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1. Introduction. Suppose that A € M, (C) (the n-by-n complex matrices) is partitioned in
blocks as

A A12:|
A= 1.1
[Am Az (1.1)

and further assume that A;; is an invertible submatrix of A. Consider the matrix

[ (Aw)! —(A11) A
oo [A21(A11)_1 Az — A21(A11)_1A12} ’ (1.2)

which is known as the principal pivot transform (PPT) of A relative to 417 and is related to A as

follows: For every x = (2, 21)T and y = (yI,42)T in C" partitioned conformally to A,

A [ml] = {yl} if and only if B [yl} = [ml} .
T2 Y2 T2 Y2
The operation of obtaining B from A is encountered in several contexts, including mathematical

programming, statistics and numerical analysis, and is known by several other names, e.g., sweep
operator and exchange operator; see [11] for the history and a survey of properties of PPTs.

Our goal in this paper is to examine matrix properties preserved by principal pivot transforms, as
well as to identify mapping properties of PPTs among certain matrix classes. More specifically, in
Section 3 we consider, among others, the classes of (almost) P-matrices and (almost) N-matrices
that play a key role in the solvability of the linear complementarity problem and the study of
univalence for continuously differential maps from R™ to R"; see e.g., [5, 6, 10, 11]. These facts serve
as our motivation in investigating and classifying the Schur complements and the principal pivot
transforms of matrices in the matrix classes named above.

In Section 4, we examine preservation properties of PPTs regarding the ranks of the Hermitian and
skew-Hermitian parts for general matrices. Finally, in Section 5, we determine conditions for the
preservation of left eigenspaces by a PPT.

2. Global definitions, notation and preliminaries. This section contains material used
throughout this paper. Let n be a positive integer and A € M,,(C).

e (n) ={1,2,...,n}. For any a C (n) in ascending order, the cardinality of a is denoted by
|a| and its complement in (n) by & = '\ (n).
o Let v C (n) and 8 = {01, 52,..., Bk} C (|7]). Define the indexing operation [y]g as

Vg = {V8:15782> -+ s V8e} -

e Ala, ] is the submatrix of A whose rows and columns are indexed by «, 3 C (n), respec-
tively; the elements of «, 8 are assumed to be in ascending order. When a row or column
index set is empty, the corresponding submatrix is considered vacuous and by convention
has determinant equal to 1. We abbreviate A[a, o] by Ala].

o A/A[a] denotes the Schur complement of an invertible principal submatrix Afa] in A, that
is, A/A[a] = Ala] — Ala, a]Ala] " Ala, &].
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e o(A) denotes the spectrum of A.
The following fact about Schur complements is given in [1].

LEMMA 2.1. Let A € M,(C),a C (n), 8 C (|a|]) and 5’ = [a@]g. If both Ala] and Al U 3] are
tnvertible, then

A/Alau g = (A/A[a])/((A/Ala])[B))-

We shall also make use of the following (Schur-Banachiewicz) block representation of the inverse;
see, e.g., [9, (1.9)] or [4, Chapter 0, 7.3].

LEMMA 2.2. Given an invertible A € M,,(C) and a C (n) such that Ala] and Ala] are invertible,
A~ is obtained from A by replacing

Ala] by (A/A[a])7Y, Ale,a] by —Ala]~! Ala, a](A/Ala])
Ala,a] by (A/Ala]) " Ala, o]Ala]™t, and Ala] by (A/Ala])7t.

DEFINITION 2.3. Given a C (n) and provided that A[a] is invertible, we define the principal pivot
transform (PPT) of A € M,,(C) relative to « as the matrix ppt (A, a) obtained from A by replacing

Ala] by Ala]™t, Ala,a] by —Ala] Al ),
Ala,a] by Ala,a]Ala]™t, and Ala] by A/Ala].

By convention, ppt (4,0) = A and ppt (A, (n)) = A~L.

For convenience and without loss of generality, let us assume that o = (k) for some positive integer
k <, that is, A[a] is a leading principal submatrix of A € M,,(C); otherwise our arguments apply
to a matrix that is permutationally similar to A. In this regard, A;; = Aa] is an invertible leading
principal submatrix of A as in (1.1). Let B then be the PPT of A relative to A1; given in (1.2).
Considering the matrices

I 0 A Are
= d = 2.1
6= ] @0 = [ 7 =y
observe the following two basic decompositions of A and Bj; see [11, Lemma 3.4]:
B=C0;" and A=0C,+Cy—1. (2.2)

Finally, in Section 3 we shall use the following lemma.

LEMMA 2.4. Let A € M,,(C), a, 8 be proper subsets of (n) and B = ppt (4, «). Then the principal
minor det B[] satisfies the following:

(a) If B C a, then det B[3] = det A[3]*.
(b) If B C @, then det B[] = det (A/A[a])[3'], where 3 = [a]g)-
(c) If B=~UJ, where ) £~ C v and ) # § C @, then det B[S] = det A[d] / det A[7].

Proof. Cases (a) and (b) follow readily from the block form of the PPT in Definition 2.3. Suppose,
without loss of generality, that Ala] is a leading submatrix of A and that § is as prescribed in case
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Bi= | e 1) Laenio e ] = [ e

B

Notice that B is the outcome of adding multiples of the rows of A indexed by « to the rows of A
indexed by a@. As a consequence of determinantal properties and the block triangular form of B, we
have that

_ det A[d]

det B[B] = det B[] = ot Al

3. Schur complements and PPTs of positivity classes. We begin by defining the matrix
classes to be considered in this section:

o A e M,(C) is a P-matriz if all of the principal minors of A are positive.

o A e M,(C) is an almost P-matriz if all of the proper principal minors of A are positive
and det A < 0.

A € M, (C) is an N-matriz if all of the principal minors of A are negative.

A € M,(C) is an almost N-matriz if all of the proper principal minors of A are negative
and det A > 0.

A € M, (C) is an a-P-matriz, where « is a nonempty subset of (n), if all of the principal
minors of A are positive, except det Aa] < 0.

A € M, (C) is an a/a-P-matriz, where « is a nonempty proper subset of (n), if all of the
principal minors of A are positive, except det A[a] < 0 and det Aa] < 0.

We note in passing the availability of the algorithm MAT2PM! developed in [3], which allows one
to detect matrices in the above classes by computing and indexing (as efficiently as possible) all the
principal minors of a given matrix.

Next, note that as follows readily from definitions and determinantal properties, each one of the
classes of N-, P-, almost P- and almost N-matrices is invariant under transposition, permutation
similarity, signature similarity (i.e., similarity by a diagonal matrix all of whose nonzero entries are
+1) and diagonal scaling by positive diagonal matrices.

We proceed by reviewing properties of the Schur complements of these matrix classes as needed.
THEOREM 3.1. Let A € M, (C) and o C (n).

(1) If A is a P-matriz, then A/Alc] is a P-matriz.
(2) If A is an almost P-matriz, then A/Ala] is an almost P-matriz.
(3) If A is an N-matriz, then A/Ala] is a P-matriz for all nonempty o C (n).
(4) If A is an a-P-matriz, then the following hold for AJA[d]:
(a) If 6 = «a, then AJA[d] is an N-matriz.

IMATLAB® implementation linked at http://www.math.wsu.edu/math/faculty/tsat/cv.html
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(b) If 6 is a proper subset of o , then A/A[d] is an a-P-matriz.
(¢) If § C @, then A/A[S] is a P-matriz.

(5) If A is an almost N-matriz and « is a proper subset of (n), then AJA[a] is an almost
P-matriz.

Proof. Let A € M,(C), a C (n), 8 C {|@]), 8’ = [a]s and denote C = A/A[q].

First, recall a well-known property of Schur complements; see, e.g., [2]:
det A = det Ala] det(A/A[a]) = det Al det C. (3.1)
Also observe that from Lemma 2.1 and (3.1),

det(A/Ala]) = det(A/AlaUB]) det((A/A[a])[B]) = det(A/AlaU B']) det C[3]. (3.2)

The proofs of clauses (1)—(4) consist of repeated invocations of (3.1) and (3.2) relative to appropriate
index sets outlined below.

(1) If A is a P-matrix, then by (3.1) applied to a and o U (3, det C' > 0 and det(A/A[aU 5']) > 0,
respectively. Thus, by (3.2), det C[§] > 0. Hence C' = A/A[a] is a P-matrix.

(2) If A is an almost P-matrix, then as above, (3.1) implies that det C' < 0 and det(A/A[aUS']) < 0.
Thus, by (3.2), det C[5] > 0. Hence A/A[a] is an almost P-matrix.

(3) If A is a N-matrix, then (3.1) implies that det C' > 0 and det(A/A[a U 3’]) > 0. Thus, by (3.2),
det C[8] > 0. Hence A/Ala] is a P-matrix.

(4) Let A be an a-P-matrix, 6 C (n), v C (|6]) and v = [§],.

(a) If 6 = «, then from (3.1), det(A/A[d]) < 0. Also, (3.1) implies that det(A/A[6 U~']) > 0,
and (3.2) implies that det((A/A[a])[y]) < 0. Thus, A/A[4] is an N-matrix.

(b) If 6 is a proper subset of « , then from (3.1), det(A/A[d]) > 0. Notice that if 6 U+ = «,
then from (3.2), det(A/A[6 U~']) < 0 and det((A/A[0])[7]) < 0. If § U~" # a, then
det((A/A[d])[v]) > 0. Therefore, A/A[d] is an a-P-matrix.

(c) If 6 C &, then by (3.1), det(A/A[0]) > 0 and det(A/A[0 U~]) > 0. Thus from (3.2),
det((A/A[d])[v]) > 0. Therefore, A/A[d] is a P-matrix.

(5) If A is an almost N-matrix, then equation (3.1) implies that det C' < 0 and det(A/A[aUS']) < 0.
Now from the equation (3.2) det C[8] > 0. Thus A/A[a] is an almost P-matrix. 0O

The fact that PPTs preserve the class of P-matrices is a fundamental result which Tucker asserted
in [12] for real matrices. A proof of this result valid for complex matrices is provided in [11] from
where we quote the following theorem.

THEOREM 3.2. [11] Let a C (n). Then A € M, (C) is a P-matriz if and only if ppt (A, a) is a
P-matriz.

The next result is stated in [8]; we include a proof for completeness.

THEOREM 3.3. [8] A is an N-matriz if and only if A=" is an almost P-matrix.
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Proof. Let A be an N-matrix. By Lemma 2.2, every proper principal submatrix of A~! is the inverse
of a Schur complement of A. Thus, by Theorem 3.1 part(3), every proper principal minor of A~!
is positive. Also det A=! = (det A)~! < 0. That is, A~! is an almost P-matrix. The proof of the
converse is similar. O

Our next theorem extends the above result.

THEOREM 3.4. Let A € M, (C) be an almost P-matriz, o be a proper subset of (n) and B =
ppt (A, ). Then B is an a-P-matriz, namely, det(B[a]) < 0 and all other principal minors of B
are positive.

Proof. If a = (), we have that B = A is an almost P-matrix and thus has exactly one negative
principal minor, namely, det B < 0. If o # ), referring to the cases in Lemma 2.4 for B[], the
following hold: In case (a), det B[] > 0 since, by Theorem 3.2, A[a]~! is a P-matrix. In case (b),
by Theorem 3.1 part (2), if = @, then det B[] = det A/Ala] < 05 if § is a proper subset of @, then
det B[] < 0. In case (c), det B[] > 0 because proper principal minors of A are by assumption
positive. O

THEOREM 3.5. Let A € M,,(C) be an N-matriz, o # () be a proper subset of (n) and B = ppt (A, a).
Then B is an a-P-matriz, namely, det(Bla]) < 0 and all other principal minors of B are positive.

Proof. Since Ala] is an N-matrix, A[a]~! is an almost P-matrix by Theorem 3.3. Also, by Theorem
3.1 part (1), A/A[a] is a P-matrix. Consequently, referring to the cases in Lemma 2.4 for B[f], the
following hold: In case (a), det B[] < 0 if 8 = «, and det B[3] > 0 if § is a proper subset of «.
In case (b), det B[] > 0. In case (c), det B[] > 0 because proper principal minors of A are by
assumption negative. O

We proceed with the inverse and other PPTs of an almost N-matrix.
THEOREM 3.6. A € M,,(C) is an almost N-matriz if and only if A~! is an almost N-matriz.

Proof. If A is an almost N-matrix, det A= = (det A)~! > 0. Let a # () be a proper subset of (n).
By Lemma 2.2, assuming without loss of generality that A[a] is a leading principal submatrix of A,
we have

A1 (A/Ala])~ —Ala] ! Ala, a](A/Ala]) 7
—(A/Ala)) " Ala, o] Ala] ! (A/Ala])™!

By Theorem 3.1 part (5), A/A[a] and A/A[a] are almost P-matrices and by Theorem 3.3, (A/A[a]) ~*
and (A/AJa])~! are N-matrices. Thus all principal minors of A~! whose rows are indexed by a subset
of « or a subset of & are negative. Let now v # ) be a proper subset of o, § # () a proper subset of
a, and 8 = yU . Consider

0:7

)

I 0} A1 {(A/A[Oé])‘1 —Ala]™ A, 6] (A/A[a]) !
(A/Ala))" Ala, a]Ala] "1 A/Ala] I 0 A71/(A/Ala]) ™

whose principal minor det C[3] coincides with det A~![3] because C is obtained from A~! by adding
multiples of the rows indexed by a to the rows indexed by & We need to show that det C[3] < 0.
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By Lemma 2.2 applied to A~! as partitioned above, we have that A=!/(A/A[a])~! = A[a]~! which
is an almost P-matrix by Theorem 3.3. Also by Theorem 3.3, (4/A[a])~! is an N-matrix. Finally
notice that det C[8] = det C[y] det C[d] < 0, completing the proof. O

THEOREM 3.7. Let A € M,,(C) be an almost N-matriz, o be a proper nonempty subset of (n) and
B =ppt (A,«). Then B is an a/a-P-matric.

Proof. Since A is an almost N-matrix, A[a] is an N-matrix and by Theorem 3.3, A[a] ™! is an almost
P-matrix. Also, by Theorem 3.1 part (5), A/Ala] is an almost P-matrix. Referring to the cases in
Lemma 2.4 for B[], the following hold: In case (a), det B[] < 0 if 3 = «, and det B[3] > 0 if 3 is
a proper subset of a.. In case (b), det B[3] < 0 if 8 = a, and det B[] > 0 if 3 is a proper subset of
a. In case (c), det B[] > 0 because proper principal minors of A are by assumption negative. O

Our findings in this section are summarized by the diagrams in Figure 3.1. Let B = ppt (4, «). Note
that the PPT is an involution, namely, A = ppt (B, «a). Also ppt (B,a) = ppt (4,aUa) = A~ 1,
assuming all said PPTs and inverses exist; see [11]. As a consequence, Theorems 3.2, 3.4 and 3.5
provide, respectively, characterizations of P-, almost P- and N-matrices in terms of their principal
pivot transformations. This is reflected by dual directions in the first diagram. Also, by Theorem
3.7, when « is a nonempty proper subset of (n) and A is an almost N-matrix, then B is an «/a-P-
matrix. Therefore, ppt (B, a) is an almost N-matrix and by Theorem 3.6, ppt (B, a) = A~ is also
an almost N-matrix. This situation is depicted in the last diagram.

N-matrices ppt (4, @) a-P-matrices ppt (4, a) ! almost—P—matriccs|

k A~ = ppt (4, (n)) j
< P-matrices > < | almost N-matrices |
AL

ppt (A4, a)

| ppt (4, a) [ o/a-Pomate
almost N-matrices | | a/a-P-ma rlCCS’

& ppt (4,a) j

F1c. 3.1. Principal pivot transforms for A € M, (C), 0 # o C (n).

We conclude this section with some illustrative examples.
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EXAMPLE 3.8. Consider the N-matrix A and B = ppt (4, «), where a = {1,4}:

-1 -2 -2 -3 05 -2 -2 -15
-3 -3 -3 -3 0 3 3 3
A= -5 -3 -1 =2’ B= -15 7 9 65
-1 -2 -2 -1 -05 0 0 05

By Theorem 3.5, B is an a-P-matrix. Indeed, det Bla] = —0.5 < 0 and all other principal minors
are positive. Next consider the almost P-matrix C' and F = ppt (C, 8), where 8 = {1, 2}:

1/2 —2/3 0 1/2 6 8/3 4/3 1/3
C— -3/4 3/2 -1/2 -5/4 r_ 3 2 1 1
| 3/4 —7/6  1/2 1/4|° |1 -1/3 1/3  —2/3
-1/2 0 0 1/2 -3 -1/3 -2/3 1/3
By Theorem 3.4, F' is an a-P-matrix. Indeed, det F[a] = —.3333 < 0 and all other principal minors

are positive. Finally, consider the almost N-matrix X, as well as X ! and Y = ppt (X, ), where
v ={2,3}:

~1 4 -3 —0.0256  0.3077 —0.1795 -39 12 -7
X=|2 -2 -2/, x'=] 01282 -0.038 -01026|, Y=|-5 15 -1
—2 -4 -3 —0.1538 —0.1538 —0.0769 6 -2 1

By Theorem 3.6, X ! is also an almost N-matrix. Indeed, det X~! = 0.0128 > 0 and all other
principal minors are negative. By Theorem 3.7, Y is a 7/%-P-matrix. Indeed, detY[y] = —.5 < 0,
det Y[7] = —39 < 0 and all other principal minors are positive.

4. Rank of the Hermitian part of a PPT. The observations in this section are a general-
ization of results presented in [7] regarding almost skew-symmetric matrices. For any A € M,,(C),
write A = H(A) + K(A), where

A4 A A— A

H(A) 5 and K(A)= 5

are the Hermitian part and the skew-Hermitian part of A, respectively.

THEOREM 4.1. Let A € M, (C) such that Ala] is invertible for some oo C (n). Denote B =
ppt (A, ) and B = ppt (iA, ). Then rank H(B) = rank H(A) and rank H(B) = rank K (A).

Proof. Without loss of generality, let A[a] = A;; and A be partitioned as in (1.1). Consider the
multiplicative decomposition of B in (2.2) and the *congruence of B given by

C3BCy = C3C,C,1Cy = C; Ch. (4.1)
Observe also that

An+ Aj A+ A5

2H(C; C1) = G5 C1+C1Cy = Afy+ Agr Agp + A3,

= 2H(A). (4.2)
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By Sylvester’s law of inertia (see e.g., [4, Theorem 4.5.8]) the rank of a Hermitian matrix is preserved
by *congruence via an invertible matrix. Thus, since Cy is by assumption invertible, applying (4.1)
and (4.2), we obtain that

rank H(B) = rank H(C; C1) = rank H(A).
Finally, by the above proven result and since H(iA) =i K(A),
rank H(B) = rank H(iA) = rank K (A). O
ExXAMPLE 4.2. The principal pivot transform is not a rank preserving transformation. By the

above theorem, however, the rank of the Hermitian part is always preserved. To illustrate these
facts, consider « = {1,2} as well as

1 1 1 —1 1 -1
A=1(2 1 2 and B=ppt(4,a)=1] 2 -1 0
1 1 1 1 0 0

We compute rank A = rank H(A) = rank H(B) = 2 and rank B = 3. Note that the PPT is an
involution and so A = ppt (B, «). Thus B provides a full rank example whose PPT and Hermitian
parts have lower ranks. Next note that

i —1 —1
B=ppt(id,0)=|-2¢ 1 0
1 0 0

so that rank H(B) = rank K (B) = 2. Finally, note that the rank of the skew-Hermitian part is not
generally preserved by a PPT. This is easily illustrated by applying a PPT to a Hermitian matrix;
e.g., if

—0.8 1.2 -1
C=ppt(HA),a)=| 1.2 —-0.8 0f,
1 0 0

then clearly, rank K (H(A)) = 0 while rank K (C) = 2.

5. Preservation of left eigenspaces by a PPT. Generally, the spectrum and eigenspaces
of the principal pivot transforms of A € M, (C) are hard to track in relation to those of A; see
[11]. However, the nature of a PPT as a transformation of (right) domain-range pairs allows the
possibility that the transformation of the left eigenspaces be tractable. This possibility is examined
in this section.

Suppose that A is partitioned as in (1.1), where Ay; = Ala] is invertible and B = ppt (4, «).
Consider also the decompositions of A and B given in (2.1) and (2.2). We aim to explore when do
A and B share a left eigenvector, i.e., explore when there exist A\, u € C and nonzero z € C™ such
that

eTA= X x" and 2"B=px’ (x#0). (5.1)
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First, the situation regarding the eigenvalue —1 is straightforward.

OBSERVATION 5.1. —1 € o(A) if and only if —1 € o(B); the corresponding left eigenvectors are also
necessarily common to A and B.

Proof. The following equivalences ensue:
2TA= 2l = 2T(CL+Cy — 1) = -2

< l‘T(Cl + 02) =0

— .ITCl = —xTCQ

T

= 270,05 = —2

—z'B=-27. 0
Notice now that the occurrence of a common left eigenvector in (5.1) is equivalent to the equations
2T(CL+Cy— 1) =T and 27C) = pa” Cs. (5.2)
Eliminating #7C} in the first equation of (5.2), we get
2" [(14p)Co— (L +A)I] =0.
That is, every common left eigenvector of A and B must be a nonzero left nullvector of
F:=(1+4+pCy—(1+MNI (5.3)

Similarly, by eliminating 27 Cy from the second equation in (5.2), every common left eigenvector of
A and B must also be a nonzero left nullvector of

G:=Q1+p)Cr—pl+N1I (5.4)

Next we see that the existence of common left nullvectors of A and B force relations among the
corresponding eigenvalues, as well as among the spectra of the principal submatrices.

THEOREM 5.2. Let A € M, (C) be partitioned as in (1.1) with A11 = Ala] invertible and let
B = ppt (A, ). Suppose that T A = Xz and 27 B = pz™ for some nonzero x € C*. Then both of
the following statements hold:

O D=l o [ eoan)]
o [omael] o [HEN ]

Proof. (i) As argued above, if (5.1) and thus (5.2) hold, then z is a left nullvector of F in (5.3). It
follows that

A+ ) A = A+ NI (14 p)Ar
F{ 0 mwf}
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is singular. If X\ # p, then 1 + p # 0; otherwise, by Observation 5.1, A = —1 = u. Hence,

m € O'(All).

(ii) Similarly to part (i), £ must also be a left nullvector of the matrix in (5.4),

(1—pM)I 0
(I+p)Asr (14 p)Asp —p(L+NI|°

So, either 1 — X =0 or 1+ pu +# 0; in the latter case,

p(1+A)

Ago). 0
1+/14 60’( 22)

Next we describe the common left eigenvectors of A and B. To do so, by Theorem 5.2 part (i), we
only need to consider the following cases in (5.1):

Case (i) A =p.

If A = pu = —1, by Observation 5.1, the left eigenvectors corresponding to —1 coincide. So suppose
A # —1. Let 27 = (2% 21') be partitioned conformally to A. As x is a left nullvector of

1
— F=Cy—1
T+ 2

(see (5.3)), we have that

2TA =27 (=1c0(An))

(5.5)
m{Alg =0.
Similarly, as « is a left nullvector of
L Goc
1 T B\ — U1 nt,
we have
23 (A22 =A) =0 (= A= p€o(A))
(5.6)
(1 — )\)ZE{ + nggl =0.
14+
C i) —— Aqr).
ase (ii) T a € o(A11)

By (5.3) we have

I+mwAn —Q+N (1+p)An

(a1 73) 0 (uon1 | =00
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which implies that

(E{All = %.’E,{
(5.7)
vT Ap + %x% =0.
Similarly, from (5.4) it follows that
oy |(L+p)An —p(l+ )1 0
Ty T = (0 0),
(et 22) (1 + 1) Aoy (14 Ay — 1+ 01 ~ 00
which implies
x5 Agg = %Ig
(5.8)

o (1—pA) + (14 p)zd Ay = 0.

In fact, the analysis of the above two cases characterizes the common left eigenvectors of A and its
principal pivot transform as follows.

THEOREM 5.3. Let A € M, (C) be partitioned as in (1.1) with A1; = Ala] invertible and let
B = ppt (A, a). Recalling the two alternatives in Theorem 5.2 part (i), the following statements
hold:

(a) When A= pu # —1, A and B have a common left eigenvector x corresponding to A € o(A) and
w € o(B) if and only if (5.5) and (5.6) hold.

1
(b) When 1:::—)\ € 0(A11), A and B have a common left eigenvector x corresponding to X € o(A)
and p € o(B) if and only if (5.7) and (5.8) hold.

Proof. To prove part (a), first recall that if A and B have a common left eigenvector x corresponding
to A € 0(A) and p € o(B) with A = p, then (5.5) and (5.6) hold by our analysis in Case (i) above.
For the converse, if (5.5) and (5.6) hold and A = p, then 27 (Cy — I) = 0 and 27 (Cy — ul) = 0.
Therefore,

2TA= :CT(Cl +Cy—1I)= 2TCy = pat = \aT.
Also
+'B = :ET0102_1 = ,uxTCZ_1 =zt
as claimed. The proof of part (b) is similar. O
The following is a consequence of our discussion, in particular a consequence of the two cases above.

COROLLARY 5.4. Let A € M, (C) be partitioned as in (1.1) with A1 = Ala] invertible and let
B = ppt (A, ). Suppose that 2T A = \xT and 27 B = px™ for some nonzero x € C", where A\ # —1
(and thus p # —1). Then there exist o € 0(A11) and [ € 0(Aze) such that
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Proof. Recall that u # —1 since A # —1. By Theorem 5.2 part (i), we either have A = u, in which
case

% —1co(An) (cf (55)) and u% — € o(As) (cf (5.6))
or % € 0(A11), in which case
pir = e aldn) (ch (55)),
That is, in all cases,
= eoldn) and i € oldn)

from which the corollary follows readily. O

Corollary 5.4 does not hold for the eigenvalue A = = —1. As a counterexample consider
-1 0 0 -1 0 0
A= 2 1 1 and B=ppt(4,{1,2})=| 2 1 -1
1 1 3 1 1 2

Then —1 is an eigenvalue of A and B, sharing a common left eigenvector; however,

o(A[{1,2}]) = {-1,1} and o(A[{3}]) = {3}

and so the conclusion of Corollary 5.4 is not valid.

Acknowledgment. Our interest in the preservation of the left eigenspaces by a PPT was motivated
by a question posed to us by Volker Mehrmann.
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