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Abstract We develop an objectiv e characterization of protein structure baseden-
tirely on the geometry of its parts. The three-dimensional alpha complex
¯ltration of the protein represented as a union of balls (one per residue)
captures all the relevant information about the geometry and topology
of the molecule. The neighborhood of a strand of contiguous alpha car-
bon atoms along the back-bone chain is de¯ned as a \tub e" which is
a sub-complex of the original complex that has been sub-divided. We
then de¯ne a retraction for the tub e to another complex that is guar-
anteed to be a 2-manifold with boundary. We capture the topology of
the retracted tub e by computing the most persistent connected compo-
nents and holes in the entire ¯ltration. A \motif " for 3D structure is
characterized by the number of persistent 0- and 1-cycles,and the rela-
tiv e persistencesof these cycles in the ¯ltration of the \tub e" complex.
These motifs represent non-random, recurrent, tertiary interactions be-
tweenparts of the protein back-bone chain that characterize the overall
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structure of the protein. A basis set of 1300 motifs are identi¯ed by
analyzing the alpha complex ¯ltrations of several proteins. Any test
protein is represented by the number of times each motif from the basis
set occurs in it. Preliminary results from the discrimination of protein
families using this representation are provided.

Keyw ords: Protein structure, simplicial complexes, homology groups, topological
persistence.

Structural Similarit y Bet ween Proteins

Understanding the similarities and di®erencesbetweenprotein struc-
tures is central to the study of connectionsbetweenthe sequence,struc-
ture, and the function of the proteins, and also for detecting possible
evolutionary relationships. With the number of proteins with known
structures currently exceeding25,000 [PDB, ], and rapidly increasing
by the day, the needfor reliable and automated methods for structural
comparison has never been greater. Various techniques for structural
comparison have emerged,ranging from those which try to match the
geometric coordinates of the back-bone [Taylor and Orengo, 1989], to
those which usevector approximations to secondarystructure elements
[Mitc hell et al., 1989, Grindley et al., 1993]. Then there are domain-
based methods, which try to classify proteins based on the units of
structure (or domains) that they contain. Even though there is no ex-
act de¯nition available, a structural domain is usually consideredas a
compact and semi-independent unit of a protein, which consists of a
small number of contiguous segments of the peptide chain, and forms a
structurally \separate" region in the whole three-dimensionalstructure
of the protein. Widely usedstructural databasessuch asSCOP [Murzin
et al., 1995], and CATH [Orengo et al., 1997] have been constructed
using domain-basedapproaches. On the other hand, one of the most
successfulautomated classi¯cations of proteins usesconceptsfrom knot
theory to reproduce the classi¯cation provided by the CATH database
with a high degreeof accuracy.

This chapter is organized as follows. We review the main features
of the SCOP database in Section 1. A brief description of the knot
theory-basedclassi¯cation follows in Section 2. The drawbacks of these
methods which motivated our line of research are outlined. We provide
the necessarybackground material on alpha shapes and homology in
Section 3. The de¯nition of the neighborhood of a strand in a protein
is given in detail in Section 5. We outline the algorithm used to char-
acterize the topology of these neighborhoods in Section 6. Finally, we
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describe the salient features of the structural motifs that characterize
theseneighborhoods in Section 8.

1. THE SCOP DATABASE

The Structural Classi¯cation of Proteins (SCOP) databaseis a com-
prehensive ordering of all proteins of known structure according to their
evolutionary and structural relationships. A fundamental unit of clas-
si¯cation in this database is the protein domain. A domain is de¯ned
as an evolutionary unit observed in nature either in isolation or in more
than one context in multi-domain proteins. All Protein domains are
hierarchically classi¯ed into families, super-families, folds, and classes.
The method usedto construct this classi¯cation is essentially the visual
inspection and comparisonof structures. Any useof automatic tools in
this processis aimed only at making the task manageable. The SCOP
databasecould be consideredas containing the most accurate and use-
ful results on protein structure classi¯cation. Recent updates of the
database[Conte et al., 2002]reported the intro duction of integer identi-
¯ers for each nodein the hierarchy (called sunid), and a newsetof concise
classi¯cation strings (called sccs). There is also an initiativ e [Andreeva
et al., 2004]to rationalize and integrate the SCOP information with the
data about protein families housed by other prominent sequenceand
structural databasessuch as InterPro [Mulder et al., 2003],CATH, and
others.

The classi¯cation in SCOP is doneon four hierarchical levels{ family,
super-family, common fold, and class. These levels embody the evolu-
tionary and structural relationships betweenthe domains. Proteins that
have at least 30% sequenceidentit y are classi¯ed into the samefamily.
In addition, proteins that have lower (than 30%) sequenceidentit y, but
whosefunctions and structures are very similar , are also classi¯ed into
the samefamily. Families, whoseproteins have low sequenceidentities,
but whose structures, and in many cases,functional features suggest
that a common evolutionary origin is possible,are grouped into super-
families. In the next level of hierarchy, super-families and families that
have some major secondary structures in the same arrangement with
the sametopological connectionsare de¯ned to a have commonfold. Fi-
nally, for the convenienceof users,di®erent folds have beengrouped into
classes. Most folds are assignedto one of the following ¯v e structural
classesbasedon their secondarystructure composition -

1 all alpha (when the structure is mainly formed by ®-helices),

2 all beta (when the structure is mainly formed by ¯ -sheets),
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3 alpha and beta (when ®-helices and ¯ -strands are largely inter-
spersed),

4 alpha plus beta (when ®-helicesand ¯ -strands are largely segre-
gated), and

5 multi-domain (for which no homologuesare known as of now).

In the latest version of SCOP (2004), the multi-domain class is fur-
ther subdivided into seven classes,thus giving a total of eleven classes.
The CATH databaseassignsto proteins a unique Class, A rchitecture,
T opology, and a H omologicalsuper-family. The methodsusedto achieve
theseassignments are similar to those employed in SCOP.

2. KNOT THEOR Y-BASED CLASSIFICA TION

In 2003, R¿genand Fain [R¿genand Fain, 2003] intro duced a novel
method of looking at, analyzing, and comparing protein structures that
used the conceptsfrom knot theory. The topology of a protein is cap-
tured by 30numbersinspired by Vassilievknot invariants. A measurefor
the similarit y of protein shapes called the ScaledGaussMetric (SGM)
is created from these30 numbers. The protein back-bone is analyzedas
a curve in 3D space. The primary invariant calculated by the authors
is the writhing number of the curve. This invariant essentially measures
the self-linking of the curve which is the protein back-bone. The ¯rst
biological applications of this measurewere reported in the studies of
DNA structure. It is related to the linking number and twisting number
of two curvesby the Ca̧luga̧reanu-Fuller-White formula [White, 1969]:

Lk = Wr + Tw (1)

The formula applies to a narrow closedorientable ribb on in 3D space.
Here,Lk is the linking number of the two boundary curvesof the ribb on,
Wr is the writhing number of the central spine, and Tw is the twist-
ing number of the two boundary curves. For a protein, the back-bone
plays the role of the spine, and it is naturally oriented by the residue
numbering order. Now imagine projecting the ribb on onto a 2D plane
orthogonal to a randomly chosendirection. The curvesde¯ning the rib-
bon will seemto cross each other at certain locations in the plane of
projection. Depending on the orientation of the two curve segments and
the over-under relationship at each crossing, we assign a +1 or a ¡ 1
to the crossing. The linking number Lk counts the sum of the signed
crossingsbetween the two boundary curves, divided by two. This sum
is independent of the direction of projection. The writhing number Wr
counts the sum of the signedself-crossingsof the ribb on's spine,now av-
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eragedover all projections. Finally, the twist Tw is a torsion-dependent
term that measureshow much one boundary curve intertwines with the
other.

If we add up the unsigned individual contributions to the writhe, we
obtain the (unsigned) averagecrossingnumber. A family of structural
measurescould be constructed using the writhe and the averagecross-
ing number as the building blocks. The authors found it su±cient to
compute 30 such measuresfor the purpose of structural classi¯cation.
Thus each protein is mapped to R30 space. Based on this mapping,
the Euclidean distance between two points (or proteins) is de¯ned as
the Scaled Gauss Metric (SGM). Unlike the metrics de¯ned by most
other methods, SGM is a proper pseudo-metric - it has a zero element,
it is symmetric, and most importantly , it satis¯es the triangle inequal-
it y. The last property enablesus to usethe SGM to identify meaningful
intermediate and marginal similarities, and also to distinguish between
various degreesof similarit y. Another desirable property of the Gauss
metric is that it requiresneither structural nor sequential alignment be-
tweenchains, thus making the pair-wise comparison of proteins almost
instantaneous. The authors usedSGM to construct an automatic classi-
¯cation procedurefor the CATH2.4 database(they essentially clustered
the proteins basedon the SGM). They could accurately assignmore than
95%of the chains into the proper C(class),A(architecture), T(top ology),
and H(homologoussuper-family), ¯nd all new folds, and detect no false
positives.

Erdmann [Erdmann, 2003]builds on the ideas of R¿genand Fain in
using knot theory ideas for studying structural similarit y between pro-
teins. Supplementing the knot theory conceptswith ideasfrom geomet-
ric convolution, the author proposesa de¯nition of similarit y basedon
atomic motions that preserve local back-bonetopology without incurring
signi¯cant errors. Similarit y detection then seeksrigid body motions
able to overlay pairs of substructures, each requiring a substructure-
preservingmotion, without necessarilyrequiring global structural preser-
vation. This de¯nition has a very broad scope - one could talk about
the full rearrangement of one protein into another while preserving the
global topology, or about rearrangements of setsof smaller substructures
that preserve local topology, but not the global topology, all under the
sameframework.

The techniques for determining structural similarit y based on knot
theory conceptsprove to be by far the most e±cient, and at the same
time the most accurate method for assigning protein structure auto-
matically. Further, the ideas presented by Erdmann could be used to
develop an e±cient residue-wisestructural alignment schemethat might
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also be using the information from the structural classi¯cation. Results
are awaited on this particular problem. At the same time, there are
quite a few open questionsthat have beencreated by this work. There
are no intuitiv e interpretations of the Gaussintegrals except for the fun-
damental ones- the writhe and the averagecrossingnumber. It is also
unclear how theseGaussintegrals could be combined. Another question
to investigate would be the relative signi¯cance of these invariants.

In spite of the amazingsuccessin automatically classifying the CATH
databasewith a high degreeof accuracy, the Gaussintegrals method has
a major drawback. The problem of ¯nding protein domains is not ad-
dressedat all. A new structure coming to SGM will not be broken into
basic biologically and structurally signi¯cant pieces.From this point of
view, the most desirable method for determining structural similarit y
would be the one that identi¯es protein domains using their geomet-
ric and topological properties alone, and would naturally lead to the
construction of a pseudo-metric (similar to SGM), basedon the de¯ni-
tion of these domains, for measuring structural similarit y. Developing
a (residue-wise)structural alignment of proteins basedon such a classi-
¯cation would be the next step. With these aims in mind, we propose
the ideasfor a novel characterization of tertiary structural units in pro-
teins basedon their topological and geometric properties. In the next
section, we review the geometrical construction used as the framework
for analyzing protein structure, and the relevant topological de¯nitions
that will be usedin our analysis.

3. ALPHA SHAPES

An accurate representation of the protein molecule is a collection of
balls, one for each atom. The equivalent picture in 2D will be the union
of disks. Edelsbrunner et al. analyzed the geometry of a union of disks
in 2D as early as 1983 [Edelsbrunner et al., 1983]. The results for the
union of balls in 3D werepresented later by the author in [Edelsbrunner,
1995]. Let B denotea ¯nite set of balls (solid spheres)in R3. We specify
each ball bi = (zi ; r i ) by its center zi 2 R3 and its radius r i 2 R. The
weighted distanceof a point x from a ball bi and is de¯ned as the square
distance from the center of the ball minus the squareof the radius.

¼i (x) = kx ¡ zi k2 ¡ r 2
i (2)

The power Voronoi cell of a ball bi under the power distance is the set
of points that are at least as closeto bi as to any other ball in B ,

Vi = f x 2 R3 j ¼i (x) · ¼j (x); 8j g: (3)
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All Vi 's turn out to be convex polyhedra (seeFigure 1.1). The dual to
the power Voronoi diagram will constitute the weighted Delaunay trian-
gulation of B , and is the collection of the convex hulls of the centers of
those balls whoseVoronoi cells have a non-empty common intersection.

Figure 1.1. Power Voronoi diagram of the disks in 2D (left) and the corresponding
dual (weighted) Delaunay triangulation (righ t)

Edelsbrunnerand MÄucke [Edelsbrunnerand MÄucke, 1994]generalized
the construction of the Delaunay triangulation given above to consider
the dual of the power Voronoi diagram restricted to within the union
of the de¯ning balls. The Voronoi cells (3) decompose

S
B into convex

cells Ri =
S

B \ Vi = bi \ Vi . The dual complex records the non-empty
common intersection of thesecells,

K = f ¾¤ j
\

i 2 ¤

Ri 6= ;g ; (4)

where ¤ is a subset of the index set, and ¾¤ is the convex hull of the
centers of the balls with index in ¤. Equivalently , ¾¤ 2 K is the common
intersection of the Voronoi cells that have a non-empty intersection with
the union of the balls. The underlying space is the set of points contained
in the simplicesof K , and is denotedby jK j. In this context, the authors
refer to the underlying spaceas the dual shape of B . The concept is
illustrated in 2D in Figure 1.2. Notable is the special casewhere the
balls have non-empty pair-wise intersections, but have no (non-empty)
triple-wise intersections. In this case,K looks like the familiar ball-and-
stick diagram of a molecule. Each stick (which originally represents a
covalent bond in the molecule)represents the geometricoverlap between
two balls.

Now consider growing the balls continuously in time and studying
how their union changes. We set the weight of each ball bi as r 2

i + t at
time t and let t go from ¡1 to + 1 . Each bi haszeroweight at t = ¡ r 2

i
and negative weight, and henceimaginary radius, before that time. By
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Figure 1.2. The dual complex for the union of disks. The nine edgescorrespond to
pair-wise intersections and the two triangles correspond to the triple-wise intersections
of the clipp ed Voronoi cells of the balls

construction, the Voronoi cellsof the balls remain unchanged. It follows
that the dual complexesthat arise throughout time are sub-complexes
of the sameDelaunay triangulation. Also, the dual complexescan only
get larger in time. We use the square root ® =

p
t, as the index for

time varying sets. Under this convention, with r i = 0 (i.e. the ball is
originally a point), the radius of the ball bi at time t is ®. Denote by
B® the collection of balls and K ® the dual complex of B® at time t 2 R,
indexed by ®. We refer to K ® as the ®-complex and its underlying
spaceas the ®-shape of B . For small enough (large enough negative)
time, all radii are imaginary, and

S
B ® = ; . And for large enough

time, the dual complex of B® is equal to the Delaunay triangulation.
We thus obtain a sequenceof complexesthat begins with the empty
complex and endswith the Delaunay triangulation, ; µ K ® µ K ¯ µ D,
for every ¡1 < ®2 < ¯ 2 · + 1 . Since there are only ¯nitely many
simplices, there are only ¯nitely many sub-complexesof D that arise as
dual complexesduring the growth process.We refer to this sequenceas
a ¯ltr ation of the Delaunay triangulation, ; = K 1 µ : : : µ K m = D. We
illustrate the construction by showing three complexesin the ¯ltration
of the union of the disks in the plane in Figure 1.3. We de¯ne a function
j (®2) such that K ® = K i if i = j (®2) in order to translate between
continuous and discrete rank.
The Delaunay simplices can be sorted in the order in which they enter
the dual complex. De¯ne the birth time of a simplex ¾ 2 D as the
minimum time t = ®2

¾ such that ¾ 2 K ® for all ®2 ¸ t. Thus the
di®erencebetweentwo contiguous complexesin the ¯ltration consistsof
all simpliceswhosebirth-time coincideswith the creation of the second
complex,

K i +1 ¡ K i = f ¾2 D j ®2
¾ = j ¡ 1(i + 1)g (5)
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Figure 1.3. Three unions of disks and the corresponding dual complexes from the
¯ltration. The ¯rst complex consistsof only the vertices (as all the balls are disjoint).
The second complex is shown in red (same as the one shown in Figure 1.2). The
simplices shown in green get added in the third complex.

We represent the ¯ltration by sorting the Delaunay simplices by birth
time, and in case of a tie by dimension. Remaining ties are broken
arbitrarily . Every dual complex K i is a pre¯x of this ordering. Due to
the tie breaking rule, every such pre¯x is a complex, even if does not
coincide with a dual complex. This property of the ordering will be
crucial for the algorithm that we will use to compute the connectivity
of K i .

4. HOMOLOGY GR OUPS

We will use homology groups as an algebraic means to study the
connectivity of a topological space. The overview of the main concepts
presented herefollow mainly the treatment given in [Edelsbrunner,2002,
xIV.2]. Chapter 4 in [Giblin, 1981] presents an easy to read discussion
of the samesubject. Roughly speaking, for any given simplicial complex
K , there is one group denoted by H p(K ) in each dimension p with 0 ·
p · dim K , which measuresthe number of \indep endent p-dimensional
holes" in K .

We will call a set of k-simplices a k-chain. By de¯nition, the sum of
two k-chains is the symmetric di®erenceof the two sets.

c + d = (c [ d) ¡ (c \ d)

We de¯ne the boundary of a simplex ¾ as @¾ = f ¿ · ¾j dim ¿ =
dim ¾¡ 1g. The boundary of chain is the sum of the boundaries of its
simplices,@c =

P
¾2 c @¾. Two typesof chainsareparticularly important

for us: the oneswithout boundary and the onesthat bound. A k-cycle
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is a k-chain c with @c = 0. A k-boundary is a k-chain c for which
there exists a (k + 1)-chain d with @d = c. Ck is the set of k-chains
and (Ck ; +) is the group of k-chains. The zero of this chain group is
the empty set. Let Zk and Bk be the set of k-cycles and the set of
k-boundaries respectively. Then (Zk ; +) is a subgroup of (Ck ; +), and
(Bk ; +) is a subgroup of (Zk ; +).

The k-th homology group is the quotient of the k-th cycle group di-
vided by the k-th boundary group, Hk = Zk jBk . The size of Hk is a
measureof how many k-cyclesare not k-boundaries. If Zk = Bk , then
Hk is the trivial group consisting of only one element. Two k-cycles
are homologous if they belong to the same homology class, c » d if
c + d 2 Bk . Equivalently , c » d if there exists e 2 Zk+1 with d = c + @e.

The most useful parametersassociated with the homology groups are
their ranks, which have intuitiv e interpretations in terms of the con-
nectivit y of the space. Given a subset S of a group G, the subgroup
called the linear hull of S (lin S) consistsof all

P
ai x i , with x i 2 S and

ai 2 f 0; 1g. A basis is a minimal subset S that generatesthe entire
group, i.e. lin S = G. The rank of G is the cardinalit y of a basis. If the
group is the k-th homology group of a space,G = Hk , the rank is known
as the k-th Betti number of that space,and is denoted by ¯ k = rank Hk .
SinceHk = Zk jBk , we have

rank Hk = rank Zk ¡ rank Bk (6)

In general, the 0-th Betti number (¯ 0) is the number of connectedcom-
ponents. Similarly, ¯ 1 gives the number of independent tunnels, and
¯ 2 gives the number of independent (enclosed)voids in the space. For
example, considera torus. There is a single connectedcomponent, and
hence¯ 0 = 1. There are two independent tunnels - one running inside
the torus, and the other one is the hole in the middle. Hence ¯ 1 = 2.
There is only one independent closedvoid, and hence¯ 2 = 1. For the
2-sphere,the Betti numbers are ¯ 0 = 1; ¯ 1 = 0; and ¯ 2 = 1. All higher
Betti numbers are zero in both cases.

4.1. PERSISTENT HOMOLOGY GR OUPS

We will study simplicial complexesfor which ¯ i = 0 for i ¸ 2 (details
to follow in Section5). Ideally, we would like to identify the most signi¯-
cant topological featuresof such a complex - the biggestconnectedcom-
ponents and the largestholes. At intermediate levelsof growth, wewould
like to identify those features that are persistent { i.e. it takes a long
time for them to disappear once they appear. Edelsbrunner, Letscher,
and Zomorodian have formalized a notion of topological simpli¯cation
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within the framework of a ¯ltration of the complex [Edelsbrunner et al.,
2002]. They de¯ned the persistence of a non-bounding cycle as a mea-
sure of its life-time in the ¯ltration. For each non-bounding cycle, they
identify two simplices¾i and ¾j that respectively create and destroy the
non-bounding cycle in the face of the ¯ltration. Then, the persistence
of this feature is de¯ned as j ¡ i ¡ 1. For a simplicial complex K ` , the
p-persistent k-th homology group is de¯ned as

H`;p
k = Z`

k j (B`+ p
k \ Z`

k ): (7)

The p-persistent k-th Betti number of K ` is the rank of this homology
group - ¯ `;p

k = rank H`;p
k .

To measurethe life-time of a non-bounding cycle, we ¯nd when its ho-
mology class is created and when its class mergeswith the boundary
group. We will defer the description of the method for computing the
topological persistencestill later. Now we addressthe main issuefacing
us { how to de¯ne a simplicial complex that captures the geometry of
three dimensional structural units of proteins, such that we could use
the tools described above to characterize its topology?

5. DEFINITION OF NEIGHBORHOOD

The seriesof ®-complexesin the ¯ltration of the Delaunay triangula-
tion of the protein carries all the information about the geometry of the
molecule. Using the ¯ltration asa framework, we can analyzestructural
units or parts that could be characterizedbasedon their topology, hence
leading to the de¯nition of domains (or structural motifs). To simplify
the treatment, we considerone C® atom1 per residueinstead of looking
at the all-atom model. The local structure in proteins is captured by
de¯ning the neighborhood of each C® atom and each consecutive C®-C®
edgeas the links of the respective simplicesin the ®-complex of the pro-
tein at any ®-level. We will needcertain de¯nitions to achieve this task.
The notation usedis the sameas that given in [Edelsbrunner, 2001].
Let K be a simplicial complex. The closure of a subset L µ K is the
smallest sub-complexthat contains L.

Cl L = f ¿ 2 K j ¿ · ¾2 Lg (8)

1The reader should be careful not to confuse the ® used in the context of an alpha carbon
atom, with the ® used in the context of an ®-complex.
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The star of a simplex ¿ consistsof all simplices that contain ¿, and the
link consistsof all facesof simplices in the star that do not intersect ¿.

St ¿ = f ¾2 K j ¿ · ¾g (9)

Lk ¿ = f ¾2 Cl St ¿ j ¾\ ¿ = ;g (10)

The star is generally not closed,but the link is always a simplicial com-
plex. Given any ®-complex K i , we de¯ne the link of each vertex (or C®
atom) and each back-bone edgeas follows [Giblin, 1981,pg. 111].

Lk (v0) = f v1 j (v0v1) 2 K i g [ f (v1v2) j (v0v1v2) 2 K i g [
f (v1v2v3) j (v0v1v2v3) 2 K i g

(11)

Lk (v0v1) = f v2 j (v0v1v2) 2 K i g [ f (v2v3) j (v0v1v2v3) 2 K i g (12)

In words, the link of a C® atom consistsof all other C® atoms that form
an edgewith it, and all other C®-C® edges(not necessarilyconsecutive)
that form a triangle with it, and all other triangles of three C® atoms
that form a tetrahedron with it. The link of a back-bone edgecan be
interpreted similarly. In Figure 1.4, We illustrate these de¯nitions in
two dimensions.

Naturally , the links de¯ned above will grow as the ®-complex grows.
We can study the connectivity of the links of C® atoms (and C®-C®
edges)by ¯nding the homology groupsof the links, and observe how the
connectivity changeswith the growth of the ®-complex. We mention
here that the ranks of the homology groups of the C® and C®-C® links
show speci¯c patterns of variation when we run down an ®-helix or a
strand in a ¯ -sheet. Such patterns can be used to characterize speci¯c
structural domains. The drawback with this approach is that the vertex
and edgelinks provide only \lo cal" information. We now describe how
we combine a seriesof back-boneC® links and C®-C® links to e®ectively
capture the neighborhood of a strand, thus providing important non-
local information.

5.1. LINK OF A BA CK-BONE STRAND

We denote a contiguous strand of back-bone residuesand the inter-
mediate edgesby S. Formally, a strand of n residues(C® atoms) and
n ¡ 1 back-bone edgesis de¯ned as the sequenceof vertices and edges
given by S = f v1; e1; v2; : : : ; vng, wherevj +1 = vj + 1 and ej = (vj ; vj +1 )
for 1 · j < n. The link (or the boundary of neighborhood to be exact)
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Figure 1.4. Alpha-complex in 2D with the back-bone shown in red. Link (shown in
black) of a residue shown in green (left ¯gure), and that of a back-bone edgeshown
in green (righ t ¯gure).

of such a strand in an ®-complex K i is de¯ned as follows.

Lk (S) =

Ã
[

v2 S

Lk (v)

!

n

Ã
[

v2 S

St v

!

(13)

where Lk (v) and Stv are as de¯ned in (11) and (9) respectively. By
construction, the union of the links of all the vertices in S will include
the links of the back-bone edgesconnecting them. The aim of de¯ning
the link of a strand in this way is to capture the non-trivial interactions
of the strand with other parts of the protein. This is alsothe reasonwhy
we remove the elements of the star of each vertex in S from the union
in (13). In practice, we are in fact even more careful in removing such
\trivial" contacts (or interactions). For the strand S as de¯ned above,
it is natural to expect v0 to be included in the link of S, as the back-
bone edge e0 = (v0; v1) will be part of the ®-complex, for su±ciently
large ®. This observation follows from the fact that the consecutive
C®-C® edgesare among the smallest edgesthat appear in the Delaunay
tessellationof the wholeprotein. Similarly, onewould expect vn+1 alsoto
be included in Lk (S). Hence,we usually modify the link of S as follows:
Lk (S) = Lk (S) n S0, where S0 = f v0; e0; en+1 ; vn+1 g. We illustrate the
link of a strand in two dimensionsin Figure 1.5.

The link Lk (S) is de¯ned for each ®-complex K i . By construction,
Lk (S) will itself be a simplicial complex. We denotethe link of S de¯ned
for K i by Lk i (S). One can naturally considera ¯ltr ation of the link of S
de¯ned for the ¯nal Delaunay triangulation D (denoted by Lk D (S)), in
the form ; = Lk 1(S) µ ¢¢¢µ Lk m (S) = Lk D (S). Now we can observe
the changesin the connectivity of Lk i (S) as the complexgrows. Speci¯c
patterns in the connectivity of Lk (S) as a function of growth (®) could
be usedto characterize various structural domains.
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5.2. FR OM LINK TO \TUBE"

The de¯nition of the link of a strand given in (13) e±ciently cap-
tures all tertiary interactions madeby the strand with other parts of the
protein. The topology of the link will indeed be characteristic of these
interactions. Nevertheless,there is a drawback with with this de¯nition.
Consider a strand that forms little or no contacts with the rest of the
protein. The link de¯ned in (13) will possibly be empty in this case.
Isolated regions in the protein moleculewhere the strand merely bends
on itself could typically lead to such a situation. The illustration in 2D
shown in Figure 1.5 in fact displays such a strand. The strand of four
residues (and the three intermediate back-bone edges) appears to be
bending on itself. This information is not provided by the link (shown
in black), as the interactions that de¯ne the link are located only at the
endsof the strand.

We propose the idea of de¯ning the neighborhood of the strand in
the form of a \tub e" around it. Imagine a tube that has the back-
bonechain running through its center. If we thicken the tube uniformly,
the parts of the tube around the strand in question would come into
contact with the surface of the tube around other parts depending on
the interactions between the strand and the other parts of the protein.
In the casewhere the strand doesnot form any interactions with other
parts, the tube around it will also be isolated. At the sametime, the
tube would touch itself if the strand bendson itself, thus allowing us to
characterize domains of this type. In order to implement this idea, we
need to modify the representation of the simplicial complex. Consider
a residuev0 that is present in the link of the strand becauseit forms an
edgee = (v; v0) with a vertex v in the strand. Instead of adding v0 to the
link, we now intro duce a new vertex at the mid-point of the edgee, and

Figure 1.5. Link (shown in black) of a back-bonestrand (shown in green), consisting
of four residuesand the three intermediate edges,in the dual complex of the union of
disks in 2D. Note that the link shown here is the one before we remove S0 from the
union.
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add the new point to the link of the strand. We can extend this idea
to simplicesof higher dimensionstoo. In a way, we are \shrinking" the
original link towards the strand to de¯ne the \tub e" around it. Since
the new vertex added is not in S or S0, the tube might be non-empty
even when the link is possibly empty due to v0 2 S or v0 2 S0.

Formally, we perform a barycentric subdivision of the original alpha
complex K i . As the name suggests,we subdivide every edge in the
middle. Every triangle is divided into six smaller triangles by drawing
the medians. The division of tetrahedra can be understood in a similar
fashion. This construction is usedin the classi¯cation of closedsurfaces
[Giblin, 1981,Chap. 5]. In general,givena simplicial complexK ½ Rn , a
subdivision of K is a simplicial complexK 1 ½ Rn with the property that
jK 1j = jK j, and given ¾1 2 K 1, there exists ¾2 K such that ¾1 ½ ¾.
Thus, the simplices of K 1 are contained in the simplices of K , but K 1

and K triangulate the samesubset of Rn . The barycentric subdivision
is one type of a subdivision. The barycentric subdivision of a simplex ¾
could also be de¯ned as the complex obtained by adding the barycenter
(or centroid) of ¾as a new vertex, and connecting it to the simplices in
the barycentric subdivision of the faces[Edelsbrunner,2002,SeeExercise
I I.8]. Sincewe are working with proteins, consecutive C® atoms in the
chain form the closestinteractions. All other interactions, including the
tertiary contacts that we are trying to characterize, will appear in the
®-complexonly after the back-boneedges.Hence,we modify the generic
barycentric subdivision so that the back-bone edgesare not subdivided.
Figure 1.6 illustrates the proposedbarycentric subdivision for proteins
in 2D.

Figure 1.6. Barycentric subdivision of a triangle. The edge on the left (in green)
is a back-bone edge and hence is not subdivided. One new point is added in the
middle of the other two edges,and two new edgesare added from this new point to
the original vertices in each case. A third point is added at the barycenter of the
original triangle, and ¯v e new edgesconnecting this central point to the other points
are added. Finally , the ¯v e smaller triangles are added in the interior.
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Given the barycentrically subdivided complex K i
B S of the ®-complex

K i , we apply the de¯nition of the link of strand S given by (13) on K i
B S.

The de¯nitions of vertex and edgelinks (11) and (12) are alsoapplied on
K i

B S. The link that results from this procedure constitutes the \tub e"
of S. As illustrated in Figure 1.7, the tube carries all the required infor-
mation, and will not be empty like the link de¯ned earlier. As we had
seenearlier, a ¯ltration of the ¯nal tube around S can be maintained at
each index of growth ®. We can now study the topological connectivity
of the tube around the strand as the complex grows. Patterns observed
hencecould be usedto objectively de¯ne tertiary structural domains in
proteins.

Figure 1.7. Barycentric subdivision of the original complex (left) and the \tub e"
(shown in black) of the strand (in green), now de¯ned on the subdivided complex.

5.3. A RETRA CTED TUBE

A ¯nal step of geometric modi¯cation needsto be performed on the
tube. Once again, strands that bend on themselves motivate the pro-
posedchange. As we have seen,the tube around the strand might touch
itself at places. In this process,one or more simplices in the tube com-
plex get identi¯ed with certain others. It is desirableif we could actually
create a copy of any such simplex, and pull the copy just away from the
original simplex, such that tube is not self-intersecting any more. The
critical point in performing such a duplication is that we do not desire
to alter the (topological) connectivity of the tube in this process.If we
could achieve this goal, we would be left with an object that is topologi-
cally much nicer to handle than the original tube, but at the sametime,
it carries the exact connectivity information as before.

We achieve this goal by retracting the original tube closer towards
the strand S in the following way: every vertex in the tube that forms
an edgewith a residue in S is retracted half-way towards the residue.
This step automatically retracts every triangle in the tube that forms
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a tetrahedron with a residue in S. The caseof an edge in the tube
that forms a tetrahedron with a back-bone edgein S is a little tric ky.
Retracting the former edgehalf-way towards the edgein the strand will
generatea trapezium. We subdivide this trapezium into two triangles
to make sure that the complex is triangulated. By construction, it can
be seen that this trapezium will lie in a plane, and hence it can be
triangulated by adding either one of its two diagonals. The advantages
of this transformation are illustrated in Figure 1.9.

��

��

��

��

�	


�

�


Figure 1.8. Barycentric subdivision modi¯ed so that the retraction can be de¯ned.
Notice that all edges that have one vertex (end-point) as one of the residues are
subdivided. Additional edgesare added to triangulate any trap ezium that gets added,
as it happens here near the back-bone edgeon the left.

With this additional simpli¯cation, the tubewill always bea 2-manifold
(or a surface) with boundary [Henle, 1979, x22], or a collection of dis-
joint 2-manifolds with boundary. In addition, the transformation of the
tube described above can be shown to be a strong deformation retrac-
tion [Munkres, 2000, x55]. These properties will be important for the
method that we will employ in Sections6 to calculate the ranks of ho-
mology groups as well as their topological persistences.

6. COMPUTING THE PERSISTENCES

We now turn our attention towards the identi¯cation of the topo-
logically persistent features of the tube complex. Our task is to pair
the positive and negative simplices in the ¯ltration of the tube complex
such that each pair represents the life-time of a non-bounding cycle. For
0-cycles,we achieve this pairing while maintaining the UNION-FIND
data structure [Cormen et al., 2001, Chap. 22]. When a negative edge
comesinto the ¯ltration, we pair it with the youngervertex (of the two)
if that is unpaired yet. If not, we pair the edgewith that vertex in the
set to which the younger vertex belongsto, which is the oldest (i,e. has
the lowest ®-rank). At any point, each set is identi¯ed by the oldest
unpaired vertex in that set.
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Figure 1.9. Retracted \tub e" of the strand with four residues (left), and the tub e
for the strand if we add the residue in the middle of the complex to the strand (righ t),
both shown in magenta. The links de¯ned earlier without retraction will be the same
for both the strands (shown in black dotted lines).

The construction of the tubeensuresthat all triangles in the tubecom-
plex are negative. Also, the tube complex will be a surface(2-manifold)
with boundary, or a set of disjoint surfaceswith boundary. Under these
conditions, we can make useof the dual relationships betweenthe nega-
tiv e triangles and the positive edgesthat create the 1-cycles. We main-
tain a UNION-FIND for ¯ 1's in the following way. The ¯ltration is
traversedin the reverseorder of time. For each (negative) face, we add
a SINGLE SET. Then, for each positive edgethat comesin, we do the
pairing just as in the caseof ¯ 0's, but taking care of the fact that the
time scaleis reversednow.

Edelsbrunner et al. [Edelsbrunner et al., 2002] achieve the pairings
in all dimensionssimultaneously by performing a cycle search algorithm
on a linear array, which acts similar to a hash table [Cormen et al.,
2001,Chap. 12]. This algorithm works for any simplicial complex (need
not necessarilybe a surface with boundary) and has a running time
of at most O(m3), where m is the total number of sub-complexesin
the ¯ltration (or the maximum ®-rank). The authors do suggestelse-
where, though, that the pairings can be achieved in near-linear time for
the simpler caseof surfaces,by appropriately modifying the incremental
algorithm [Del¯nado and Edelsbrunner, 1995]for calculating Betti num-
bers. They have also provided the idea of using the dual graph to label
faceswhen running the incremental algorithm. Borrowing these ideas,
we achieve the pairings in almost constant time by using weighted merg-
ing for the union and path compressionfor ¯nd. Under theseconditions,
the amortized time per operation is O(A ¡ 1(m)), where A ¡ 1(m) is the
inverse of the Ackermann function, which grows very slowly [Cormen
et al., 2001,Chap. 22].
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Care needsto be taken when treating the positive boundary edges
while performing the union-¯nd for the dual graph. We add a dummy
dual vertex to represent the external spaceand assignit the dual rank
of zero. A positive boundary edgein the original complex will create a
dual edge that connects the dual vertex corresponding to the triangle
boundedby the positive edgeand the dummy external vertex. For a few
of these dual edges,it will happen that the dual vertex (corresponding
to the triangle) as well as the external dummy vertex will both have
beenpaired already. We treat such edgesas special cases,and record a
pairing between the dual edgeand the external vertex. We call such a
pairing a forced pairing . The number of forced pairings will be equal to
the ¯ 1 of the fully grown complex under study.

We present the details of our pairing algorithm on the following page,
which is essentially a forward and a backward run of a modi¯ed incre-
mental algorithm [Del¯nado and Edelsbrunner, 1995]. We assumethe
sequenceof simplices ¾i for 0 · i < m is a ¯lter, and the sequenceof
sub-complexesK i = f ¾j j0 · j · i g, for 0 · i < m, is the correspond-
ing ¯ltration. Except in the caseof forced pairings, each set will have
one yet unpaired vertex, which will be the oldest in the set. The set is
represented by this vertex, and the rank of the set (denoted by r (U) for
set U) will be the rank of this vertex. We maintain two lists of pairings
- P0 and P1, for ¯ 0 and ¯ 1 pairs respectively. The UNION-FIND data
structure supports three operations:

FIND (u): return the representativ e vertex of the set that contains
vertex u.

UNION (u; v): substitute U [ V for U and V (represented by u
and v); r (U [ V ) = minf r (U); r (V )g.

ADD (u): add f ug as a new singleton set

Oncewehave the lists of paired simplices,wecancalculate the relative
persistenceof the feature represented by each pair (¾i ; ¾j ) as¸ ij = (j ¡ i ¡
1)=(m¡ i 0¡ 1), wherem is the maximum number of ®-ranks, and i 0 is the
rank at which the ¯rst simplex entered the tube complex. This measure
evaluates the relative life-time of each feature as comparedto the entire
life-time of the tube complex. We list the relative persistencesof ¯ 0's
and ¯ 1's in descendingorder. Choosing a cut-o® value for each of these
sets of relative persistences,we will be left with a ¯xed small number
N 0

¸ of ¸ 0
ij 's corresponding to the most persistent ¯ 0's, and N 1

¸ of ¸ 1
ij 's

corresponding to the most persistent ¯ 1's. We present the persistence
signature of the structural motif represented by the tube complex of the
strand S in question as
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Sign(S) = f N ¯ 0 ; N ¯ 1 ; ¸ 0
1; : : : ; ¸ 0

N ¯ 0
; ¸ 1

1; : : : ; ¸ 1
N ¯ 1

g (14)

Pairing Algorithm

list2 PAIRING ()
P0 = P1 = ; ;
for i = 0 to m ¡ 1 do

case¾i is a vertex u:
ADD (u); r (f ug) = i ;

case¾i is an edgeuv:
ur = FIND (u); vr = FIND (v);
if ur 6= vr

mark ¾i as negativ e
UNION (ur ; vr ); P0 = P0 [ ( argmaxf r (ur ); r (vr )g; ¾i );

else
mark ¾i as positiv e

endif
endfor
ADD (e); r (f eg) = 0;
for i = m ¡ 1 to 0 do

case¾i is a triangle (dual vertex u):
ADD (u); r (f ug) = m ¡ i ;

case¾i is a positiv e edge(dual edgeuv, dual rank m ¡ i ):
ur = FIND (u); vr = FIND (v);
if ur 6= vr

UNION (ur ; vr ); P1 = P1 [ ( argmaxf r (ur ); r (vr )g; ¾i );
else

P1 = P1 [ ( e;¾i );
endif

endfor
return( P0; P1);

7. A BASIS SET OF MOTIFS

In order to capture all the non-local neighborhoods in a protein,
we de¯ne the tube complex for a series of strands along the back-
bone chain Si for i = 1; 2; : : : , each of length jSi j = L . Here, Si =
f vi ; ei ; vi +1 ; : : : ; vi + L ¡ 1g. In other words, we slide a window of contigu-
ous residues (of length L) along the back-bone chain, and study the
neighborhood as de¯ned by the tube complex for each strand. The
lengths of L = 8 and L = 15 were chosen. The idea was to capture
short-range as well as relatively long-range motifs. As we are going to
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see,the diversity of the basismotifs is higher for a higher valueof L . The
particular valueswere chosenafter observing several protein structures
for structural units.

For every strand S, we derive the persistencesignature (14). The cut-
o®valuesfor ¯ 0 and ¯ 1 persistenceswerechosenas ¸ 0 = 0:43; ¸ 1 = 0:37
for L = 8, and ¸ 0 = 0:42; ¸ 1 = 0:35 for L = 15. We initially observed
all the relative persistencesfor each motif in several protein chains. The
cut-o®swere picked so that most signi¯cant topological features would
be included in the motif, and at the same time, the total number of
motifs to considerwould not be too large. A diverseset of 1143protein
chains was selected. In the ¯rst run, we identi¯ed all possiblerecurrent
motifs. A candidate motif from one of the chains was compared to all
the motifs already observed (as maintained in the set of motifs) with
the samenumber of persistent ¯ 0 and ¯ 1 (as denotedby N ¯ 0 and N ¯ 1 in
the signature (14)). If each relative persistencecomponent was within
an interval of 0.12 centered at the corresponding component of one of
the motifs in the set, the candidate motif was counted as an instance of
the particular motif. If not, the candidate motif was added to the set
as a new motif. The relative persistencesfor each motif was averaged
over all the instancesof the same. Care was also taken to ensurethat
adjacent similar motifs were not double counted. In several cases,the
neighborhood of the strand changesvery little when we slide it by one
or two residues.Thus we obtain repeatedoccurrencesof the samemotif,
which in fact should be counted as a single motif that is actually longer
than 15 residues. Hence we count a repeated occurrence of the same
motif only if we slide the strand by at least 3 residues.

We chose a lower cut-o® of 5 for the number of occurrencesof a
motif in the whole set of protein chains in order to include it the basis
set. In caseno motif with a particular (N ¯ 0 ; N ¯ 1 ) occurred at least 5
times, we grouped all of them with the most frequent one among them
(and averagedthe relative persistences).After thesesimpli¯cations, we
obtained a basis motif set of 361 motifs for L = 8 and 938 motifs for
L = 15. We discussthe salient featuresof thesestructural motifs in the
following section.

8. FEA TURES OF STR UCTURAL MOTIFS

Conventionally , one looks at the protein as being made of local units
such asalpha helicesand strands from beta sheetscombined together in
3D arrangements. Typical units of such combinations are distinguished
and given namessuch asa helix bundle, coiled-coil, or alpha-beta barrel.
In our analysis, the motifs characterize arrangements in the neighbor-
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hood of such a unit (strand). Hence, a 15-residueportion of an alpha
helix will form di®erent motifs depending on how the remaining parts
of the protein are arranged around it. The valuesof N ¯ 0 and N ¯ 1 range
from 0 up to 5 for the caseof L = 8, and from 0 up to 7 for L = 15.
The two basis sets of motifs cover almost all possible3D arrangements
of strands of the respective lengths in proteins.

Since¯ 0 measuresthe number of connectedcomponents (section 4), it
is straightforward to interpret N ¯ 0 can asthe number of most prominent
interactions that the strand makes with the other parts of the protein.
N ¯ 1 gives the number of most prominent holes in the ¯ltration of the
tube complex, but it is not as easyto seehow thesepersistent holesare
created. When there are two or more adjacent dominant contacts (or
interactions) of the strand with other parts, spacein between two such
contacts typically gives rise to a persistent hole in the tube complex.
The strand bending on itself usually givesrise to holes- for example, a
single turn of an alpha helix createsa hole in the tube complex. At the
sametime, depending on other tertiary interactions, the holes created
due to the strand making helix turns might not be highly persistent.
In other words, if we look at an isolated helical strand (which doesnot
interact with any other parts of the protein), the signi¯cant holesin the
tube complex are the onesdue to the helix turns. We illustrate these
observations by examining a few motifs in detail.
In Figure 1.10,wepresent instancesof two f 2; 2g motifs. For the instance
of motif 274, the strand appearsto make two helix turns and then starts
to bend on itself. There is signi¯cant interaction with two helical regions
and another strand lying around it. On the other hand, there seemsto be
two prominent interactions made by the strand in the instance of motif
287 with the beta strands on either side of it. The holesin this caseare
generateddue to the strand bending on itself at one end. One would
expect the holesin the latter case(of motif 287) to be lesspersistent than
those in the former case,and the ¯ 0 persistencesto follow the opposite
trend. The sets of persistencesshow these relationships clearly { for
motif 274, they are f 0:50960:4572gf 0:48990:4060g, and for motif 287,
they are f 0:66550:4490gf 0:39460:3681g.

It typically takes a lot of structure to produce motifs with high N ¯ 0

and N ¯ 1 . In the same line, strands that have limited interaction with
other parts usually give rise to smaller numbers. A straight strand (as
opposedto a helical one) lying on the outside of a protein (thus forming
limited contact with the rest of the protein) forms motifs with low N ¯ 0

and N ¯ 1 , as illustrated by the instance of the L15 motif 27 shown in
Figure 1.11. The strand interacts with itself and doesnot produce any
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Figure 1.10. Instances of L 15 motifs 274 (in 1BKR) on the left and 287 (in 3PRN)
on the right, both with N ¯ 0 = 2; N ¯ 1 = 2.

other signi¯cant contacts, thus producing a f 1; 0g motif. Similarly, the
instance of L8 motif 162 shown in the ¯gure produces loose interacts
with three other parts of the protein, thus providing a f 3; 0g motif.

The instance of the L15 motif 891 shown in Figure 1.12 depicts the
strand in the middle of several other portions of the protein, thus forming
persistent interactions and holesto give a high-numberedmotif (f 5; 3g).
A very interesting high-numbered L15 motif instance is also shown here
- that of the f 7; 0g motif 863. The strand appears to lie far from the
rest of the protein and seemsto forms very little interaction. In fact,
the tube complex will not becomesigni¯cant until the original alpha
complex (of the entire protein) is grown su±ciently . The long range
interactions appear at a later point of time (in the ¯ltration). Sincethe
lifetime of the tube itself is short, we get large relative persistences.One
could guessthat there is no chanceof a hole in the tube here as all the
interaction lies to one side of the strand. The end result is an instance
of a f 7; 0g motif.

We have analyzed instancesof all the motifs in detail. It is necessary
to view the motifs in 3D so that we could rotate the protein and clearly
seethe di®erent interactions involved. Visualizations are obtained using
the software package called VMD. The motifs corresponding to several
popular tertiary structural units (such ashelix bundle) have beenidenti-
¯ed. Given the choice of the relative persistencecut-o®sand the length
of the strand, we believe that thesemotifs provide a rigorous character-
ization of parts of proteins using their geometry and topology.
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Figure 1.11. Instances of L 15 motif 27 (in 1ICJ) with N ¯ 0 = 1; N ¯ 1 = 0 on the left
and L 8 motif 162 (in 1KUH) with N ¯ 0 = 3; N ¯ 1 = 0 on the right.

9. THE NEXT STEP - CLASSIFICA TION

The structural characterization developed by us will prove useful to
the biologist only when she could use the same to e±ciently classify
proteins, similar to the databasessuch asSCOP or CATH. The ultimate
goal is to establish a correspondencebetweenthe structural motifs and
the function of the proteins. We discusspreliminary progressmade in
this direction and provide ideasfor achieving thesegoals.

The ¯rst step towards developing a classi¯cation procedureis the def-
inition of a distancemetric betweentwo proteins basedon the structural
motifs that they consist of. We could collect the number of instances
of each L8 and each L15 motif in a particular protein. One would also

Figure 1.12. Instances of L 15 motif 891 (in 1EDE) with N ¯ 0 = 5; N ¯ 1 = 3 on the
left and L 15 motif 863 (in 1TMY) with N ¯ 0 = 7; N ¯ 1 = 0 on the right.
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expect the overall sizeof the chain given by the total number of residues
to be an important factor. While the counts of the individual motifs are
typically single-digit numbers, the number of residuesis more than 250
on an average. Henceit makessenseto divide the residuenumbers by a
factor of 100 and then include it with the individual counts to obtain a
1300-vector (from 938 L15 motifs, 361 L8 motifs, and the residuenum-
ber) that represents each protein. We could then calculate the Euclidean
distance or the 1-norm between two such vectors. We could naturally
think of a way to cluster proteins using such a distance metric.

To get an idea of the accuracy of this method, we consideredpairs
of proteins from three di®erent families [Cammer et al., 2000]{ nuclear
receptor ligand-binding domains,serineproteases,and G-proteins. Each
pair was distinct due to the function of the protein chains. The protein
pairs consideredwere (2PRG,1A28), (1A0L,1AZZ), and (1EFU,5P21)
from the three respective families. It was observed that there were cer-
tain motifs that occurred only in oneof the families { the L15 motif 770
(f 1; 6g) occurred only in 1A28, and the L15 motif 927 (f 6; 3g) occurred
only in 2PRG. We tried hierarchically clustering the six chains. The
¯rst family was clearly separatedfrom the rest, but the hierarchy was
not exact for the other two families. The distance metric used was the
1-norm.

As another preliminary experiment, we took a set containing ten
chains from the SCOP classa (all alpha) and ten chains from the SCOP
classb (all beta). A cluster analysiswasable to successfullygroup them
into two separatehierarchies, with just one chain being mis-classi¯ed.
A few more similar samples(of 20 chains with 10 each from classa and
classb) could be classi¯ed with an averageaccuracyof 80%.

In order to improve the accuracy of the method, it looks essential
to add someinformation about how the individual motifs interact with
each other. The order of the motifs along the back-bone chain could
also be helpful in making the method more e±cient. De¯ning when two
motifs are in contact might not be straightforward. One idea might be
to measurethe common area of intersection betweenthe corresponding
tube complexesbefore the retraction step. If the area is above certain
threshold, we could say that the two motifs are in contact at that par-
ticular level of growth. Another piece of information that could prove
discriminativ emight be the joint-occurrencesof pairs of motifs in various
proteins.
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