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ABSTRACT
Motiv ation: There is a need for an objective, and at the
same time, automated characterization of protein structure
at all levels - from secondary structure to classi�cation of
proteins into structural families. Popular structural databa-
ses such as SCOP and CATH involve visual inspection
of structures as one of the key steps, while automated
methods (such as knot theory-based techniques) overlook
the characterization of parts of protein structure.
Results: We propose a novel framework for the characteri-
zation of all levels of protein structure based entirely on the
geometry of its parts. The three-dimensional t-complex �l-
tration (commonly referred to as the alpha complex) of the
protein represented as a union of balls (one per residue)
captures all the relevant information about its geometry and
topology. The neighborhood of a strand of contiguous alpha
carbon atoms is de�ned as a retracted “tube” which is a sub-
complex of the original complex that has been sub-divided.
We capture the topology of the retracted tube by compu-
ting the most persistent connected components and holes
in its �ltr ation. A “motif” for 3D structure is characterized by
the number of persistent components and holes, and their
relative persistences in the �ltr ation of the tube complex.
The �nal retraction step helps to simplify the tube complex
topology, and allows the persistence calculations to be per-
formed in near-linear time. We describe the salient features
of these motifs, and suggest various uses of the same, which
are being currently investigated.
Contact: kbala@wsu.edu

1 INTRODUCTION
Understandingthesimilaritiesanddifferencesbetweenpro-
teinstructuresiscentralto thestudyof connectionsbetween
thesequence,structure,andthefunctionof theproteins,and
alsofor detectingpossibleevolutionaryrelationships.With
thenumberof proteinswith knownstructuresrapidlyincrea-
singbytheday, theneedfor reliableandautomatedmethods
for structuralcomparisonhasnever beengreater. Various
techniquesfor structuralcomparisonhaveemerged,ranging
from thosewhichtry to matchthegeometriccoordinatesof
theback-bone[21], to thosewhich usevectorapproxima-
tions to secondarystructureelements[16, 14]. Thenthere
aredomain-basedmethods,which try to classifyproteins

basedontheirunitsof structure(or domains).Eventhough
thereis no exact de�nition available, a structuraldomain
is usuallyconsideredasa compactandsemi-independent
unit of a protein, which consistsof a small numberof
contiguoussegmentsof thepeptidechain,andformsastruc-
turally “separate”region in thethree-dimensionalstructure
of the protein. Widely usedstructuraldatabasessuchas
SCOP[18], andCATH [19] have beenconstructedusing
domain-basedapproaches.On the otherhand,oneof the
mostsuccessfulautomatedclassi�cationsof proteinsuses
conceptsfrom knot theory to reproducethe classi�cation
providedby theCATH databasewith ahighdegreeof accu-
racy. Wenow brie�y review thefeaturesof thesedatabases
andknot theory-basedmethodshere.

1.1 The SCOPand CATH databases
TheStructuralClassi�cationof Proteins(SCOP)[18] and
the Class-Architecture-Topology-Homology(CATH) [19]
databasesarecomprehensive orderingsof (almost)all pro-
teinsof known structureaccordingto theirevolutionaryand
structuralrelationships.A fundamentalunit of classi�ca-
tion in boththedatabasesis theproteindomain.A domain
is de�ned asanevolutionaryunit observedin natureeither
in isolationor in more thanonecontext in multi-domain
proteins.In SCOP, all Proteindomainsarehierarchically
classi�ed into families,super-families, folds, andclasses.
The CATH databaseassignsto proteinsa unique class,
architecture,topology, andahomologicalsuper-family. The
methodsusedto constructtheseclassi�cationsinvolve the
visual inspectionandcomparisonof structuresasthe key
step.

1.2 Knot theory-basedclassi�cation
In 2003,RøgenandFain[20] introducedanovel methodof
lookingat,analyzing,andcomparingproteinstructuresthat
usedtheconceptsfrom knot theory. Theproteinback-bone
is analyzedasa curve in 3D space.A family of structural
measurescouldbeconstructedusingthewritheandtheave-
ragecrossingnumberof this curve asthe building blocks
(inspiredby Vassiliev knot invariants).The authorsfound
it suf�cient to compute30 suchmeasuresfor the purpose
of structuralclassi�cation. Thus eachprotein is mapped
to the 30-dimensionalreal space.Basedon this mapping,
the Euclideandistancebetweentwo proteinsis de�ned as
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the ScaledGaussMetric (SGM). The authorsusedSGM
to constructan automaticclassi�cation procedurefor the
CATH2.4 database(they essentiallyclusteredthe proteins
basedontheSGM).They couldaccuratelyassignmorethan
95%of thechainsinto theproperC(class),A(architecture),
T(topology),andH(homologoussuper-family), �nd all new
folds,anddetectno falsepositives.

Erdmann[12] builds on the work of Røgenand Fain
in usingknot theoryideasfor studyingstructuralsimilarity
betweenproteins.Supplementingtheknot theoryconcepts
with ideasfrom geometricconvolution, the authorpropo-
sesa de�nition of similarity basedon atomicmotionsthat
preserve localback-bonetopologywithout incurringsigni-
�cant errors.This de�nition hasa very broadscope- one
couldtalk aboutthefull rearrangementof oneproteininto
anotherwhile preservingtheglobaltopology, or aboutrear-
rangementsof setsof smallersubstructuresthat preserve
local topology, but not the global topology, all underthe
sameframework.

In spiteof theamazingsuccessin automaticallyclassi-
fying the CATH databasewith a high degreeof accuracy,
theGaussintegralsmethodhassomemajordrawbacks.The
problemof �nding proteindomainsis not addressedat all.
A structureclassi�ed usingSGM will not be broken into
basicbiologically andstructurallysigni�cant pieces.The
mostdesirablemethodfor determiningstructuralsimilarity
wouldbetheonethatidenti�es proteindomainsusingtheir
geometricandtopologicalpropertiesalone,andwouldnatu-
rally leadto theconstructionof apseudo-metric(similar to
SGM),basedonthede�nition of thesedomains.With these
goalsin mind,weproposetheideasfor anovelcharacteriza-
tionof structuralunitsin proteinsbasedontheirtopological
andgeometricproperties.Weanalyzethegeometryof pro-
teinsusingtheir 3D t-complexes(originally referredto as
alphacomplexes).Our principalcontribution is thede�ni-
tion of theneighborhoodsof strandsof contiguousresidues
asasimplicialcomplex usingtheset-complexes(seesection
2). We characterizea motif of protein structureby iden-
tifying the most signi�cant topological featuresof these
neighborhoods(section0.2 in Appendix).We discussthe
salientfeaturesof thesemotifs in section4. We propose
several possibleapplicationsof the motifs, andreporton
initial progressmadeonsomeof themin section5. By ana-
lyzing asetof proteins,we identify abasissetof recurrent,
non-randomstructuralmotifs. Apart from motifs already
discussedin theliterature(suchas¯ -barrel,coiled-coil,and
others),we identify severalotherinterestingmotifs.

Theconceptsfrom geometryandtopologyusedin this
work have beendevelopedover the pasttwo decadesby
Edelsbrunneret al. We provide a brief overview of these
conceptsin the Appendix (given in the end). As long as
the readerhasa basicintuition aboutthe simplicial com-
plex of aprotein(thecollectionof points(residues),edges,
triangles,and tetrahedraformedby the proteinbackbone
chain),he/sheshouldbe ableto understandthe de�nition

of neighborhoodof strands(next section).Anotherminor
contributionthatwemakeis themodi�cation of thepairing
algorithmfor surfacesproposedby above authorsso that
topologicalpersistencescanbecalculatedfor surfaceswith
boundary. For a personfamiliarwith theoriginal concepts,
thismodi�cation wouldbethemoststraightforwardoneto
make, andhencewe limit the illustrationof thealgorithm
to asmallexample(Figure4).

2 DEFINITION OF NEIGHBORHOOD
Theseriesof t-complexesin the �ltration of theDelaunay
triangulationof theproteincarriesall theinformationabout
thegeometryof themolecule.Usingthe�ltration asa fra-
mework, wecananalyzestructuralunitsor partsthatcould
becharacterizedbasedon their topology, henceleadingto
thede�nition of domains(or structural motifs). To simplify
thetreatment,weconsideroneC® atomperresidueinstead
of lookingattheall-atommodel.Thelocalstructurein pro-
teinsis capturedby de�ning theneighborhoodof eachC®

atomandeachconsecutive C®-C® edgeasthe links of the
respective simplexesin thet-complex of theproteinat any
t-level.Wewill needcertainde�nitions to achievethistask.
Thenotationusedis thesameasthatgivenin [7].
Let K be a simplicial complex. The closure of a subset
L µ K is thesmallestsub-complex thatcontainsL.

Cl L = f ¿ 2 K j ¿ · ¾2 Lg (1)

Thestarof asimplex ¿consistsof all simplexesthatcontain
¿, andthelink consistsof all facesof simplexesin thestar
thatdonot intersect¿.

St ¿ = f ¾2 K j ¿ · ¾g (2)

Lk ¿ = f ¾2 Cl St ¿ j ¾\ ¿ = ;g (3)

Given any t-complex K i , we de�ne the link of eachver-
tex (or C® atom)andeachback-boneedgeasfollows [13,
pg.111].

Lk (v0) = f v1 j (v0v1) 2 K i g [

f (v1v2) j (v0v1v2) 2 K i g [ (4)

f (v1v2v3) j (v0v1v2v3) 2 K i g

Lk (v0v1) = f v2 j (v0v1v2) 2 K i g [ (5)

f (v2v3) j (v0v1v2v3) 2 K i g

In words, the link of a C® atomconsistsof all otherC®

atomsthatform anedgewith it, andall otherC®-C® edges
(notnecessarilyconsecutive)thatformatrianglewith it, and
all othertrianglesof threeC® atomsthatform atetrahedron
with it. The link of a back-boneedgecan be interpreted
similarly. In Figure1, We illustratethesede�nitions in two
dimensions.

We canstudytheconnectivity of thelinks of C® atoms
(andC®-C® edges)as the t-complex grows. We mention
herethat the ranksof thehomologygroupsof theC® and
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C®-C® links show speci�c patternsof variationwhenwe
run down an ®-helix or a strandin a ¯ -sheet.The draw-
backwith this approachis that the vertex andedgelinks
provideonly “local” information.Wenow describehow we
combinea seriesof back-boneC® links andC®-C® links
to effectively capturethe neighborhoodof a strand,thus
providing importantnon-localinformation.

Fig. 1. t -complex in 2D with theback-boneshown in red.Link (shown
in black) of a residueshown in green(�rst �gure), that of a back-bone
edgeshown in green(second�gure), andthatof astrand(shown in green),
consistingof four residuesandthethreeintermediateedges.

2.1 Link of a back-bonestrand
We denotea contiguousstrandof back-boneresiduesand
the intermediateedgesby S. Formally, a strand of n
residues(C® atoms)and n ¡ 1 back-boneedgesis de�-
nedas the sequenceof verticesandedgesgiven by S =
f v1; e1; v2; : : : ; vn g, where vj +1 = vj + 1 and ej =
(vj ; vj +1 ) for 1 · j < n. The link (or the boundaryof
neighborhoodto beexact)of sucha strandin a t-complex
K i is de�ned asfollows.

Lk (S) =

Ã
[

v2 S

Lk (v)

!

n

Ã
[

v2 S

St v

!

(6)

whereLk (v) andStv areasde�ned in (4) and(2) respec-
tively (seeFigure1).By construction,theunionof thelinks
of all the verticesin S will includethe links of the back-
boneedgesconnectingthem.Theaim of de�ning the link
of astrandin thiswayis to capturethenon-trivial interacti-
onsof thestrandwith otherpartsof theprotein.This is also

thereasonwhy we remove theelementsof thestarof each
vertex in S fromtheunionin (6).For thestrandS asde�ned
above, it is naturalto expectv0 to beincludedin thelink of
S, astheback-boneedgee0 = (v0; v1) will bepartof the
t-complex, for suf�ciently larget. Thisobservationfollows
from thefactthattheconsecutive C®-C® edgesareamong
thesmallestedgesthatappearin theDelaunaytessellation
of the whole protein. Similarly, one would expect vn +1

also to be includedin Lk (S). Hence,we usuallymodify
the link of S as follows: Lk (S) = Lk (S) n S0, where
S0 = f v0; e0g [ f en +1 ; vn +1 g.

2.2 From link to “tube”
Thede�nition of thelink of astrandgivenin (6) ef�ciently
capturesall tertiary interactionsmadeby the strandwith
otherpartsof theprotein.Nevertheless,thereis adrawback
with thisde�nition. Considerastrandthatformslittle or no
contactswith therestof theprotein.Thelink de�ned in (6)
will possiblybeemptyin this case.Isolatedregionsin the
proteinmoleculewherethe strandmerelybendson itself
could typically leadto sucha situation.The illustration in
2D shown in Figure3 in factdisplayssuchastrand.

Weproposetheideaof de�ning theneighborhoodof the
strandin theform of a“tube” aroundit. Imagineatubethat
hasthe back-bonechainrunningthroughits center. If we
thickenthetubeuniformly, thepartsof thetubearoundthe
strandin questionwouldcomeinto contactwith thesurface
of thetubearoundotherpartsdependingontheinteractions
betweenthe strandandthe otherpartsof the protein.The
tubewould touch itself if the strandbendson itself, thus
allowing usto characterizedomainsof this type.Consider
a residuev0 thatis presentin thelink of thestrandbecause
it formsanedgee = (v; v0) with a vertex v in thestrand.
Insteadof addingv0 to the link, we now introducea new
vertex at themid-pointof theedgee, andaddthenew point
tothelink of thestrand.Wecanextendthisideatosimplexes
of higherdimensionstoo. In a way, we are“shrinking” the
original link towardsthestrandin orderto de�ne the“tube”
aroundit. Sincethe new vertex addedis not in S or S0,
thetubemightbenon-emptyevenwhenthelink is possibly
emptydueto v0 2 S or v0 2 S0.

Formally, we performa barycentricsubdivisionof the
originalt-complex K i . As thenamesuggests,wesubdivide
every edgein themiddle.Every triangleis dividedinto six
smallertrianglesby drawing themedians.Thedivision of
tetrahedronscanbe understoodin a similar fashion.This
constructionis usedin theclassi�cationof closedsurfaces
[13, Chap.5]. Sincewe areworking with proteins,conse-
cutive C® atomsin thechainform theclosestinteractions.
Hence,we modify the genericbarycentricsubdivision so
thattheback-boneedgesarenot subdivided.Figure2 illu-
stratestheproposedbarycentricsubdivision for proteinsin
2D.

Giventhebarycentricallysubdividedcomplex K i
B S of

the t-complex K i , we apply the de�nition of the link of

3



�� ��

��

��

�	


�

�


Fig. 2. Barycentricsubdivision andfurthersubdivision for retractionof
a triangle.Theedgeon the left (in green)is a back-boneedgeandhence
is not subdivided.Onenew point is addedin themiddleof theothertwo
edges,andtwo new edgesareaddedfrom this new point to the original
verticesin eachcase.A thirdpointisaddedatthebarycenterof theoriginal
triangle,and�v enew edgesconnectingthiscentralpointto theotherpoints
areadded.Finally, the�v e smallertrianglesareaddedin theinterior. The
next level of subdivisioncanbeunderstoodsimilarly.

strandS given by (6) on K i
B S . The link that resultsfrom

thisprocedureconstitutesthe“tube” of S. Thistubewill not
beemptylikethelink de�nedbefore.A �ltration of the�nal
tubearoundS canbemaintainedateachindex of growth t.
We cannow studythetopologicalconnectivity of thetube
aroundthestrandasthecomplex grows.Patternsobserved
hencecouldbeusedto objectively de�ne tertiarystructural
domainsin proteins.

2.3 A Retracted tube
A �nal stepof geometricmodi�cationneedstobeperformed
on the tube.Onceagain, strandsthat bendon themselves
(Figure3) motivatetheproposedchange.As wehaveseen,
the tubearoundthe strandmight touchitself at places.In
this process,oneor more simplexes in the tubecomplex
getidenti�ed with certainothers.It is desirableif wecould
actually createa copy of any suchsimplex, and pull the
copy just away from theoriginal simplex, suchthattubeis
not self-intersectingany more.Thecritical point in perfor-
mingsuchaduplicationis thatwedonotdesireto alterthe
(topological)connectivity of thetubein thisprocess.

Weachievethisgoalby retractingtheoriginal tubeclo-
sertowardsthestrandS in thefollowing way:everyvertex
in thetubethatformsanedgewith a residuein S is retrac-
ted half-way towardsthe residue.This stepautomatically
retractsevery trianglein the tubethat formsa tetrahedron
with a residuein S. The caseof an edgein the tubethat
forms a tetrahedronwith a back-boneedgein S is a little
tricky. Retractingtheformeredgehalf-waytowardstheedge
in thestrandwill generatea trapezium.We subdivide this
trapeziuminto two trianglesto makesurethatthecomplex
is triangulated.By construction,it canbeseenthatthis tra-
peziumwill lie in a plane,andhenceit canbetriangulated
by addingeitheroneof its two diagonals.Theadvantages
of this transformationareillustratedin Figure3.

With thisadditionalsimpli�cation, thetubewill always
be a 2-manifold (or a surface)with boundary[15, §22],
or a collection of disjoint 2-manifoldswith boundary. In
addition,thetransformationof thetubedescribedabovecan
beshown to bea strongdeformationretraction [17, §55].

Thesepropertieswill be importantfor themethodthatwe
will employ in Sections3tocalculatetheranksof homology
groupsaswell astheir topologicalpersistences.

In a recentpaper[3], Carlssonet al. proposethe use
of persistencebarcodesas shapedescriptorsfor distin-
guishing geometric objects. They study a construction
calledthetangentialcomplex of anobject,which captures
“sharp” featuresthatareotherwiseindistinguishableusing
topology-basedmethodsalone.They alsoconsidera �ltra-
tionof thetangentcomplex, andusethepersistenthomology
of the�ltered tangentcomplex to capture“soft” (curvature
dependent)featuresof the object.The persistencesof the
featuresis givenasintervals,anda �nite collectionof such
intervalsisde�nedtoconstitutea“barcode”for theshapeof
theobject.It is interestingto notethesimilaritiesbetween
thetangentcomplexesde�ned by theauthorsandthetube
complex thatwe study. At thesametime, oneshouldnote
thatwearenotstudyingtheshapeof aportionof theprotein
backbonein isolation. Thetubecomplex we considercap-
turesthegeometryof the interactionsformedby anobject
– a contiguousportionof thebackbonechain– with other
partsof theprotein,andalsowith itself. On theotherhand,
thepersistencesignaturewhichweusetode�ne astructural
motif (seefollowing Section3) resemblesthebarcodeused
by theauthors.

Anotherinterestingsimilarity to our modelis noticea-
ble in the tube picture of proteinsproposedby Banavar
et al. [1]. They considerthe protein chain as a tube of
non-zero, uniform thickness. Using appropriatelycho-
senmany-bodyinteractionpotentials(three-bodypotentials
insteadof conventionaltwo-bodyinteractions),they argue
that thestructuresof foldedproteinsareselectedbasedon
geometricalconsiderations.Onceagain, we point out that
the tubecomplex which we studyis de�ned basedon the
interactionsformedby thebackbonestrandwith otherpor-
tionsof thesame.Further, wearenotperforminganenergy
minimizationwith the aim of �nding the “optimal” struc-
ture.Ourgoalis to characterizevariousobservedstructural
motifs.

Fig. 3. Retracted“tube” of a long strand(in red) that formsa loop. The
link of this strandwill beemptyto startwith. The tubeafterbarycentric
subdivision is shown in brown. Theretractedtubeis shown in green.
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3 COMPUTING THE PERSISTENCES
Our task is to pair the positive andnegative simplexes in
the�ltration of thetubecomplex suchthateachpairrepres-
entsthe life-time of a non-boundingcycle. Edelsbrunner
et al. [10] achieve the pairingsin all dimensionssimulta-
neouslyby performingacyclesearchalgorithmona linear
array, which actssimilar to a hashtable[4, Chap.12]. The
authorsdo suggestelsewhere,though,that thepairingsof
pointsandedgescanbeachievedin near-lineartimebyusing
aunion-�nd datastructureandappropriatelymodifyingthe
incrementalalgorithm [5] for calculatingBetti numbers.
They have alsoprovided the ideaof usingthe dual graph
to labelfaceswhenrunningtheincrementalalgorithm.

Edelsbrunneretal.proposeamethodthatusestheabove
ideasfor pairing the critical points (and computingtheir
persistences)of piecewise linear 2-manifolds in [9]. We
modify thismethodslightly toachieveall thepairingsfor 2-
manifoldswith boundary. Thisalgorithmrunsin near-linear
timebyusingweightedmergingfor theunionandpathcom-
pressionfor �nd. Theconstructionof thetubeensuresthat
all trianglesin thetubecomplex arenegative.Also, thetube
complex will beasurface(2-manifold)with boundary, or a
setof disjoint surfaceswith boundary. Hencewe make use
of thedualrelationshipsbetweenthenegative trianglesand
the positive edgesthat createthe 1-cycles.We maintaina
union-�nd datastructurefor ¯ 1 's aswe traversethe �ltra-
tion in thereverseorderof time.For eachpositiveedgethat
comesin, we pair it with a suitable(negative) trianglejust
asin thecaseof ¯ 0 's,but takingcareof thefactthatthetime
scaleis reversednow.

Careneedsto betakenwhentreatingthepositiveboun-
dary edgeswhile performingthe union-�nd for the dual
graph.We adda dummydualvertex to representtheexter-
nal spaceand assignit the dual rank of zero. A positive
boundaryedgein the original complex will createa dual
edgethatconnectsthedualvertex correspondingto thetri-
angleboundedby thepositiveedgeandthedummyexternal
vertex. For afew of thesedualedges,it will happenthatthe
dual vertex (correspondingto the triangle)aswell as the
externaldummyvertex will bothhave beenpairedalready.
We treatsuchedgesasspecialcases,andrecorda pairing
betweenthedualedgeandtheexternalvertex. Wecallsucha
pairingaforcedpairing. Thenumberof forcedpairingswill
beequalto the¯ 1 of thefully grown complex understudy.
We illustrateour pairing algorithmon a small complex in
Figure4.

Once we have the lists of paired simplexes, we can
calculatethetime-basedrelativepersistenceof thefeature
representedby eachpair (¾i ; ¾j ) as¸ ij = (t j ¡ t i )=(tm ¡
t0), wheret i andt j arerespectivelythebirthanddeathtimes
of the feature.m is the last t-rankat which somesimplex
entersthetubecomplex, andi 0 (say)is therankatwhichthe
�rst simplex enteredthe tubecomplex, andtm andt0 are
thecorrespondingtimes.Thismeasureevaluatestherelative

life-time of eachfeatureascomparedto theentirelife-time
of thetubecomplex. Welist therelativepersistencesof ¯ 0 's
and¯ 1 's in descendingorder. Choosinga cut-off valuefor
eachof thesesetsof relative persistences,we will be left
with a�x edsmallnumberN 0

¸ of ¸ 0
ij 'scorrespondingto the

mostpersistent̄ 0 's, andN 1
¸ of ¸ 1

ij 's correspondingto the
mostpersistent̄ 1 's. We presentthepersistencesignature
of thestructuralmotif representedby the tubecomplex of
thestrandS in questionas

Sign(S) = f N ¯ 0 ; N ¯ 1 ; ¸ 0
1 ; : : : ; ¸ 0

N ¯ 0
; ¸ 1

1 ; : : : ; ¸ 1
N ¯ 1

g (7)

Theideaof choosingpersistencecut-off valuesis moti-
vatedbytheneedto�lter outtopologicalnoise.Therewill be
numerousfeatureswhicharecreatedanddestroyedwithin a
shorttimeinterval. Our interestis to ignoresuchminorfea-
turesandtousethemosttopologicallysigni�cant featuresof
thetubecomplex to characterizeit. After studyinga repre-
sentativesetof proteins,wefoundthatrelativepersistences
which arelessthan0:01 mostoftencapturedinsigni�cant
features.Hence,we used0:01 asthecut-off valuefor both
¯ 0 and¯ 1 persistences.
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  1    b+ 2    ab- 5    bc+  0    a+ 3     c+ 4   ac-

6  d+ 7   cd-  8   bd+ 9    ad+ 10  bcd- 11 acd-

Fig. 4. Filtration of a hollow tetrahedron(two facesaremissing)with
12 ranks. At eacht-rank, the incoming simplex is shown dotted (or
transparentin the caseof a face). We pair the positive verticeswith
the negative edgesin a forward passof the �ltration to get the ¯ 0

pairs (b1 ; ab2 ); (c3 ; ac4 ); (d6 ; cd7 ). Using the dual graph, we pair
the negative faces(positive dual vertices)with positive edges(negative
dual edges)in a reversepassof the �ltration to obtain the ¯ 1 pairs
(acd1 ; ad3 ); (bcd2 ; bd4 ); (ex0 ; bc7 ). Here,ex0 is the external(dual)
vertex addedto thedualgraph.

4 FEATURES OF STRUCTURAL MOTIFS
Conventionally, onelooksat theproteinasbeingmadeof
localunitssuchasalphahelicesandstrandsfrombetasheets
combinedtogetherin 3D arrangements.Typical units of
suchcombinationsaredistinguishedandgivennamessuch
asa helix bundle,coiled-coil, or alpha-betabarrel. In our
analysis,themotifscharacterizearrangementsin theneigh-
borhoodof suchaunit (strand).Hence,a15-residueportion
of an alphahelix will form differentmotifs dependingon
how theremainingpartsof theproteinarearrangedaround
it. We illustratethesalientfeaturesof thegeometricmotifs
on an ® + ¯ protein2ACY, which is an acyl-phosphatase
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with 98 residues(singlechain).Thetraceof this proteinis
shown in Figure5. The readeris encouragedto view the
chain in a 3D-viewer suchas VMD to get a better idea
of the three-dimensionalarrangementinvolved. Overall,
2ACY hasa ¯ -sheetwith �v e strands,lying adjacentto
two ®-helices,with inter-connectingturns.We list thepro-
minentL8 andL15 motifs observed in 2ACY in Table1.
The residuenumberswherethesemotifs startareactually
thestartingresiduesfor themajorsecondarystructureunits
– thetwohelicesstartatresidues22and55,while therestof
theresidueslistedspecifythestartingresiduesfor the �v e
¯ -strands.The�rst helix (atresidue22)liescloserto the¯ -

Table1. Motifs startingatgivenresiduenumbersfor 2ACY.

res# motif signatures
5 L8 f 10; 8; 0:147; 0:040; : : : ; 0:014; 0:412; 0:218; : : : ; 0:021g

L15 f 5; 5; 0:029; : : : ; 0:014; 0:094; : : : ; 0:016g

22 L8 f 4; 2; 0:022; : : : ; 0:014; 0:015; 0:014g

L15 f 2; 1; 0:014; 0:012; 0:025g

35 L8 f 12; 5; 0:147; 0:120; : : : ; 0:018; 0:255; 0:202; : : : ; 0:030g

L15 f 5; 5; 0:025; : : : ; 0:012; 0:100; : : : ; 0:013g

46 L8 f 15; 7; 0:171; 0:110; : : : ; 0:012; 0:784; 0:355; : : : ; 0:022g

L15 f 5; 6; 0:022; : : : ; 0:011; 0:170; : : : ; 0:012g

55 L8 f 0; 2; 0:991; ; 0:058g

L15 f 0; 3; 0:990; 0:131; 0:058g

74 L8 f 3; 0; 0:022; 0:013; 0:011g

L15 f 3; 0; 0:014; 0:014; 0:014g

91 L8 f 7; 1; 0:028; : : : ; 0:011; 0:313g

84 L15 f 6; 1; 0:022; : : : ; 0:011; 0:173g

sheet,andhenceformsmorecontacts,thusgivingthemotifs
listed.Theotherhelix lies fartheraway from therestof the
protein,andhencethe motifs observed signify interaction
with itself. Themotifs which appearstartingat residue55
areexactlytheoneswhichareobservedin isolatedhelicesin
all proteinsanalyzed.Sincethereis no long-rangeinterac-
tionwith otherparts,therearenobigconnectedcomponents
in thetubecomplex. HencetheN ¯ 0 = 0valuesin themotifs
observed.

Themotifs formedby eachof the¯ -strandsaresimilar,
butvaryslightlybasedontheinteractionsformedwith other
partsof theprotein.We presentsnapshotsof theL8 motif
startingat residue35 in Figure5.

Sincē 0 measuresthenumberof connectedcomponents
(section0.2 in Appendix),it is straightforwardto interpret
N ¯ 0 asthenumberof mostprominentinteractionsthatthe
strandmakeswith theotherpartsof theprotein.N ¯ 1 gives
thenumberof mostprominentholesin the�ltration of the
tubecomplex, but it is not aseasyto seehow thesepersi-
stentholesarecreated.Whentherearetwoormoreadjacent
dominantcontacts(or interactions)of thestrandwith other
parts,spacein betweenthetwo contactstypically givesrise

Fig. 5. Traceof original protein2acy, andtubecomplexes(in blue)of a
8-residuestrand(in orange)startingat residuenumber35 (which forms
thefourthstrandwhenlookingat the¯ -sheetfrom thetop.Thesnapshots
show the tubeafter 600, 900, and1200t-ranks.The maximumnumber
of ranksis 1304.To help the readerseethe featuresof the tubeclearly,
we have shown thetubesbefore theretractionstep.Thetubegetsshrunk
furthertowardsthebackbonechainby theretraction,while thetopological
featuresareretained.

to a persistenthole in the tubecomplex. The strandben-
dingon itself alsousuallygivesriseto holes– for example,
a single turn of an alphahelix createsa hole in the tube
complex. At the sametime, dependingon other tertiary
interactions,theholescreatedduetothestrandmakinghelix
turnsmight not behighly persistent.In otherwords,if we
look at an isolatedhelical strand(which doesnot interact
with any otherpartsof theprotein),thesigni�cant holesin
thetubecomplex aretheonesdueto thehelix turns,but if
thesamestrandinteractswith threeotherhelices(to form
ahelix bundle),theprominentholeswill beonesappearing
in betweentheseneighboringhelices.We illustrate these
observationsby examininga few motifs in detail.
In Figure6, wepresentinstancesof two f 2; 6g L15 motifs.
For themotif in 1BKR,thestrandappearstomaketwohelix
turnsandthenstartsto bendon itself. Thereis signi�cant
interactionwith twohelicalregionsandanotherstrandlying
aroundit. On theotherhand,thereseemsto betwo promi-
nentinteractionsmadeby thestrandin theinstanceof motif
in 3PRNwith thebetastrandsoneithersideof it. Onewould
expecttheholesin the lattercase(3PRN)to be lesspersi-
stentthanthosein theformercase.Thesetsof persistences
show theserelationshipsclearly–for themotif in 1BKR,the
signature is f 2; 6;0:023; 0:017;0:913; 0:312; : : : ; 0:013g
and the signature for the L15 motif in 3PRN is
f 2; 6;0:015; 0:013;0:051; : : : ; 0:014g.
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Fig. 6. Instancesof L 15 motif in 1BKR on theleft andin 3PRNon the
right, bothwith N ¯ 0 = 2; N ¯ 1 = 2.

It typically takes a lot of structureto producemotifs
with high N ¯ 0 and N ¯ 1 . In the sameline, strandsthat
have limited interactionwith otherpartsusuallygive rise
tosmallernumbers.Theinstanceof theL15motif shown in
Figure7 depictsthe strandin the middle of several other
portions of the protein, thus forming persistentinterac-
tions and holes to give a high-numberedmotif with the
signaturef 32; 15;0:091; : : : ; 0:012;0:893; : : : ; 0:012g. A
very interestinghigh-numberedL8 motif instancewith
N ¯ 0 = 9; N ¯ 1 = 8 is alsoshown herefrom 1HW7. The
strandappearsto lie far from the rest of the protein and
seemsto forms very little interaction. In fact, the tube
complex will not becomesigni�cant until the original t-
complex (of the entireprotein) is grown suf�ciently . The
longrangeinteractionsappearatalaterpointof time(in the
�ltration). Sincethe lifetime of the tubeitself is short,we
getsigni�cant relative persistences.Themotif signatureis
f 9; 8;0:091; : : : ; 0:012;0:910; : : : ; 0:011g.

Wehaveanalyzedinstancesof all themotifs in detail.It
is necessaryto view themotifsin 3D sothatwecouldrotate
theproteinandclearlyseethedifferentinteractionsinvol-
ved.Visualizationsareobtainedusingthesoftwarepackage
calledVMD. Themotifs correspondingto severalpopular
tertiarystructuralunits(suchashelixbundle,coiled-coil,¯ -
turns),aswell asotherinterestingrecurrentmotifshavebeen
identi�ed. Giventhechoiceof therelative persistencecut-
offsandthelengthof thestrand,webelievethatthesemotifs
providearigorouscharacterizationof partsof proteinsusing
their geometryandtopology.

Fig. 7. Instancesof L 15 motif in 1EDEwith N ¯ 0 = 32; N ¯ 1 = 15 on
theleft andL 8 motif in 1HW7with N ¯ 0 = 9; N ¯ 1 = 8 on theright.

5 APPLICATIONS OF THE GEOMETRIC
MOTIFS

Wedescribeseveralideasfor potentialusesof themotifs.

5.1 A BasisSetof Motifs
In orderto captureall thenon-localneighborhoodsin apro-
tein,wede�ne thetubecomplex for aseriesof strandsalong
the back-bonechain Si for i = 1; 2; : : : , eachof length
jSi j = L . In otherwords,weslideawindow of contiguous
residues(of lengthL) alongtheback-bonechain,andstudy
theneighborhoodasde�ned by thetubecomplex for each
strand.Thelengthsof L = 8; 15; 22werechosen.Theidea
wasto captureshort-rangeaswell asrelatively long-range
motifs. Of course,onecould repeatthe calculationsfor a
differentsetof valuesfor L , but theresultswouldbesimilar,
saywhenyou choosesayL = 10; 18; 28. Onecould also
look at themotifs for asinglevalueof L in isolation.

A diversesetof 1143proteinchainswasanalyzed.In the
�rst run, we identi�ed all possiblemotifs. We thenfound
repeatedmotifs by analyzingthe setof all motifs. A can-
didatemotif from oneof the chainswascomparedto all
themotifswith thesamenumberof persistent̄ 0 and¯ 1. If
eachrelativepersistencecomponentwaswithin aninterval
of 0.005centeredat the correspondingcomponentof one
of the motifs in the set, the candidatemotif wascounted
asan instanceof theparticularmotif. If not, thecandidate
motif wasaddedto thebasissetasa new motif. Therela-
tive persistencesfor eachmotif wasaveragedover all the
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instancesof occurrenceof thesame.Carewasalsotakento
ensurethat adjacentsimilar motifs werenot doublecoun-
ted.In severalcases,theneighborhoodof thestrandchanges
very little whenweslideit by oneor two residues.Thuswe
obtainrepeatedoccurrencesof thesamemotif, whichin fact
shouldbecountedasa singlemotif that is actuallylonger
than 15 residues.Hencewe count a repeatedoccurrence
of the samemotif only if we slide the strandby at least3
residues.

We chosea lower cut-off of 5 for thenumberof occur-
rencesof amotif in thewholesetof proteinchainsin order
to includeit in the basisset. In caseno motif with a par-
ticular (N ¯ 0 ; N ¯ 1 ) occurredat least5 times, we grouped
all of themwith the most frequentoneamongthem(and
averagedtherelativepersistences).After thesesimpli�cati-
ons,weobtainedabasismotif setof 875motifs for L = 8,
540motifs for L = 15, and370motifs for L = 22. These
basismotifsrepresentmoreorlessall thepossiblegeometric
conformationsobserved in proteinsfor the corresponding
length.

We have collectedall the statisticsfor frequenciesof
occurrencesof all the motifs. Relevant tables will be
includedin thefull versionof themanuscript.

6 CLASSIFICATION OF PROTEINS
The structuralcharacterizationdevelopedby us would be
expectedto prove useful to ef�ciently classify proteins,
similar to thedatabasessuchasSCOPor CATH. Theulti-
mate goal is to establisha correspondencebetweenthe
structuralmotifs andthe functionof the proteins.We dis-
cusspreliminaryprogressmadein thisdirectionandprovide
ideasfor achieving thesegoals.

The �rst steptowardsdevelopinga classi�cation pro-
cedureis the de�nition of a distancemetric betweentwo
proteinsbasedon thestructuralmotifs thatthey consistof.
We couldcollectthenumberof instancesof eachL8; L15;
andeachL22motif in aparticularprotein.Onewouldalso
expecttheoverallsizeof thechaingivenbythetotalnumber
of residuesto be an importantfactor. While the countsof
theindividualmotifsaretypically single-digitnumbers,the
numberof residuesis morethan250on anaverage.Hence
it makessenseto divide theresiduenumbersby a factorof
100andthenincludeit with theindividualcountstoobtaina
1786-vector(from875L8motifs,540L15motifs,370L22
motifs, andthe residuenumber)that representseachpro-
tein.We couldthencalculatetheEuclideandistanceor the
1-normbetweentwo suchvectors.Wecouldnaturallythink
of away to clusterproteinsusingsuchadistancemetric.

To getan ideaof theaccuracy of this method,we con-
sideredpairsof proteinsfrom threedifferentfamilies[2] –
nuclearreceptorligand-bindingdomains,serineproteases,
andG-proteins.Eachpair wasdistinctdueto the function
of the protein chains.The protein pairs consideredwere
(2PRG,1A28),(1A0L,1AZZ), and(1EFU,5P21)from the
threerespective families. It wasobserved that therewere

severalmotifs thatoccurredonly in oneof thefamiliesand
not theothertwo. We triedhierarchicallyclusteringthesix
chains.Thethreefamilieswereclearlyseparatedfrom each
other. Thedistancemetricusedwasthe1-norm.

As anotherpreliminaryexperiment,we took a setcon-
tainingtenchainseachfrom theSCOPclassesa(all alpha),
b (all beta),c (alpha/beta),andd (alpha+beta).A cluster
analysiswas able to successfullygroup them into sepa-
rate hierarchiesquite ef�ciently . Several similar samples
(of 40 chainswith 10 eachfrom theclassesa,b,c,d)could
beclassi�edwith anaverageaccuracy of 83%.

We would like to emphasizeherethe fact that we are
notusingall theinformationavailableto usfor thepurpose
of classi�cation(asof now). In orderto improve theaccu-
racy of the method,and to successfullyclassify proteins
from all classes,families,andeven sub-families, it looks
essentialto add someinformation abouthow the indivi-
dualmotifsinteractwith eachother. Theorderof themotifs
alongtheback-bonechaincouldbehelpful in makingthe
methodmoreef�cient. De�ning whentwomotifsarein con-
tact might not be straightforward. Oneideais to measure
the commonareaof intersectionbetweenthe correspon-
dingtubecomplexesbeforetheretractionstep.If theareais
abovecertainthreshold,wecouldsaythatthetwomotifsare
in contactat thatparticularlevel of growth. Anotherpiece
of informationthatcouldprovediscriminativemightbethe
joint-occurrencesof pairs(or triplets)of motifs in various
proteins.

Anotherpotentialusefor themotifs is to helpde�ne a
metricfor similarity betweenproteins.Sincethemotifsare
not toosensitive to smallperturbationsin thestructure,one
would expecta distancemetricde�ned usingthemotifs to
bemorerobustthan,say, RMSD.

All theseideasarecurrentlybeinginvestigated.
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APPENDIX: BACKGROUND
Weprovideabriefoverview of theconceptsrelatedtoalpha
shapesandtopologicalpersistence.Apart from theoriginal
paperscited, most of the conceptsare also describedin
the booksby Edelsbrunner[7] and by Zomorodian[22],
with the latter giving detailsof algorithmsfor persistence
calculations.

0.1 Alpha Shapes
An accuraterepresentationof theproteinmoleculeis acol-
lection of balls, one for eachatom. Edelsbrunnerstudied
theunionof balls in 3D in [6]. Let B denotea �nite setof
balls (solid spheres)in R3, the 3D real space.We specify

eachball bi = (zi ; r i ) by its centerzi 2 R3 andits radius
r i 2 R. Theweightedor powerdistanceof apointx from a
ball bi andis de�nedas¼i (x) = kx ¡ zi k2 ¡ r 2

i . Thepower
Voronoi cell of a ball bi underthepower distanceis theset
of pointsthatareat leastascloseto bi asto any otherball
in B ,

Vi = f x 2 R3 j ¼i (x) · ¼j (x); 8j g: (8)

All Vi 's turn out to beconvex polyhedra.Any two of these
cells areeitherdisjoint or intersectalonga sharedportion
of their boundary. Thedual to thepower Voronoidiagram
will constitutetheweightedDelaunaytriangulationof B ,
andis the collectionof the convex hulls of the centersof
thoseballswhoseVoronoicellshaveanon-emptycommon
intersection.

EdelsbrunnerandMücke[11] generalizedtheconstruc-
tion of theDelaunaytriangulationby restrictingit to within
theunionof thede�ning balls.TheVoronoicells(8)decom-
pose

S
B into convex cellsRi =

S
B \ Vi = bi \ Vi . The

dual complex recordsthenon-emptycommonintersection
of thesecells,

K = f ¾¤ j
\

i 2 ¤

Ri 6= ;g ; (9)

where¤ isasubsetof theindex set,and¾¤ is theconvex hull
of thecentersof theballswith index in ¤ . Theunderlying
spaceis the setof pointscontainedin the simplicesof K
(denotedby jK j), andis referredto asthedualshapeof B .
Theconceptis illustratedin 2D in Figure8.

Fig. 8. Thedualcomplex (in red)of theunionof disks.Thenineedges
correspondto pair-wise intersectionsandthetwo trianglescorrespondto
the triple-wiseintersectionsof theclippedVoronoicells (shown in blue)
of theballs

Now considergrowing the balls continuouslyin time
andstudyinghow their unionchanges.We setthesquared
radiusof ball bi asr 2

i + t let thetimet gofrom ¡1 to + 1
(whenr 2

i < 0, theradius,andhencetheball,areimaginary).
By construction,thedual complexesthatarisethroughout
timearesub-complexesof thesameDelaunaytriangulation.
Also, thedualcomplexescanonlygetlargerin time.Denote
by B t thecollectionof ballsandK t thedualcomplex of B t

at time t (its underlyingspaceis the t-shapeof B ). We
obtainasequenceof complexesthatbeginswith theempty
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complex andendswith theDelaunaytriangulation,referred
to asa �ltr ation of theDelaunaytriangulation,; = K 1 µ
: : : µ K m = D (seeFigure9).TheDelaunaysimplexescan
besortedin theorderin whichthey enterthedualcomplex.
De�ne thebirth timeof a simplex ¾2 D astheminimum
time t¾ suchthat¾2 K t for all t ¸ t¾. We representthe
�ltration by sortingtheDelaunaysimplexesby birth time,
andin caseof a tie by dimension.

The original authorsset ® =
p

t and called the cor-
respondingcomplex as ®-complex (and hencethe termi-
nologyalphashapes). Thereadershouldnotethatwe use
the terminologyt-shape(insteadof alphashape)in order
to avoid thepossibleconfusionarisingfrom theuseof the
termalphain thiscontext with thatof analpha-carbonatom
(denotedby C® in thismanuscript).

Fig. 9. Threeunionsof disks and the correspondingdual com-
plexesfrom the �ltration. The �rst complex consistsof only the
vertices(asall theballsaredisjoint).Thesecondcomplex isshown
in red(sameastheoneshown in Figure8). Thesimplicesshown
in greengetaddedin thethird complex.

0.2 HomologyGroups
Wewill usehomologygroupsasanalgebraicmeanstostudy
theconnectivity of a topologicalspace(see[8, §IV.2] and
[13, Chap.4]). Roughlyspeaking,for any givensimplicial
complex K , thereis onegroupdenotedby H p(K ) in each
dimensionp with 0 · p · dim K , which measuresthe
numberof “independentp-dimensionalholes” in K . We
will call asetof k-simplexesak-chain.Wede�ne theboun-
daryof asimplex ¾as@¾= f ¿ · ¾j dim ¿ = dim ¾¡ 1g.
Theboundaryof chainis thesumof theboundariesof its
simplexes,@c =

P
¾2 c @¾. Two typesof chainsareparti-

cularly importantfor us:theoneswithoutboundaryandthe
onesthatbound.A k-cycle is ak-chainc with noboundary
(@c = 0). A k-boundaryisak-chaincfor whichthereexists
a(k + 1)-chaind with @d = c. Ck is thesetof k-chainsand
(Ck ; +) is thegroupof k-chains.Let Zk andBk betheset

of k-cyclesandthesetof k-boundariesrespectively. Then
(Zk ; +) isasubgroupof (Ck ; +) , and(Bk ; +) isasubgroup
of (Zk ; +) .

Thek-thhomologygroupisthequotientof thek-thcycle
groupdivided by the k-th boundarygroup,Hk = Zk jBk .
Thesizeof Hk is a measureof how many k-cyclesarenot
k-boundaries.Themostusefulparametersassociatedwith
thehomologygroupsaretheir ranks,which have intuitive
interpretationsin termsof theconnectivity of thespace.The
rankof agroupis thecardinalityof aminimalsubsetof the
groupthatgeneratestheentiregroup.If thegroupis thek-
th homologygroupof a space,G = Hk , therankis known
asthe k-th Betti numberof that space,andis denotedby
¯ k = rank Hk . SinceHk = Zk jBk , we have rank Hk =
rank Zk ¡ rank Bk . In general,the0-th Betti number(¯ 0)
is thenumberof connectedcomponents.Similarly, ¯ 1 gives
thenumberof independenttunnels,and¯ 2 givesthenumber
of independent(enclosed)voidsin thespace.For example,
considera torus. Thereis a singleconnectedcomponent,
andhencē 0 = 1. Therearetwo independenttunnels- one
running inside the torus, and the otherone is the hole in
themiddle.Hence¯ 1 = 2. Thereis only oneindependent
closedvoid, andhence¯ 2 = 1. For the 2-sphere(hollow
ball), theBetti numbersare¯ 0 = 1; ¯ 1 = 0; and¯ 2 = 1.
All higherBetti numbersarezeroin bothcases.

0.3 Persistenthomologygroups
Ideally, we would like to identify the most signi�cant
topologicalfeaturesof a simplicial complex – the biggest
connectedcomponents,the largestholes,and the largest
voids. At intermediatelevels of growth, we would like to
identify thosefeaturesthatarepersistent– i.e.it takesalong
time for themto disappearoncethey appear. Edelsbrunner,
Letscher, andZomorodian[10] havede�nedthepersistence
of anon-boundingcycleasameasureof its life-time in the
�ltration. For eachnon-boundingcycle, they identify two
simplexes¾i and¾j thatrespectively createanddestroythe
non-boundingcycle in thefaceof the�ltration. Theindex-
basedpersistenceof this featureis de�ned as j ¡ i ¡ 1.
Alternately, thebirth timesof thetwo simplexesin question
canbenoted(t i andt j ), andthetime-basedpersistenceof
thefeatureis de�ned ast j ¡ t i . To measurethelife-time of
a non-boundingcycle, we �nd whenits homologyclassis
createdandwhenits classmergeswith theboundarygroup.

For our purposes,we found that the time-basedper-
sistencesare more accurate.The birth time of a simplex
representsthe size(in termsof the radiusof the balls) at
which it becomespart of the simplicial complex in que-
stion.Using thegeometricdistances(insteadof indicesin
the�ltration) provedbetterfor thepurposeof capturingthe
topologicalfeaturesandtheir relativesizes.
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