_CHAP.13  Complex Numbers and Functions

To solve the equation &*
solutions. Now, since ¢” =

= 3 + 4i, note first that |¢°| = ¢ = 5, x = In5 = 1.609 is the real |
5,
e” cosy = 3, e siny = 4, cosy = 0.6, siny = 0.8, y = 0.927.

Ans. 7 = 1.609 + 0.927i = 2nmi (n = 0, 1, 2, - - ). These are infinitely many solutions (due to the peil
of €%). They lie on the vertical line x = 1.609 at a distance 27 from their neighbors.

To summarize: many properties of ¢ = exp z parallel those of €%; an exceptioti i
periodicity of ¢* with 247i, which suggested the concept of a fundamental region, K
mind that ¢* is an entire function. (Do you still remember what that means?)

1. Using the Cauchy—Riemann equations, show that e® is 18-21| Equations. Find all solutions and graph s
entire. them in the complex plane.

. 18. % = 19. & = —-2
Values of ¢*. Compute ¢&° in the form u + iv and 20. & = 0 2. e = 4 — 3;

#|, where z equals: ‘
2.3 + i 1 + 25 22. TEAM PROJECT. Further Properties f

. & . Exponential Fanction. (a) Analyticity. Show il

4. V2~ mi ST wil2 is entire. What about ¢*/*7 €%? ¢%(cos ky + i sl
6. (1 + im 0.8 — 5i (Use the Cauchy-Riemann equations.)
8. 97il2 {(b) Special values. Find all z such that (i) ¢* I
(i) |e™?| < 1, (iii) €% = &~
(¢) Harmonic function. Show that
u = e"¥ cos (x2/2 — y?/2) is harmonic and |
conjugate.
Polar Form. Write in polar form: (d). Uniqueness. I.t is interesting that f(z)

Vi . 141+ i umquely determmed’ by the two _pmpf
13. nl . ! f(x + i0) = e®and f (z) = f(2), where f is assuii
15. Vz 16, 3 + 4i to be entire. Prove this using the Cauchy—Rieiii
17. -9 . equations.

Real and Imaginary Parts. Find Re and Im of:
9. e~ 10. ¢
11 & 12, ¢l

- 13.6 Trigonometric and Hyperbolic Functions

Just as we extended the real ” to the complex ¢* in Sec. 13.5, we now want to ext
the familiar real trigonometric functions to complex trigonometric functions. We cun {
this by the use of the Euler formulas (Sec. 13.5) '

e”* = cosx + isinx, e ™ =cosx —isinx.’

By addition and subtraction we obtain for the real cosine and sine
1 . » . . .
cosx = — (e + ™), sinx = — (¥ — ™).
2 2i

This suggests the following definitions for complex values z = x + iy:




