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ABSTRACT

Motiv ation: There is a need for an objective, and at the
same time, automated characterization of protein structure
at all levels - from secondary structure to classi cation of
proteins into structural families. Popular structural databa-
ses such as SCOP and CATH involve visual inspection
of structures as one of the key steps, while automated
methods (such as knot theory-based techniques) overlook
the characterization of parts of protein structure.

Results: We propose a novel framework for the characteri-
zation of all levels of protein structure based entirely on the
geometry of its parts. The three-dimensional t-complex |-
tration (commonly referred to as the alpha complex) of the
protein represented as a union of balls (one per residue)
captures all the relevant information about its geometry and
topology. The neighborhood of a strand of contiguous alpha
carbon atoms is de ned as a retracted “tube” which is a sub-
complex of the original complex that has been sub-divided.
We capture the topology of the retracted tube by compu-
ting the most persistent connected components and holes
in its Itr ation. A “motif” for 3D structure is characterized by
the number of persistent components and holes, and their
relative persistences in the Itr ation of the tube complex.
The nal retraction step helps to simplify the tube complex
topology, and allows the persistence calculations to be per-
formed in near-linear time. We describe the salient features
of these motifs, and suggest various uses of the same, which
are being currently investigated.

Contact: kbala@wsu.edu

1 INTRODUCTION

Understandinghesimilaritiesanddifferencedbetweerpro-

teinstructuress centratto thestudyof connectionpetween
thesequencestructureandthefunctionof theproteins and
alsofor detectingpossibleevolutionaryrelationshipsWith

thenumbeiof proteinswith known structuresapidlyincrea-
singbytheday, theneedor reliableandautomatednethods
for structuralcomparisorhasnever beengreater Various
techniquesor structuratomparisormaveemepged,ranging
from thosewhichtry to matchthe geometriccoordinate®f

the back-bond21], to thosewhich usevectorapproxima-
tionsto secondanstructureelementd16, 14]. Thenthere
are domain-baseanethods,which try to classify proteins

basedntheir unitsof structurelor domains) Eventhough
thereis no exact de nition available, a structuraldomain
is usually consideredas a compactand semi-independent
unit of a protein, which consistsof a small number of
contiguousegmentf thepeptidechain,andformsastruc-
turally “separate’tegionin thethree-dimensionaitructure
of the protein. Widely usedstructuraldatabasesuchas
SCOPJ[18], and CATH [19] have beenconstructedusing
domain-basedpproachesOn the other hand, one of the
mostsuccessfuhutomatedtlassi cationsof proteinsuses
conceptsfrom knot theoryto reproducethe classi cation
providedby the CATH databas&ith ahighdegreeof accu-
rag/. We now brie y review thefeaturesf thesedatabases
andknottheory-basednethodshere.

1.1 The SCOPand CATH databases

The StructuralClassi cation of Proteins(SCOP)[18] and
the Class-Architecture-dpology-Homology(CATH) [19]
databasearecomprehensk orderingsof (almost)all pro-
teinsof known structureaccordingo theirevolutionaryand
structuralrelationships A fundamentalunit of classi ca-
tion in boththe databaseis the proteindomain.A domain
is de ned asanevolutionaryunit obsenedin natureeither
in isolation or in morethanone context in multi-domain
proteins.In SCOR all Proteindomainsare hierarchically
classi ed into families, supeffamilies, folds, and classes.
The CATH databaseassignsto proteinsa unique class,
architecturetopology andahomologicakuperfamily. The
methodsusedto constructtheseclassi cationsinvolve the
visual inspectionand comparisorof structuresasthe key
step.

1.2 Knot theory-basedclassi cation

In 2003,RggerandFain[20] introducedanovel methodof
lookingat,analyzingandcomparingproteinstructureshat
usedthe conceptdrom knottheory The proteinback-bone
is analyzedasa cure in 3D space A family of structural
measuresouldbeconstructedisingthewrithe andtheave-
ragecrossingnumberof this curve asthe building blocks
(inspiredby Vassilies knot invariants).The authorsfound
it sufcient to compute30 suchmeasuregor the purpose
of structuralclassi cation. Thus eachproteinis mapped
to the 30-dimensionakeal space Basedon this mapping,
the Euclideandistancebetweentwo proteinsis de ned as
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the ScaledGaussMetric (SGM). The authorsusedSGM

to constructan automaticclassi cation procedurefor the

CATH2.4 databasdthey essentiallyclusteredthe proteins
basedntheSGM).They couldaccuratelyassigmmorethan
95%of thechainsinto the properC(class) A(architecture),
T(topology),andH(homologousupeffamily), nd all new

folds, anddetectno falsepositives.

Erdmann[12] builds on the work of Rggenand Fain
in usingknottheoryideasfor studyingstructuralsimilarity
betweerproteins.Supplementinghe knot theoryconcepts
with ideasfrom geometriccorvolution, the authorpropo-
sesade nition of similarity basedon atomicmotionsthat
presere local back-bondopologywithoutincurringsigni-
cant errors.This de nition hasa very broadscope- one
couldtalk aboutthe full rearrangementf oneproteininto
anothemhile preservingheglobaltopology or aboutrear
rangement®f setsof smallersubstructureshat presere
local topology but not the global topology all underthe
sameframenork.

In spiteof theamazingsucces$n automaticallyclassi-
fying the CATH databasevith a high degreeof accurag,
theGaussntegralsmethochassomemajordravbacksThe
problemof nding proteindomainsis notaddresseat all.
A structureclassi ed using SGM will not be broken into
basicbiologically and structurallysigni cant pieces.The
mostdesirablenethodfor determiningstructuralsimilarity
would betheonethatidenti es proteindomainsusingtheir
geometri@ndtopologicalpropertieslone andwouldnatu-
rally leadto the constructiorof a pseudo-metri¢similar to
SGM),basednthede nition of thesedomainsWith these
goalsin mind,weproposéaheideador anovel characteriza-
tion of structuralunitsin proteinshasedntheirtopological
andgeometrigpropertiesWe analyzethe geometryof pro-
teinsusingtheir 3D t-complees (originally referredto as
alphacomplees).Our principal contritution is the de ni-
tion of theneighborhoodsf strandf contiguougesidues
asasimplicialcomplexusingthese-complees(seesection
2). We characterizea motif of protein structureby iden-
tifying the most signi cant topological featuresof these
neighborhoodgsection0.2 in Appendix). We discussthe
salientfeaturesof thesemotifs in section4. We propose
several possibleapplicationsof the motifs, and reporton
initial progressnadeon someof themin section5. By ana-
lyzing a setof proteinswe identify a basissetof recurrent,
non-randomstructuralmotifs. Apart from motifs already
discusseth theliterature(suchas -barrel,coiled-coil,and
others) we identify several otherinterestingmotifs.

The conceptdrom geometryandtopologyusedin this
work have beendevelopedover the pasttwo decadedy
Edelsbrunneet al. We provide a brief overview of these
conceptsin the Appendix (given in the end). As long as
the readerhasa basicintuition aboutthe simplicial com-
plex of aprotein(the collectionof points(residues)edges,
triangles,and tetrahedrdormed by the protein backbone
chain), he/sheshouldbe ableto understandhe de nition

of neighborhoodf strands(next section).Another minor
contritutionthatwe malke is themodi cation of thepairing
algorithmfor surfacesproposedby above authorsso that
topologicalpersistencesanbe calculatedor surfaceswith
boundaryFor a personfamiliar with the original concepts,
this modi cation would bethe moststraightforvard oneto
make, andhencewe limit theillustration of the algorithm
to asmallexample(Figure4).

2 DEFINITION OF NEIGHBORHOOD

The seriesof t-compleesin the Itration of the Delaunay
triangulationof the proteincarriesall theinformationabout
the geometryof the molecule.Usingthe Itration asafra-
mework, we cananalyzestructuralunitsor partsthatcould
be characterizedasedon their topology henceleadingto
thede nition of domaingor structual motify. To simplify
thetreatmentwe considemneCg atomperresidueanstead
of lookingattheall-atommodel.Thelocalstructuren pro-
teinsis capturedby de ning the neighborhoodf eachCeg
atomandeachconsecutie Ce-Ce edgeasthelinks of the
respectre simplexesin thet-comple of the proteinat ary
t-level. Wewill needcertainde nitions to achieve thistask.
Thenotationusedis the sameasthatgivenin [7].

Let K be a simplicial comple. The closue of a subset
L p K isthesmallestsub-complg thatcontaingl.

ClL = f¢2Kj¢- %2 Lg (1)

Thestarof asimplex ¢, consistof all simplexesthatcontain
¢, andthelink consistsof all facesof simplexesin thestar
thatdo notintersecte.
St ¢
Lk ¢ =

f%2Kj¢- Y9 2
f%2 CISt¢j¥\ ¢=:9 3)
Givenary t-complex K ', we de ne the link of eachver

tex (or Cp atom)andeachback-bonesdgeasfollows [13,
pg.111].

Lk(vo) = fvij(vov1)2K'g [
f(v1v2) j (Vovive) 2 K'g [ 4
f(v1vavs) j (Vovivavs) 2 K'g
Lk(vovi) = fvzj(vovavz) 2K'g [ (5)

f(V2v3) j (Vovivavs) 2 K'g

In words, the link of a Cg atom consistsof all otherCg
atomsthatform anedgewith it, andall otherCg-Cg edges
(notnecessarilgonsecutie)thatform atrianglewith it, and
all othertrianglesof threeCg atomsthatform atetrahedron
with it. The link of a back-boneedgecan be interpreted
similarly. In Figurel, Weiillustratethesede nitions in two
dimensions.

We canstudythe connectvity of thelinks of Cg atoms
(and Ce-Ce edges)asthe t-complex grows. We mention
herethatthe ranksof the homologygroupsof the Cg and



Ce-Cep links shaw speci ¢ patternsof variationwhenwe
run dowvn an ®-helix or a strandin a~ -sheet.The draw-
backwith this approachis that the vertex and edgelinks
provide only “local” information.We now describehow we
combinea seriesof back-boneCg links and Cg-Cg links
to effectively capturethe neighborhoodf a strand,thus
providing importantnon-localinformation.

_C

Fig. 1. t-comple in 2D with the back-boneshavn in red. Link (shavn
in black) of a residueshavn in green(rst gure), thatof a back-bone
edgeshavnin green(secondgure), andthatof astrand(shavnin green),
consistingof four residuesandthethreeintermediateedges

2.1 Link of aback-bonestrand

We denotea contiguousstrandof back-boneresiduesand
the intermediateedgesby S. Formally, a strand of n
residues(Ce atoms)andn j 1 back-boneedgesis de -
ned asthe sequencef verticesand edgesgivenby S =
fvi;eq;vo;iii;vng, whereviyy = v; + 1andeg =
(Vj;vj+1) for 1 - j < n. Thelink (or the boundaryof
neighborhoodo be exact) of sucha strandin at-comple
K is de ned asfollows. .
! A !

Lk(v) n [ Stv (6)

v2 S v2 S

Lk(S) =

whereLk (v) andStv areasde nedin (4) and(2) respec-
tively (seeFigurel). By constructiontheunionof thelinks
of all the verticesin S will includethe links of the back-
boneedgesconnectinghem. The aim of de ning the link
of astrandin thisway s to capture¢henon-trivial interacti-
onsof thestrandwith otherpartsof theprotein.Thisis also

thereasonwhy we remove the elementf the starof each
vertexin S fromtheunionin (6). ForthestrandS asde ned
above, it is naturalto expectvg to beincludedin thelink of
S, astheback-bonesdgeey = (vo; V1) will bepartof the
t-comple;, for sufciently larget. Thisobsenrationfollows
from thefactthatthe consecutie Ce-Cg edgesareamong
the smallestedgeghatappeaiin the Delaunaytessellation
of the whole protein. Similarly, one would expectvy+1
alsoto beincludedin Lk (S). Hence,we usually modify
the link of S asfollows: Lk(S) = Lk(S) n S% where
S%= fvo;e0g[ fensa;Vnea g

2.2 Fromlink to “tube”

Thede nition of thelink of astrandgivenin (6) ef ciently
capturesall tertiary interactionsmadeby the strandwith
otherpartsof theprotein.Neverthelessthereis adravback
with thisde nition. Considerastrandthatformslittle or no
contactswith therestof theprotein.Thelink de nedin (6)
will possiblybe emptyin this case Isolatedregionsin the
protein moleculewherethe strandmerely bendson itself
couldtypically leadto sucha situation.Theillustrationin
2D showvnin Figure3 in factdisplayssucha strand.

We proposeheideaof de ning theneighborhooaf the
strandin theform of a“tube” aroundit. Imagineatubethat
hasthe back-bonechainrunningthroughits center If we
thickenthetubeuniformly, the partsof thetubearoundthe
strandin questionvould comeinto contactwith thesurface
of thetubearoundotherpartsdependingntheinteractions
betweerthe strandandthe otherpartsof the protein. The
tubewould touchitself if the strandbendson itself, thus
allowing usto characterize&lomainsof this type. Consider
aresiduev®thatis presenin thelink of thestrandbecause
it formsanedgee = (v;vY with avertex v in the strand.
Insteadof addingv® to the link, we now introducea new
vertex atthemid-pointof theedgee, andaddthenew point
tothelink of thestrand We canextendthisideato simplexes
of higherdimensiondoo. In away, we are“shrinking” the
originallink towardsthestrandin orderto de ne the“tube”
aroundit. Sincethe new vertex addedis notin S or S°,
thetubemightbenon-emptyevenwhenthelink is possibly
emptyduetov®2 Sorv®2 S°

Formally, we performa barycentricsubdivisionof the
originalt-complex K . Asthenamesuggestsye subdiide
every edgein themiddle. Every triangleis dividedinto six
smallertrianglesby draving the medians.The division of
tetrahedrongan be understoodn a similar fashion.This
constructions usedin the classi cationof closedsurfaces
[13, Chap.5]. Sincewe areworking with proteins,conse-
cutive Cp atomsin the chainform the closestinteractions.
Hence,we modify the genericbarycentricsubdvision so
thatthe back-boneedgesarenot subdvided. Figure?2 illu-
strateghe proposedarycentricsubdvision for proteinsin
2D.

Giventhe barycentricallysubdiided complex K | 5 of
the t-complex K ', we apply the de nition of the link of



Fig. 2. Barycentricsubdvision andfurther subdvision for retractionof
atriangle.The edgeon theleft (in green)is a back-boneedgeandhence
is not subdvided. Onenew pointis addedin the middle of the othertwo
edgesandtwo new edgesareaddedfrom this new point to the original
verticesn eachcaseA third pointis addedatthebarycenteof theoriginal
triangle,and v enew edgesonnectinghiscentralpointto theotherpoints
areadded Finally, the v e smallertrianglesareaddedn theinterior. The
next level of subdvision canbe understoodsimilarly.

strandS givenby (6) onK L 5. Thelink thatresultsfrom
thisprocedureonstituteshe“tube” of S. Thistubewill not
beemptylikethelink de nedbefore A ltration of the nal
tubearoundS canbe maintainedateachindex of growth t.
We cannow studythetopologicalconnectvity of thetube
aroundthe strandasthe complex grows. Patternsobsered
hencecouldbeusedto objectively de ne tertiarystructural
domainsin proteins.

2.3 A Retractedtube

A nal stepof geometrianodi cation needs$obeperformed
on the tube. Onceagain, strandsthat bendon themseles
(Figure3) motivatethe proposedthangeAs we have seen,
the tube aroundthe strandmight touchitself at places.In
this process,one or more simplexesin the tube comple
getidenti ed with certainothers.t is desirablef we could
actually createa copy of ary suchsimplex, and pull the
copy justaway from the original simplex, suchthattubeis
not self-intersectingry more.The critical pointin perfor
ming sucha duplicationis thatwe do notdesireto alterthe
(topological)connectvity of thetubein this process.

We achieve this goalby retractingtheoriginal tubeclo-
sertowardsthe strands in thefollowing way: every vertex
in thetubethatformsanedgewith aresiduein S is retrac-
ted half-way towardsthe residue.This stepautomatically
retractsevery trianglein the tubethatforms a tetrahedron
with aresiduein S. The caseof an edgein the tubethat
forms a tetrahedrorwith a back-boneedgein S is alittle
tricky. Retractingheformeredgehalf-waytowardstheedge
in the strandwill generatea trapezium.We subdvide this
trapeziuminto two trianglesto make surethatthe comple
is triangulatedBy constructionjt canbeseenthatthistra-
peziumwill lie in aplane,andhenceit canbetriangulated
by addingeitherone of its two diagonals.The advantages
of thistransformatiorareillustratedin Figure3.

With this additionalsimpli cation, thetubewill always
be a 2-manifold (or a surface)with boundary[15, §22],
or a collection of disjoint 2-manifoldswith boundary In
addition thetransformatiorof thetubedescribedbosecan
be shawvn to be a strong deformationretraction[17, 855].

Thesepropertieswill beimportantfor the methodthatwe
will employ in Sections3to calculateheranksof homology
groupsaswell astheirtopologicalpersistences.

In arecentpaper[3], Carlssonet al. proposethe use
of persistencebarcodesas shapedescriptorsfor distin-
guishing geometric objects. They study a construction
calledthetangentialcomplex of anobject,which captures
“sharp” featureghatareotherwiseindistinguishablaising
topology-basednethodsalone.They alsoconsidera Itra-
tionof thetangentomple, andusethepersistenhomology
of the Itered tangenitomple to capture‘soft” (cunature
dependentjeaturesof the object. The persistencesf the
featuress givenasintenals,anda nite collectionof such
intervalsis de nedto constitutea“barcodefor theshapeof
the object.It is interestingto notethe similaritiesbetween
thetangentcompleesde ned by the authorsandthe tube
comple thatwe study At the sametime, oneshouldnote
thatwe arenotstudyingtheshapeof aportionof theprotein
backbonen isolation Thetubecomplex we considercap-
turesthe geometryof the interactiondormedby an object
— a contiguousportion of the backbonechain— with other
partsof the protein,andalsowith itself. On theotherhand,
thepersistencesignatuewhichweuseto de ne astructural
motif (seefollowing Section3) resembleshebarcodaused
by theauthors.

Anotherinterestingsimilarity to our modelis noticea-
ble in the tube picture of proteinsproposedby Banavar
et al. [1]. They considerthe protein chain as a tube of
non-zero, uniform thickness. Using appropriatelycho-
senmary-bodyinteractiorpotentialgthree-bodypotentials
insteadof cornventionaltwo-bodyinteractions)they amgue
thatthe structureof folded proteinsareselectecbasedon
geometricakconsiderationsOnceagain, we point out that
the tube complex which we studyis de ned basedon the
interactiondormedby the backbonestrandwith otherpor
tionsof thesame Further we arenot performinganenegy
minimizationwith the aim of nding the “optimal” struc-
ture.Ourgoalis to characterizeariousobseredstructural
motifs.
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Fig. 3. Retractedtube” of along strand(in red)thatformsaloop. The
link of this strandwill be emptyto startwith. The tubeafter barycentric
subdvisionis shavn in brown. Theretractedubeis shavn in green.



3 COMPUTING THE PERSISTENCES

Our taskis to pair the positive and negative simplexesin
the ltration of thetubecomple suchthateachpairrepres-
entsthe life-time of a non-boundingcycle. Edelsbrunner
et al. [10] achieve the pairingsin all dimensionssimulta-
neouslyby performingacycle searchalgorithmonalinear
array which actssimilarto a hashtable[4, Chap.12]. The
authorsdo suggeselsavhere,though,thatthe pairingsof
pointsandedgesanbeachiezedin nearlineartimebyusing
aunion- nd datastructureandappropriatelymodifyingthe
incrementalalgorithm [5] for calculatingBetti numbers.
They have also provided the ideaof usingthe dual graph
to labelfaceswvhenrunningtheincrementahlgorithm.

Edelsbrunneetal. proposeamethodhatusegheabove
ideasfor pairing the critical points (and computingtheir
persistencesdf piecavise linear 2-manifoldsin [9]. We
modify thismethodslightly to achieve all thepairingsfor 2-
manifoldswith boundaryThisalgorithmrunsin nearlinear
timeby usingweightedmeigingfor theunionandpathcom-
pressiorfor nd. Theconstructiorof thetubeensureghat
all trianglesin thetubecomplex arenegative. Also, thetube
complex will beasurface(2-manifold)with boundaryor a
setof disjoint surfaceswith boundaryHencewe make use
of thedualrelationshipdetweerthe nggative trianglesand
the positive edgesthat createthe 1-cycles. We maintaina
union- nd datastructurefor ~—1's aswe traversethe Itra-
tion in thereverseorderof time. For eachpositive edgethat
comesin, we pair it with a suitable(negative) trianglejust
asin thecaseof " ¢'s, but takingcareof thefactthatthetime
scaleis reversednow.

Careneedgo betakenwhentreatingthe positive boun-
dary edgeswhile performingthe union- nd for the dual
graph.We adda dummydualvertex to representhe exter-
nal spaceand assignit the dual rank of zero. A positive
boundaryedgein the original complex will createa dual
edgethatconnectghedualvertex correspondingo thetri-
angleboundedy thepositive edgeandthedummyexternal
vertex. For afew of thesedualedgesit will happerthatthe
dual vertex (correspondingo the triangle) aswell asthe
externaldummyvertex will bothhave beenpairedalready
We treatsuchedgesasspecialcasesandrecorda pairing
betweenhedualedgeandtheexternalvertex. Wecall sucha
pairingaforcedpairing. Thenumberof forcedpairingswill
beequalto the ; of thefully grown complex understudy
We illustrate our pairing algorithmon a small comple< in
Figure4.

Once we have the lists of paired simplexes, we can
calculatethe time-basedelative persistenceof the feature
representely eachpair (%4;%) as, j = (t i ti)=(tm i
to), wheret; andt; arerespectiely thebirthanddeathtimes
of the feature.m is the lastt-rank at which somesimplex
enterghetubecomple, andig (say)is therankatwhichthe

rst simplex enteredthe tube comple, andt,, andtq are
thecorrespondingimes.Thismeasurevaluategherelative

life-time of eachfeatureascomparedo the entirelife-time
of thetubecomplex. We list therelative persistencesf ¢'s
and™ ;'sin descendingrder Choosinga cut-off valuefor
eachof thesesetsof relative persistencesye will be left
with a x edsmallnumber ° of ,  'scorrespondingo the
mostpersistent o's,andN * of | ﬁ 's correspondingo the
mostpersistent ;'s. We presenthe persistencesignatue
of the structuralmotif representetby the tube complex of

thestrandS in questionas

Sign(S) = fN-iN-;;, §ii R Lo 9 (D)
Theideaof choosingpersistenceut-off valuesis moti-
vatedbytheneedo Iter outtopologicahoise.Therewill be
numeroudeaturesvhicharecreatecanddestryedwithin a
shorttimeinterval. Ourinterests to ignoresuchminorfea-
turesandto usethemosttopologicallysigni cantfeaturesf
thetubecomple to characterizét. After studyingarepre-
sentatve setof proteinswe foundthatrelative persistences
which arelessthan0:01 mostoften capturednsigni cant
featuresHence we used0:01 asthe cut-off valuefor both
"o and ; persistences.

b
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Fig. 4. Filtration of a hollow tetrahedron(two facesare missing)with
12 ranks. At eacht-rank, the incoming simplex is shavn dotted (or
transparenin the caseof a face). We pair the positive verticeswith
the negative edgesin a forward passof the lItration to get the "¢
pairs (b*; ab?); (c3;ac?); (d®;cd”). Using the dual graph, we pair
the negative faces(positive dual vertices)with positive edges(negative
dual edges)in a reverse passof the ltration to obtain the ~; pairs
(acd!; ad®); (bc;bd?); (ex?;bc’). Here,ex? is the external (dual)
vertex addedo thedualgraph.

4 FEATURES OF STRUCTURAL MOTIFS

Corventionally onelooks at the proteinasbeingmadeof
localunitssuchasalphahelicesandstrandgrom betasheets
combinedtogetherin 3D arrangementsTypical units of
suchcombinationsaredistinguishecandgivennamessuch
asa helix bundle, coiled-coil, or alpha-betébarrel. In our
analysisthemotifs characterizarrangement# theneigh-
borhoodof suchaunit (strand) Hencea15-residugortion
of analphahelix will form differentmotifs dependingon
how theremainingpartsof the proteinarearrangedaround
it. We illustratethe salientfeaturesof the geometriamotifs
onan®+ ~ protein2ACY, which is an ag/l-phosphatase



with 98 residueqsinglechain).Thetraceof this proteinis
shavn in Figure5. The readeris encouragedo view the
chainin a 3D-viewer suchas VMD to get a betteridea
of the three-dimensionahrrangementnvolved. Overall,
2ACY hasa -sheetwith v e strands,lying adjacentto
two ®-heliceswith inter-connectingurns.We list the pro-
minentL8 andL 15 motifs obseredin 2ACY in Tablel.
The residuenumberswherethesemotifs startare actually
thestartingresiduegor themajorsecondangtructureunits
—thetwo helicesstartatresidue®2 and55, while therestof
theresiduedisted specifythe startingresiduedor the v e
“-strandsThe rst helix (atresidue22)liesclosertothe™ -

Table 1. Motifs startingat givenresiduenumbersor 2ACY.

res# | motif signatures

5 L8 f 10; 8; 0:147; 0:040; : : :; 0:014; 0:412; 0:218; : : : ; 0:021g
L15f5; 5;0:029; : ::; 0:014; 0:094; : : :; 0:0169g

22 L8 f 4;2;0:022; :::;0:014; 0:015; 0:014g
L15f 2; 1; 0:014; 0:012; 0:025¢g

35 L8 f12; 5;0:147; 0:120; : : :; 0:018; 0:255; 0:202; : : : ; 0:030g
L15f5;5; 0:025; :::;0:012; 0:100; : : : ; 0:013¢g

46 L8 f15;7;0:171; 0:110; : : :; 0:012; 0:784; 0:355; : : : ; 0:022g
L15f5; 6;0:022; :::;0:011; 0:170; : : :; 0:012¢g

55 L8f0; 2; 0:991; ; 0:058g
L15f 0; 3; 0:990; 0:131; 0:058g

74 L8 f 3; 0; 0:022; 0:013; 0:011g
L15f 3; 0; 0:014; 0:014; 0:014g

91 L8f7;1;0:028;:::;0:011; 0:313g

84 L15f 6; 1; 0:022; :::;0:011; 0:1739g

sheetandhencdormsmorecontactsthusgiving themotifs
listed. Theotherhelix lies fartheraway from therestof the
protein,and hencethe motifs obsered signify interaction
with itself. The motifs which appearstartingat residues5
areexactlytheoneswhichareobseredin isolatechelicesn
all proteinsanalyzedSincethereis no long-rangenterac-
tionwith otherparts therearenobig connecteg@omponents
inthetubecomplex. HenceheN-, = Ovaluesn themotifs
obsered.

Themotifs formedby eachof the™ -strandsaresimilar,
butvaryslightly basedntheinteractiongormedwith other
partsof the protein.We presensnapshotsf the L 8 motif
startingat residue35in Figure5.

Since ( measurethenumbeiof connectedomponents
(section0.2in Appendix),it is straightforvardto interpret
N-, asthenumberof mostprominentinteractionghatthe
strandmaleswith the otherpartsof theprotein.N-, gives
the numberof mostprominentholesin the Itration of the
tubecomple, but it is not aseasyto seehow thesepersi-
stentholesarecreatedWhentherearetwo or moreadjacent
dominantcontactqor interactionsf the strandwith other
parts,spacean betweerthetwo contactdypically givesrise

Fig. 5. Traceof original protein2ag, andtubecomplexes(in blue)of a
8-residuestrand(in orange)startingat residuenumber35 (which forms
thefourth strandwhenlooking atthe ™ -sheefrom thetop. The snapshots
shaw the tube after 600, 900, and 1200t-ranks. The maximumnumber
of ranksis 1304. To help the readerseethe featuresof the tubeclearly,
we have shovn the tubesbefole the retractionstep.The tube getsshrunk
furthertowardsthebackboneshainby theretractionwhile thetopological
featuresareretained.

to a persistentole in the tube complex. The strandben-
ding onitself alsousuallygivesriseto holes—for example,
a single turn of an alphahelix createsa hole in the tube
compl. At the sametime, dependingon other tertiary
interactionstheholescreatedueto thestrandmakinghelix
turnsmight not be highly persistentin otherwords,if we
look at anisolatedhelical strand(which doesnot interact
with ary otherpartsof the protein),the signi cant holesin
thetubecomplec arethe onesdueto the helix turns,but if
the samestrandinteractswith threeotherhelices(to form
ahelix bundle),the prominentholeswill beonesappearing
in betweentheseneighboringhelices.We illustrate these
obsenationsby examininga few motifs in detail.

In Figure6, we preseninstance®f two f 2; 6g L15 motifs.
Forthemotif in 1BKR, thestrandappearso maketwo helix
turnsandthenstartsto bendonitself. Thereis signi cant
interactionwith two helicalregionsandanothestrandying
aroundit. Ontheotherhand,thereseemgo betwo promi-
nentinteractionsnadeby thestrandn theinstanceof motif
in 3PRNwith thebetastrandsoneithersideof it. Onewould
expectthe holesin the latter case(3PRN)to be lesspersi-
stentthanthosein theformercase Thesetsof persistences
shav theseaelationshipglearly—for themotifin 1BKR, the
signature is f2;6;0:023 0:017;0:913 0:312:::;0:01y
and the signature for the L15 motif in 3PRN is
f2;6;0:015 0:013;0:051;:::;0:014g.



Fig. 6. Instanceof L 15 motif in 1BKR on theleft andin 3PRNon the
right, bothwith N-, = 2, N-, = 2.

It typically takes a lot of structureto producemotifs
with high N-, and N-,. In the sameline, strandsthat
have limited interactionwith otherpartsusually give rise
to smallemumbersTheinstanceof theL 15motif shavnin
Figure 7 depictsthe strandin the middle of several other
portions of the protein, thus forming persistentinterac-
tions and holesto give a high-numberedmotif with the
signaturef 32;15;0:091;:::;0:012;0:893 :::;0:0129. A
very interesting high-numberedL 8 motif instancewith
N-, = 9; N-, = 8is alsoshovn herefrom 1HW?7. The
strandappeardo lie far from the rest of the proteinand
seemsto forms very little interaction. In fact, the tube
complex will not becomesigni cant until the original t-
comple (of the entire protein)is grown sufciently. The
longrangeinteractionappeaatalaterpointof time (in the

Itration). Sincethe lifetime of thetubeitself is short,we
getsigni cant relative persistenceslhe motif signatures
f9;8;0:091:::;0:012;0:910 :::;0:011g.

We have analyzednstance®f all themotifsin detail.lt
is necessarto view themotifsin 3D sothatwe couldrotate
the proteinandclearly seethe differentinteractionsnvol-
ved.Visualizationsareobtainedusingthesoftwarepackage
calledVMD. The motifs correspondindo several popular
tertiarystructuralunits(suchashelix bundle,coiled-coil, -
turns),aswell asotherinterestingecurrentnotifshavebeen
identi ed. Giventhe choiceof therelative persistenceut-
offsandthelengthof thestrandwe believe thatthesemotifs
providearigorouscharacterizatioof partsof proteinsusing
their geometryandtopology

Fig. 7. Instancef L 15 motif in LEDEwith N-; = 32; N-, = 150n
theleft andL 8 motifin IHW7with N-; = 9; N-, = 8 ontheright.

5 APPLICATIONS OF THE GEOMETRIC
MOTIFS

We describeseveralideasfor potentialusesof the motifs.

5.1 A BasisSetof Motifs

In orderto captureall thenon-localneighborhoods apro-
tein,wede ne thetubecomplex for aserief strandslong
the back-bonechainS; fori = 1;2;:::, eachof length
jSij = L. In otherwords,we slideawindow of contiguous
residuegof lengthL ) alongtheback-bonehain,andstudy
the neighborhoodasde ned by thetubecomple for each
strand.Thelengthsof L = 8; 15,22 werechosenTheidea
wasto captureshort-rangeaswell asrelatively long-range
motifs. Of course,one could repeatthe calculationsfor a
differentsetof valuesfor L, buttheresultsvouldbesimilar,
saywhenyou choosesayL = 10;18;28. Onecouldalso
look atthe motifs for a singlevalueof L in isolation.
A diversesetof 1143proteinchainavasanalyzedin the
rst run, we identi ed all possiblemotifs. We thenfound
repeatednotifs by analyzingthe setof all motifs. A can-
didate motif from one of the chainswas comparedo all
themotifs with the samenumberof persistent o and™ ;. If
eachrelative persistenceomponentvaswithin aninterval
of 0.005centeredat the correspondinggomponenf one
of the motifs in the set, the candidatemotif was counted
asaninstanceof the particularmotif. If not, the candidate
motif wasaddedto the basissetasa new motif. Therela-
tive persistencefor eachmotif was averagedover all the



instance®f occurrencef thesame Carewasalsotakento
ensurethat adjacentsimilar motifs were not doublecoun-
ted.In severalcasestheneighborhooaf thestrandchanges
verylittle whenwe slideit by oneor two residuesThuswe
obtainrepeate@ccurrencesf thesamemotif, whichin fact
shouldbe countedasa single motif thatis actuallylonger
than 15 residues.Hencewe counta repeatedoccurrence
of the samemotif only if we slide the strandby at least3
residues.

We chosea lower cut-off of 5 for the numberof occur
rencef amotif in thewholesetof proteinchainsin order
to includeit in the basisset. In caseno motif with a par
ticular (N—,; N—,) occurredat least5 times, we grouped
all of themwith the mostfrequentone amongthem (and
averagedherelative persistencesifter thesesimpli cati-
ons,we obtaineda basismotif setof 875motifsfor L = 8,
540motifsfor L = 15 and370motifsfor L = 22. These
basianotifsrepresentoreorlessall thepossiblegeometric
conformationsobsered in proteinsfor the corresponding
length.

We have collectedall the statisticsfor frequenciesof
occurrencesof all the motifs. Relesant tables will be
includedin thefull versionof the manuscript.

6 CLASSIFICATION OF PROTEINS

The structuralcharacterizatiorevelopedby us would be
expectedto prove useful to efciently classify proteins,
similar to the databasesuchasSCOPor CATH. The ulti-
mate goal is to establisha correspondencéetweenthe
structuralmotifs andthe function of the proteins.We dis-
cusspreliminaryprogressnaden thisdirectionandprovide
ideasfor achieving thesegoals.

The rst steptowardsdevelopinga classi cation pro-
cedureis the de nition of a distancemetric betweentwo
proteinsbasedon the structuralmotifs thatthey consistof.
We could collectthe numberof instance®f eachL 8; L 15
andeachL 22 motif in a particularprotein.Onewould also
expecttheoverallsizeof thechaingivenby thetotalnumber
of residuego be animportantfactor While the countsof
theindividual motifs aretypically single-digithumbersthe
numberof residueds morethan2500n anaverage Hence
it makessensdo divide theresiduenumberdy afactorof
100andthenincludeit with theindividualcountsto obtaina
1786vector(from 875L 8 motifs, 540L 15motifs,370L 22
motifs, andthe residuenumber)that representgachpro-
tein. We couldthencalculatethe Euclideandistanceor the
1-normbetweertwo suchvectors We couldnaturallythink
of away to clusterproteinsusingsucha distancemetric.

To getanideaof theaccurag of this method,we con-
sideredpairsof proteinsfrom threedifferentfamilies[2] —
nuclearreceptodigand-bindingdomains serineproteases,
andG-proteins.Eachpair wasdistinctdueto the function
of the protein chains. The protein pairs consideredwere
(2PRG,1A28),(1A0L,1AZZ), and (1IEFU,5P21)rom the
threerespectie families. It wasobsenred that therewere

severalmotifs thatoccurredonly in oneof thefamiliesand
notthe othertwo. We tried hierarchicallyclusteringthe six
chains.Thethreefamilieswereclearlyseparatefrom each
other Thedistancemetricusedwasthe 1-norm.

As anotherpreliminaryexperiment,we took a setcon-
tainingtenchainseachfromthe SCOPclasses (all alpha),
b (all beta),c (alpha/beta)andd (alpha+tbeta)A cluster
analysiswas able to successfullygroup them into sepa-
rate hierarchiesquite ef ciently. Several similar samples
(of 40 chainswith 10 eachfrom the classes,b,c,d)could
be classi edwith anaverageaccurayg of 83%.

We would like to emphasizéherethe fact that we are
notusingall theinformationavailableto usfor thepurpose
of classi cation(asof now). In orderto improve the accu-
ragy of the method,andto successfullyclassify proteins
from all classesfamilies, and even sub-families, it looks
essentiato add someinformation abouthow the indivi-
dualmotifsinteractwith eachother Theorderof themotifs
alongthe back-bonechaincould be helpful in makingthe
methodmoreef cient. De ning whentwo motifsarein con-
tact might not be straightforvard. Oneideais to measure
the commonareaof intersectionbetweenthe correspon-
dingtubecompleesbeforetheretractionstep.If theareais
abovecertainthresholdye couldsaythatthetwo motifsare
in contactat that particularlevel of growth. Anotherpiece
of informationthatcouldprove discriminative mightbethe
joint-occurrence®f pairs(or triplets) of motifs in various
proteins.

Anotherpotentialusefor the motifs is to helpde ne a
metricfor similarity betweerproteins . Sincethemotifs are
nottoo sensitve to smallperturbationsn thestructurepne
would expecta distancemetric de ned usingthe motifs to
be morerobustthan,say RMSD.

All theseideasarecurrentlybeinginvesticated.
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APPENDIX: BACKGROUND

We provide abrief overview of theconceptselatedto alpha
shapesandtopologicalpersistenceApartfrom theoriginal
paperscited, most of the conceptsare also describedin
the booksby Edelsbrunnef7] and by Zomorodian[22],
with the latter giving detailsof algorithmsfor persistence
calculations.

0.1 Alpha Shapes

An accurateepresentationf theproteinmoleculeis acol-
lection of balls, onefor eachatom. Edelsbrunnestudied
theunionof ballsin 3D in [6]. Let B denotea nite setof
balls (solid spheres)n R3, the 3D real space We specify

eachball by = (z;r;) byits centerz; 2 R® andits radius
ri 2 R. Theweightedor powerdistanceof apointx froma
ballly andis de nedas¥%(x) =kxi z k2 r2. Thepower
\oronoi cell of aball ly underthe power distances the set
of pointsthatareat leastascloseto by asto ary otherball
inB,

Vi = fx 2 RPj%(X) - %(x):8jg: 8)

All V;'sturnoutto becornvex polyhedraAny two of these
cellsareeitherdisjoint or intersectalonga sharedportion
of their boundary The dualto the powver Voronoidiagram
will constitutethe weightedDelaunaytriangulation of B,
andis the collection of the cornvex hulls of the centersof
thoseballswhoseVoronoicellshave anon-emptycommon
intersection.

EdelsbrunneandMiicke[11] generalizedheconstruc-
tion of the Delaunaytriangulationby restrictingit to within
theurgonof thede ning balls.Th%/oronoiceIls(S) decom-
pose B intocorvexcellsRj= B\ Vi, =Db\ V,.The
dual comple recordsthe non-emptycommonintersection
of thesecells,

\
K=f%] Ri6:g; )
i2o

wherex isasubsebftheindex set,and¥% isthecorvex hull
of the centersof the ballswith index in &@. Theunderlying
spaceis the setof pointscontainedn the simplicesof K
(denotedby jK j), andis referredto asthedual shapeof B .
Theconcepts illustratedin 2D in Figure8.

Fig. 8. The dual comple (in red) of the union of disks. The nine edges
correspondo pair-wise intersectionandthe two trianglescorrespondo
the triple-wiseintersectionof the clippedVoronoicells (shavn in blue)
of theballs

Now considergrowing the balls continuouslyin time
andstudyinghow their union changesWe setthe squared
radiusof ballly asr? + t letthetimet gofromjl to+1
(whenr? < 0, theradius andhenceheball, areimaginary).
By construction the dual complexesthatarisethroughout
timearesub-complgesof thesameDelaunaytriangulation.
Also, thedualcomplexescanonly getlargerin time.Denote
by B, thecollectionof ballsandK ; thedualcomple of By
attime t (its underlyingspaceis the t-shapeof B). We
obtaina sequencef complexesthatbeginswith the empty



compl andendswith the Delaunaytriangulation referred
to asa ltr ation of the Delaunaytriangulation,; = K

;iU K™ = D (sedrigure9). TheDelaunaysimplexescan
besortedin theorderin whichthey enterthedualcomplex.

De ne thebirth time of asimplex %22 D asthe minimum
timetsy, suchthat¥2 K, forallt , ts;. We representhe
Itration by sortingthe Delaunaysimplexesby birth time,
andin caseof atie by dimension.

The original authorsset® =  t and called the cor-
respondingcomple as ®-comple (and hencethe termi-
nology alphashape} Thereadershouldnotethatwe use
the terminologyt-shape(insteadof alphashape)in order
to avoid the possibleconfusionarisingfrom the useof the
termalphain this context with thatof analpha-carbomtom
(denotedy Cp in this manuscript).

Fig. 9. Threeunionsof disks andthe correspondinglual com-
plexesfrom the Itration. The rst comple consistsof only the
verticegasall theballsaredisjoint). Thesecondcomplexis shavn
in red (sameasthe oneshavn in Figure8). The simplicesshavn
in greengetaddedn thethird comple.

0.2 Homology Groups

Wewill usehomologygroupsasanalgebraianeango study
the connectity of atopologicalspace(seeg[8, 8IV.2] and
[13, Chap.4]). Roughlyspeakingfor ary givensimplicial

comple K, thereis onegroupdenotedoy H,(K') in each
dimensionp with 0 - p - dim K, which measureghe
numberof “independentp-dimensionalholes” in K. We
will call asetof k-simplexesak-chain.Wede ne theboun-
daryof asimplex ¥aas@a= f¢ - ¥ dim¢ = dim % 1g.

The boundaryof 'ghain is the sumof the boundarieof its

simplexes,@ = ,, . @4 Two typesof chainsare parti-
cularlyimportantfor us:theoneswithoutboundaryandthe
onesthatbound.A k-cycleis ak-chainc with noboundary
(@ = 0). A k-boundaryis ak-chaincfor whichthereexists
a(k + 1)-chaind with @ = c. Cy isthesetof k-chainsand
(C¢:+) isthegroupof k-chains.Let Z, andBy betheset
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of k-cyclesandthe setof k-boundariesespectiely. Then
(Zx; +) isasubgroumf (Cy; +) , and(By;+) isasubgroup
of (Zx; +) .

Thek-thhomola@ygroupisthequotientof thek-th cycle
groupdivided by the k-th boundarygroup,Hx = ZyjB.
Thesizeof Hy is ameasuref how mary k-cyclesarenot
k-boundariesThe mostusefulparameterassociateavith
the homologygroupsaretheir ranks,which have intuitive
interpretationgn termsof theconnectvity of thespaceThe
rankof agroupis thecardinalityof aminimal subsetf the
groupthatgeneratesheentiregroup.If thegroupis thek-
th homologygroupof aspaceG = Hy, therankis known
asthe k-th Betti numberof that space,andis denotedby
"k = rank H. SinceHy = Z«jBk, we have rank Hy =
rank Zy j rank By. In generalthe 0-th Betti number( )
is thenumbermf connectedomponentsSimilarly, ; gives
thenumberofindependeriunnelsand ; givesthenumber
of independentenclosedyoidsin thespaceFor example,
considera torus. Thereis a single connecteccomponent,
andhence o = 1. Therearetwo independentunnels- one
runninginside the torus, and the otheroneis the hole in
themiddle.Hence ; = 2. Thereis only oneindependent
closedvoid, andhence , = 1. For the 2-sphere(hollow
ball), the Betti numbersare o = 1, ; = 0;and , = 1
All higherBetti numbersarezeroin bothcases.

0.3 Persistenthomologygroups

Ideally, we would like to identify the most signi cant
topologicalfeaturesof a simplicial complex — the biggest
connectedccomponentsthe largestholes, and the largest
voids. At intermediatdevels of growth, we would like to
identify thosefeatureghatarepersistent-i.e.it takesalong
time for themto disappeaoncethey appearEdelsbrunner
LetscherandZomorodiar{10] havede nedthepersistence
of anon-boundingycle asameasuref its life-time in the
Itration. For eachnon-boundingcycle, they identify two
simplexes¥4 and¥ thatrespectiely createanddestoythe
non-boundingycle in thefaceof the Itration. Theindex-
basedpersistencef this featureis denedasj j ij 1
Alternately thebirth timesof thetwo simplexesin question
canbenoted(t; andt;), andthetime-basecpersistencef
thefeatureis de nedast; i t;. To measure¢helife-time of
anon-boundingcycle, we nd whenits homologyclassis
createcAndwhenits classmeigeswith theboundarygroup.
For our purposeswe found that the time-basedper
sistencesare more accurate.The birth time of a simplex
representshe size (in termsof the radiusof the balls) at
which it becomespart of the simplicial comple in que-
stion. Using the geometricdistanceginsteadof indicesin
the Itration) provedbetterfor the purposeof capturingthe
topologicalfeaturesandtheir relative sizes.



