corresponded to a

self-conjugate Frobenius multiset (in addition to other conditions pertaining to the

number of diagonal blocks and placement with respect to each other). We will see

in the next example that only allowing permutation similarities is not enough and

we may need to allow a more general class of similarity transformations. The more

general transformations that must be considered are given in Definition 5.3.

Example 5.2 Suppose α = eθi for some θ ∈ (0, π
2
). Let

J = {J2(2), J2(−2), J3(α), J1(α), J2(−α), J2(−α), J3(α), J1(α), J2(−α), J2(−α)}.

Note that P (J ) = {1, 2} and J 2 satisfies the extended Tam-Schneider condition (take

L1 = {[2], [−2]} = L2). Also notice 1 /∈ J 1. Hence, if J corresponds to the Jordan

form of an eventually nonnegative matrix A, then A has two irreducible classes and

the Jordan form of each class must correspond to a self-conjugate Frobenius collection

with index of cyclicity 2.

Let J = ⊕J . Notice that J is 20 × 20, but there is no partition κ = (K1, K2) of 20

for which each JKjKj
corresponds to a self-conjugate Frobenius collection. However,

let

C =

[
C11 0

C21 C22

]

where

C11 = C22 = J1(2)⊕ J1(−2)⊕ J2(α)⊕ J2(−α)⊕ J2(α)⊕ J2(−α)

and C21 = [cij] where c11 = c22 = c33 = c77 = 1 and all other cij = 0. Then C is

similar to J and each Cjj is in Jordan form and has Jordan form corresponding to a

self-conjugate Frobenius collection. Hence, J does correspond to the Jordan form of

an eventually nonnegative matrix.

The following definition gives the class of matrices we must consider when constructing

the Jordan form of component levels given a Jordan matrix.

Definition 5.3 Let J be an n × n matrix in Jordan form and κ = (K1, . . . , Kk) a

partition of 〈n〉. We say that the matrix C is a reorganization of J with respect to κ

provided
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(i) The matrix C is similar to J.

(ii) Each CKj
is in Jordan form.

(iii) Cκ is lower triangular.

(iv) cii 6= cjj implies cij = cji = 0 for all i, j ∈ 〈n〉.

Since we are interested in considering multisets of Jordan blocks as opposed to the

direct sum of Jordan blocks, we offer the following definition of a multiset reorgani-

zation.

Definition 5.4 Let J be a multiset of Jordan blocks and let m be a natural number.

We say that J can be multiset reorganized into m multisets denoted by (S1, S2, . . . , Sm)

provided each Sj is a multiset of Jordan blocks and there exists a reorganization

C =




C11 0 · · · 0

C21 C22 · · · 0
...

...
. . .

...

Cm1 Cm2 · · · Cmm


 = [cij]

of ⊕J such that for each j ∈ 〈m〉, Cjj = ⊕Sj.

We are now ready to state necessary and sufficient conditions for a multiset J of

Jordan blocks to correspond to the Jordan form of an eventually nonnegative matrix.

Theorem 5.5 (McDonald and Morris [10]) Let J be a multiset of Jordan blocks

with P (J ) = {ρ1, ρ2, . . . , ρt} where ρ1 > ρ2 > . . . > ρt. Then J corresponds to the

Jordan form of an eventually nonnegative matrix if and only if

(a) J ρ1 can be leveled into m1 = indexρ1(J ρ1) multisets denoted by (L
(1)
1 , L

(1)
2 , . . . , L

(1)
m1)

and

(b) for j = 2 . . . t, J ρj can be multiset reorganized into 2mj−1 + 1 multisets, some

possibly empty, denoted by

(S
(j)
1 , S

(j)
2 , . . . , S

(j)
2mj−1+1)

where, for each k ∈ 〈2mj−1 + 1〉,

(i) if k is even, then L
(j−1)
k/2

⋃
S

(j)
k partitions into self-conjugate Frobenius mul-

tisets, each with spectral radius greater than ρj, and

(ii) if k is odd, then S
(j)
k can be leveled into mk,j =indexρj

(S
(j)
k ) multisets

denoted by (T
(j)
k,1 , T

(j)
k,2 , . . . , T

(j)
k,mk,j

).
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Set L(j)∗ = (T
(j)
1,1 , . . . , T

(j)
1,m1,j

, L
(j−1)
1 ∪S

(j)
2 , T

(j)
3,1 , . . . , T

(j)
3,m3,j

, L
(j−1)
2 ∪S

(j)
4 , . . . , L

(j−1)
2mj−1

∪
S

(j)
mj−1 , T2mj−1+1,1, . . . , T2mj−1+1,m2mj−1+1,j

). Delete all empty sets listed in L(j)∗

and relabel the remaining multisets to obtain L(j) = (L
(j)
1 , L

(j)
2 , . . . , L

(j)
mj). Note

that mj is the number of multisets listed in L(j).
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