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Abstract

We provide an algorithmic characterization of H-matrices. When A is an H-matrix,
this algorithm determines a positive diagonal matrix D such that AD is strictly row diago-
nally dominant. In effect, D is produced iteratively by quantifying and re-distributing the
diagonal dominance present in some rows of A to the non-diagonally dominant rows.
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1 Introduction

The H-matrices, defined below, arise in several applications of the mathematical sciences. The
class of H-matrices generalizes the widely studied classes of strictly diagonally dominant ma-
trices and of nonsingular M-matrices. In this note, we will introduce a simple algorithmic
characterization of H-matrices. We first need to recall the following definitions.

Let A = [a;;] € C™". We call A generalized (row) diagonally dominant if there exists an
entrywise positive vector = = [z}] € C" such that
lag;|z; > Z|Gz‘k|9€k (1€{1,2,...,n}). (1.1)
ki

This notion generalizes the notion of (row) diagonal dominance, in which x = e (i.e., the all
ones vector). In fact, if A satisfies (1.1) and if D = diag(z) (i.e., the diagonal matrix whose
diagonal entries are the entries of x in their natural order), it follows that AD is a diagonally
dominant matrix. If the inequality in (1.1) is strict for all ¢ € {1,2,...,n}, then we refer to the
dominance as strict.

We define next the comparison matriz of A, M(A) = [aj], by

o ‘a“‘ if’i:j
Y —lai;| if i # .

If A = M(A) and the eigenvalues of A have positive real parts, we call A a (nonsingular)
M-matriz. We say that A is an H-matriz if M(A) is an M-matrix. For details and numerous
conditions equivalent to being an M-matrix, the reader is referred to [4] and [1].

There are two further remarks we need to make, originating from well known facts about M-
matrices found in the aforementioned references. First, every H-matrix, as defined above, is
nonsingular. (We caution the reader that some authors define an H-matrix by what amounts to
requiring that the eigenvalues of M(A) have nonnegative real parts, thus allowing for singular
“H-matrices”.) Second, A is an H-matrix if and only if A is strictly generalized diagonally
dominant. Therefore, whether a given matrix A is an H-matrix or not is equivalent to whether
there exists or not a positive diagonal matrix D so that AD is strictly diagonally dominant.
Let us denote the set of all such positive diagonal matrices by D4 so that

A is an H-matrix if and only if Dy # 0.

Suppose for a moment that A is an H-matrix and let B = M(A), x € C" be an entrywise
positive vector, and y = B~'z. Then, as B~! is an entrywise nonnegative matrix (see e.g., [1,
Theorem 6.2.3]), y is also entrywise positive. It follows that D, = diag(y) € Da. However,
the computation of such a vector y can be a relatively intense numerical exercise since B~ is
involved.

In [2, Theorem 1], a sufficient condition is given for strict generalized diagonal dominance of
A € C™™. The proof of that result proceeds with the construction of a matrix D € Dy4.
However, the condition in [2] is not necessary. Moreover, the construction of D depends on
knowing a partition of {1,2,...,n} for which the sufficient condition is satisfied, making the
computational complexity prohibitive. Similar remarks are valid for the sufficient conditions
for H-matrices presented in [6] and [3].



In view of the preceding comments, we find ourselves in pursuit of another method for computing
a matrix in D4. Ideally, we want this method to be computationally convenient, and we also
want the possible failure of the algorithm to produce a matrix in D4 to signify that the input
matrix A is not an H-matrix. In other words, we are in pursuit of an algorithmic characterization
of an H-matrix, which can be effectively implemented on a computer. The algorithm described
in the following section has these features.

2 The algorithm

Henceforth, given a positive integer n we denote {1,2,...,n} by (n). Also, given a matrix
X = [z45] € C™" we use the notation

Ri(X) =Y |w| (i€ (n))
ki

and
Ni(X)={ie(n) : |ziy| > Ri(X)}, and Nz(X) = (n) \ N1 (X).

An algorithmic approach to computing a matrix in D4 was proposed in [5], where the columns
of the m-th iterate, A(™), are scaled by post-multiplication with a suitable diagonal matrix
diag(d). The entries of d € C" satisfy

g1 if i € Ny (A™)
T 1 if i € No(AM™),

Assuming that € > 0 is sufficiently small, and that A is an H-matrix, the algorithm produces
a diagonally dominant matrix. Thus the product of the intermediate diagonal matrices yields
a matrix in D4. The main drawback of this method is that the choice of ¢ may lead to a
large number of required iterations. Moreover, when it is not a priori known whether A is an
H-matrix, a possible failure of the algorithm to produce a matrix in D4 after a large number
of iterations cannot necessarily be attributed to the choice of e.

We will next introduce a different algorithmic procedure for the computation of a matrix in
Dy, in which the above drawbacks are addressed.

There are two cases where A is easily seen not to be an H-matrix. First, if A has no diagonally
dominant rows, then all the entries of M(A)e are nonpositive, violating the monotonicity
condition for M-matrices (see e.g., [1, Theorem 6.2.3]). It follows that A is not an H-matrix.
Second, if a diagonal entry of A is zero, then A is not an H-matrix since D4 = (). Consequently,
the algorithm below is designed to terminate (at step 1 - before any iterations take place) if
either of these cases occurs. Otherwise, it quantifies the diagonal dominance in certain rows of
the m-th iterate, A, by computing the ratios R;(A™))/ ]al(lm)\. Then the algorithm proceeds
to re-distribute the (collective) diagonal dominance among all rows by rescaling the columns of
A thus producing A1),

Algorithm H
INPUT: a matrix A = [a;] € C™" and any € > 0.
OUTPUT: D =DWDP D™ Dy if A is an H-matrix.



1. if Ny(A) =0 or a;; =0 for some i € (n), ‘A is not an H-matrix’,
STOP; otherwise

set A=A, DO=7, m=1
compute Alm) — g(m=1) p(m-1) _ [agn)]

if Nj(A™) = (n), ‘A is an H-matrix’, STOP; otherwise

g b w N

set d =[d;], where

g |—Ro(A(™) .
gio ) 1 e A i€ Ni(Al)
1 if i€ Ny(AM)

6. set D =diag(d), m=m+1; go to step 3

The theoretical basis for the functionality of Algorithm IH as a criterion for H-matrices is
provided by the following theorem and the two lemmata that precede its proof.

Theorem 2.1 The matriz A = [a;;] € C™" is an H-matriz if and only if Algorithm H termi-
nates after a finite number of iterations by producing a strictly diagonally dominant matriz.

Lemma 2.2 The Algorithm H either terminates or it produces an infinite sequence of distinct
matrices { A" = [az(;n)]} such that limy, \agn)] exists for all i,5 € (n).

Proof: Suppose that Algorithm H does not terminate, that is, it produces an infinite sequence
of matrices. Recall that this means N1(A) # () and a;; # 0 for all i € (n). For notational
convenience, we can assume that A = M(A) and that

all —al2 e —A1n
—anl a9 co. —ay
A= ",
—Qp1 —Aap2 ... Apn

where a;; > 0 and a;; > 0 for all 4,5 € (n). By the definition of d; in step 5, it readily follows
that for all i € N1 (A™), d; € (0,1) and also that

A g o AT A™) )

13

In other words, we have shown that

Ni(A) =Ny (AM) S Ny (AP C ... Ny(A™)y ... .



Consequently, there exists a smallest integer £ such that Nj(A®)) = N (AEFP) for all p =
1,2,... . Since Algorithm IH terminates for the input matrix A if and only if it terminates for
the input matrix A, we may without loss of generality assume that ¢ = 1. Further, we may

suppose that
N (A) =N (AM) ={1,2,...,k} for some k <n

(otherwise we can consider a permutation similarity of A). Under this assumption, the algorithm
yields
A A D) (g — 19, ),

where
D(m) - dlag(dm)a dm = [d(lm)a dém)7 SRR dgqm)a L1,..., 1]T7

and d™ € (0,1) for all i € (k). Thus,

(m+1) _ d,gm)agtn) if s € (n) and t € Ny(AWD)
st ast if s € (n) and t € No(AD).

It follows that for any s,t € (n), {agtn)} is a non-increasing and bounded sequence. Thus

(m)

lim,, o0 agy” exists for all s,t € (n). m
Lemma 2.3 If Algorithm H produces the infinite sequence {A™) = [agn)]}, then for all i €
N1 (4),
Jim (Jag" | = R{™(4)) = 0.

Proof: Assume that A is as in the proof of Lemma 2.2 and suppose, by way of contradiction,
that for some ¢ € Nj(A), limy, oo (agn) - Rz(m)(A)) # 0. Notice that agn) > R;(A™)) and
recall that, from Lemma 2.2, both sequences {agn)} and {R;(A(™} converge. We can therefore
conclude that there exists ¢y > 0 such that

al™ — Ry(A™) > ¢ (m=1,2,...). (2.2)

(2

In particular, agn) > €+ Ri(A(m)) > €g. From Algorithm IH we then obtain

0 <D =l
= a; _W (% — Ri( ))
m  al"
S a0 — #60 (by (2.2))
a;; ' +€
€0
< az(im)_ﬁeo =a" 9,
where 0 = Eoei. Note that # is positive and therefore, as
al 2@9—}—02 zag’f)+m02m0,
by letting m — oo we obtain a contradiction. ]



We are now able to prove our main result.

Proof of Theorem 2.1:

Sufficiency: Suppose that Algorithm IH terminates after k iterations. That is, we have ob-
tained a strictly diagonally dominant matrix A%) = AD, where D = DI D@ pk-1) jg by
construction a positive diagonal matrix. By our introductory remarks, it follows that A is an

H-matrix.

Necessity: Let A be an H-matrix and assume that A is as in the proof of Lemma 2.2. Further-
more, by way of contradiction, assume that Algorithm IH yields the infinite sequences

(AT}, {aTY, {Ry(AU)}, (NG (A0},

As in the proof of Lemma 2.2, we can without loss of generality assume that Nl(A(m)) =
Ni(A) ={1,2,...,k} for some k <n and all m =1,2,... . Notice that

Am+D) — g pm) — ApM p@  plm) — gp(m),

where F(™) is a positive diagonal matrix diag(d,,) with d,, = [flm), me), e fkm), 1,1,...,1]7.
From Lemma 2.2, it follows that lim,, . AM) exists and so lim,, oo F (m) also exists. Say
these limits are B and ' = diag(d), respectively, where d = [f1, f2,..., fr, 1, 1,...,1]T. We
thus have AF' = B. Now notice that B is of the form

biy —bi2 ... by —a@ip41 ... —a
—bp1 —bk2 ... bk —Qpgt1 .. —Qgn |,
—bp1 —=bp2 ... —buk —Qpk+1 .- QAnn

where, by Lemma 2.3, b;; = R;(B) for all i € N1(A), and by; = a;; < R;(B) for all i € Na(A).
Hence N1 (B) = 0, implying that B is not an H-matrix.

Claim: flzfgzszzo

Proof of claim: First, note that if all f; > 0, then B = AF would be an H-matrix, a contradiction.
So at least one of the f;’s equals zero. Without loss of generality, assume that f; = fo = ... =
fp =0 for some p < k and that f; >0 forallg=p+1,p+2,...,k (otherwise we can consider

a permutation similarity of A that symmetrically permutes the first p rows and columns of A,
leaving N1 (A) invariant). Then B = AF has the block form

0 % 0 *
AF‘Q &w)—Q mw)‘a

where A,,_, and B,_, are (n —p) x (n —p). As A,_, is an H-matrix, so is B,,_,. This is a
contradiction, because b;; < R;(By_p) for all i € (n) \ (p). This completes the proof of the
claim.

We now have that

0 0 0 * 0 *
AF‘AQ h%>_a)&H)_B_(OB%J'

Once again, we have a contradiction because fln,k is an H-matrix but B,,_j is not. This shows
that Algorithm IH must terminate after a finite number of iterations, completing the proof of
the theorem. ]



3 Comments and a MATLAB function

We begin by noticing that the proofs of Lemma 2.2, Lemma 2.3, and Theorem 2.1 can be easily
adapted to the case where the parameter € is not constant throughout the iterations, but instead
it is independently chosen at the m-th iteration of Algorithm H to form a bounded sequence
{elm.

It is clear from the definition of Algorithm IH and Theorem 2.1 that the termination or not
of Algorithm IH is irrespective of the choice of the positive parameter e, or of the bounded
sequence {e(m)} as remarked in the previous paragraph. However, the column scalings and the
re-distribution of the diagonal dominance at each iteration is done according to the ratios

Ri(AM) 4 €M)
jag] + etm

Also, for 0 < b < a, (b+€)/(a + €) is an increasing function of € > 0. Hence, smaller choices
of the parameter €™ result in at least as large a set Nj(A™*1). Nevertheless, it is not
generally true that by choosing €™ small enough the number of further iterations required
for the termination of the algorithm is 1, even if A is an H-matrix. To see this formally, let
A € C™" be an H-matrix and suppose that £ € Ny (A(m)) for some positive integer m. Observe
then that

m Ry, Alm) +e€ m m
Ry(A™) = 3 ((m) ) ag)| + > g
keN; (Am) ‘akk [ +e keNo(Am), ke

So, if the entries of A(™) satisfy
> ) ag)| + > lag’ | > Jag”)].
k€N, (A0m) lag’| keN(Am), k46

then at least 2 more iterations of Algorithm IH are required, regardless of the choice of € > 0.
We illustrate this situation with the following example.

Example 3.1 Consider the H-matrix

4 1 -1
A:(—l 3 1)
1 1 -1

and notice that N1(A4) = {1,2}, Na(A4) = {3}. As

Ri(A 2 2
i $ O g (1202 1
k€N1(A) ek

it follows that a first pass of Algorithm IH will not result in a strictly diagonally dominant
third row. That is, at least 2 iterations are needed for the algorithm to terminate by producing
D € Dy, regardless of the choice of € > 0. In fact, for e = 0.1 exactly 2 iterations are needed.



Let us now consider some practical aspects of choosing the parameters e(™) . As is done for
example in MATLAB, let E denote the floating point relative accuracy, namely, the distance
from 1.0 to the next largest floating point number (E = 27°2 = 2.2204e — 16 on machines with
IEEE floating point arithmetic). Choosing (™) optimally does not mean that we should choose
(™) = E, because we must ensure that when a diagonal entry is scaled down, the corresponding
row remains strictly diagonally dominant within the machine’s working precision. Instead, we

must choose €™ so that for all k& € Ni(A™),

Ry (A(M)) 4 m)
0l 4 e(m)

alM| — Ry(A™) > E,

or equivalently,

(m)
E
lay’| — Rp(A™) — E
For example, we may choose “optimal” parameters ¢(™ by
(m)
kN (400 \[aff?)| - Ry (AC)

so that (3.3) is satisfied.

The next practical aspect of Algorithm IH we want to discuss is the situation when the input
matrix A € C™" is not (known to be) an H-matrix. When the computed diagonal matrix D™
is approximately equal to the identity (and the algorithm has not terminated), it means that
the present iterate is not diagonally dominant and there is little numerical hope that it will

become one. Based on Theorem 2.1, we can then stop and declare that A is not an H-matrix.

We also comment that Algorithm IH can be modified so that step 6 takes place every time an
i € Nj(A™) is encountered; then it proceeds by searching for the first index in Nyj(AM+1),
This usually results in fewer iterations until a matrix D € D4 is found.

Finally, we provide a MATLAB function implementing Algorithm H with a fixed parameter e.
The termination criteria regarding the computation of a D € D4 or the decision that A is not
an H-matrix are handled by the default relative accuracy of MATLAB.

function [diagonal,m] = hmat(a, epsilon, maxit)
% INPUT: a=square matrix, epsilon=parameter of re-distribution
% maxit=maximum number of iterations allowed

% OUTPUT: m=number of iterations performed,
% diagonal=diagonal matrix d so that ad is strictly diag. dominant
yA =[ ] if a is not an H-matrix)

n= size(a,1); diagonal=eye(n); m=1; one=ones(l,n); stoppage=0;
if (nargin==1); epsilon=.001; maxit=100; end

if (nargin==2) maxit=100; end
if (1-all(diag(a)))

stoppage=1; diagonal=[ ]; m=m-1; ’Input is NOT an H-matrix’,
end



while (stoppage==0 & m<maxit+1)
for i=1:n
r(i)=sum(abs(a(i,1:n)))-abs(a(i,i));
if (abs(a(i,i))>r(i))
d(i)=(r(i)+epsilon)/(abs(a(i,i))+epsilon);

else
d(i)=1;
end
end
if (d==one)

stoppage=1; diagonal=[ ]; ’Input is NOT an H-matrix’,
elseif (d<one)
stoppage=1; ’Input IS an H-matrix’,
else
for i=1:n
diagonal(i,i)=diagonal(i,i)*d(i);
end
a=a*diag(d); m=m+1;
end
end
if (m==maxit+l & stoppage==0)
diagonal=[ ]; m=m-1;
’Inconclusive: decrease "epsilon" or increase "maxit"’,

end
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