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LisezEuler, lisezEuler, c'est notre matre a tous.
{ Pierre-SimonLaplace
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Early years
Ealy yeas

Eulerwas born in Baselon April 15, 1707.

Father: Paul Euler, a pasta of the Refamed Church.

Mother: Marguerite Brucker.

He had two youngersistersnamedAnna Maria and Maria Magdalena.
Soon after the birth of Leonhad, the Eulersmovedto the town of Riehen,

whereEuler spent most of his childhood.
Paul Eulerwas a friend of the Bernoullifamily and JohannBernoulli, who

was then regaded as Europe's foremostmathematician.
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Early years
Ealy yeas

Euler'sealy formal educationstarted in Basel,wherehe lived with his
maternalgrandmother.

Euler'sfather wanted his sonto follow him into the churchand senthim
to the Universiy of Baselto prepae for the ministry. He enteredthe
Universiy in 1720, at the ageof 13, rst to obtain a generaleducation
befae going on to more advancedstudies.

Eulerwas studyingtheology Greek,and Helrew in order to becomea
pasta.
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Early years
Ealy yeas

JohannBernoulliconvincedPaul Eulerthat Leonhad was destinedto
becomea great mathematician.
Euler'sown accountgivenin his unpublishedautobiographicalwritings:

... | soon found an opportunity to be introducedto a famous
professo JohannBernoulli. ... True, he wasvery busyand so
refused atly to give me private lessonshut he gaveme much
more valuableadviceto start readingmare di cult mathematical
books on my own andto study them asdiligently as| could; if |
cameacrosssomeobstacleor di cult y, | was givenpermissionto
visit him freely everySundg afternoon and he kindly explained
to me everythingl could not understand...
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SICLIEHI\AN Ealy yeas

In 1723 Euler completedhis Master's degreein philosophyhaving
compaed and contrastedthe philosophicaideasof Descates and Newton.
Euler completedhis PhD at the Universiy of Baselin 1726. He had
studiedmany mathematicalworks during his time in Basel. They include
works by Varignon, Descates, Newton, Galileo,van Schaoten, Jacob
Bernoulli, Hermann, Taylor and Walllis.

By 1726 Euler had alreadya paper in print, a shat article on isochronous
curvesin a resistingmedium.

In 1727 he publishedanotherarticle on reciprocal trajectories and
submitted an entry for the 1727 GrandPrize of the Paris Academyon the
best arrangementof mastson a ship. He won secondplace,losingonly to
Pierre Bouguer.

Euler subsequentlyvon this annualprize twelvetimesin his career.
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St:{Retersburgh
St. Petersburgh

Around this time JohannBernoulli'stwo sons,Danieland Nicolas,were
working at the Imperial RussianAcademyof Sciencesn St Petersburg.
In July 1726, Nicolasdied of appendicitisand when Danielassumechis
brother's position in the mathematics/physicdivision, he recommended
that his post in physiologybe lled by his friend Euler.

In Novemler 1726 Euler acceptedthe o er, but delayed the trip to St
Petersburguntil sgring of 1727.

Eulerarrivedin St. Petersburghon May 17, 1727. He was promoted from
his junior post in the medicaldepatment of the academyto a positionin
the mathematicsdepatment.

Euler masteredRussianand settled into life in St. Petersburg.He also
took on an additional job asa medicin the RussianNavy
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St:{Retersburgh
St. Petersburgh

The Academyat St. Petersburg,establishecby Peter the Great, was
intendedto improve educationin Russiaand to closethe scienti ¢ gap
with WesternEurope.

The academypossessedmple nancial resourcesand a comgehensive
library drawn from the private libraries of Peter himselfand of the nobility.
The academyemphasizedeseach and o ered to its faculty both the time
and the freedomto pursuescienti ¢ questions.

Eulerrosequickly through the ranksin the academyand was made
professo of physicsin 1731.
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St:{Retersburgh
St. Petersburgh

When Daniel Bernoullileft St Petersburgto return to Baselin 1733 Euler
was appointed to be the senia chair of mathematics.

On Januay 7, 1734, he maried Katharina Gsell,daughterof a painter
from the AcademyGymnasium.They had 13 children, but only ve
survivedtheir infancy

Euler claimedthat he made someof his greatestmathematicaldiscoveries
while holdinga baby in his arms with other childrenplaying round his feet.
The publication of many articles and his book Mechanica(1736-37),
which extensivelypresentedNewtoniandynamicsin the form of
mathematicalanalysisfor the rst time, started Euleron the way to majar

mathematicalwork.
£
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Berlin
Berlin

By 1740Eulerhad a very high reputation, havingwon the GrandPrize of
the Paris Academyin 1738and 1740. Political turmoil in Russiaforced
Eulerto acceptan invitation of Frederickthe Greatof Prussiato take a
post in Berlin Academyof Science.He left St. Petersburgon June 19th4j§
1741, arriving in Berlin on July 25th. ]
Leonhard Euler 03/20/08 14/ 41



Bl
Berlin

Euler's25 yeas in Berlin were very busyand productive. Besideshe great
mathematicalsuccesse also

o servedon the Library and Scienti ¢ PublicationsCommittee of the
Berlin Academyand

@ wasa governmentadviso on state lotteries, insurance annuitiesand
pensionsand artillery.

Eulerwrote nealy 380 articles during his Berlin period.

He alsowrote many scienti ¢ and popula sciencebooks, includingfamous

Lettersto a Princessof Germanywhich was translatedinto many

languagesand publishedalmost 40 times. Eulerled the Berlin Academyof

Scienceafter the death of Maupertuisin 1759, although he neverheld the

formal title of President. f
A
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Biography =&l

Euler'shealth problemsbeganin 1735whenhe had a severefeverand
almostlost his life. In his autobiographicalwritings Euler says that his
eyesight problemsbeganin 1738with overstraindue to his cartographic
work and that by 1740 he had

... lost an eye and [the other] currently may be in the same
danger.

Euler'ssight in that eye worsenedthroughout his stay in Germany so Q‘fj
much sothat Frederickreferredto him as"Cyclops". ]
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Returnto St. Petersburgh

In 1762, the politics in Russiachanged.EmpressCatherinell, later named
Catherinethe Great,cameto the throne. The atmospheren Russian
saciety improved dramatically
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Returnto St. Petersburgh

Catherinell aimedto createin Russiaa regimeof EducatedAbsolutism.
Sheinvited many progressivepeopleto Russiaand increasedhe budgetof
the St. PetersburghAcademyto 60000rublesper yea, which was much
motre than the budgetof the Berlin Academy

Catherinell o ered Euleran important postin the mathematics
depatment, conference-secrata of the Academy with a big salay. She
instructed her representativein Berlin to agreeto Euler'stermsif he does
not like her rst o er.

In 1766 Eulerreturnedto St. Petersburg.
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Returnto St. Petersburgh

In 1771 Euler'shomewas destroied by re and he was ableto saveonly
himselfand his mathematicalmanuscripts.

In Septemler 1771, Euler had surgeryto removehis cataract. The surgery
was very successful the mathematiciansvisionwas restaed.
Unfartunately, Eulerdidnt take care of his eyes; he continuedto work and
after a few days lost his visionagain, this time without any hope of
recovery

However, becauseof his remakable memay he was ableto continuewith
his work on optics, algelya, and lunar motion.

Amazinglyafter his return to St Petersburghe producedalmosthalf his
total works despitethe total blindness!
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Returnto St. Petersburgh

Euler achievedthis remakable levelof output with help of his sons,

@ JohannAlbrecht Euler who was appointed to the chair of physicsat
the Academyin St Petersburgin 1766and

o ChristophEuler.

Eulerwas alsohelped by two other memters of the Academy
o W. L. Krat,
o A. J. Lexell,

and Nikolausvon Fusswho was invited to the Academyfrom Switzerland
in 1772and becameEuler'sassistantin 1776.
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Returnto St. Petersburgh

On Septemter 18, 1783, Euler passedaway in St. Petersburgafter

su ering a stroke, and was buried with his wife in the Smolensik_utheran
Cemeteryon Vasilievskyisland. His eulogywas written for the French
Academyby the Frenchmathematicianand philosopheMarquis de
Condacet, and an accountof his life, with a list of his works, by Nikolaus
von Fuss, Euler'sgrandson-in-lev and the secretay of the Imperial
Academyof St. Petersburg.

...Il cessade calculeret de vivre -
... he ceasedo calculateandto live.

{ Marquis de Condacet
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Contributionsto mathematics

Eulerworked in almostall areasof mathematics: geometry calculus,
trigonometry algelva, and number theay, aswell as continuumphysics,
lunar theay and other areasof physics.

He is one of the most proli ¢ of all time; his publicationlist of 886 papers
and books exceedednly by Paul Erdes.

After Euler'sdeathin 1783the St. PetersburgAcademycontinuedto
publishEuler'sunpublishedwork for nealy 50 more yeas.
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Mathematicalnotation
Mathematicalnotation

Eulerintroducedand populaized severalnotational conventions.

He introducedthe conceptof a function and wasthe rst to write f (x) to
denotethe function f appliedto the argumentx.

He alsointroduced

o the modern notation for the trigopnometric functions,
o the letter e for the baseof the natural logaithm,

o the Greekletter for summations,

o the letter i to denotethe imaginay unit.

The useof the Greekletter to denotethe ratio of a circle's
circumferencdo its diameterwas also populaized by Euler, althoughit
did not originate with him.
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Contributions to mathematics AYEWSS

Analysis

The developmenbf calculuswas at the forefront of 18th century
mathematicalreseach. Thanksto the in uence of Bernoullifamily,
studying calculusbecamethe maja focusof Euler'swork.

He is well known in analysisfor his frequentuseand developmenbf power
series,suchas

. X X2 x"
lim —+ —+ —+ + —

Royn
n Al 0 1 2! n!

n=0
Eulerdiscoveredhe power seriesexpansiongor e and the inversetangent

function. Useof power seriesenabledhim to solvethe famousBasel
problemin 1735

im L., L1 2
12 2 3 P = 6

n
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anabysis
Analysis

o Eulerintroducedthe useof the exponentialfunction and logaithms in
analytic proofs.

o He discoveredvays to expessvariouslogaithmic functionsusing
power series,

o and he successfullge ned logaithms for negativeand complex
numbers, thus greatly expandingthe scope of mathematical
applicationsof logaithms.

He alsode ned the exponential function for complexnumbers, and
discoveredts relationto the trigonometricfunctions. For any real number
", Euler'sformula statesthat

e’ = cos + isin"
A special caseof the aboveformula is known as Euler'sidentity,
e +1=0

voted "the Most Beautiful Mathematical Formula Ever:'.
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Numberiticory
Number theay

A lot of Euler'sealy work on number theay was basedon the works of
Pierre de Fermat. Eulerdevelogd someof Fermat's ideas,and disproved
someof his conjectures.

Eulerlinked the nature of prime distribution with ideasin analysis.He
provedthat the sumof the reciprocals of the primesdiverges.In doing so,
he discoveredhe connectionbetweenthe Riemannzeta function and the
prime numbers; this is known as the Euler product formula for the
Riemannzeta function.

Euler proved

o Newton'sidentities

o Fermat'slittle theaem

o Fermat'stheaem on sumsof two squaes,

@ and he madedistinct contributionsto Lagrange'sour-squae thearem.
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Numberiticory
Number theay

@ Generalizedrermat's little theaemto what is now known as Euler's
theaem

@ Contributedsigni cantly to the understandingof perfect numbers,
which hasfascinatedmathematicianssinceEuclid.

o Made progresstoward the prime number theaem, and he conjectured
the law of quadraticrecipocity.

The two conceptsare regaded as fundamentaltheaemsof number theary.
By 1772Eulerhad provedthat 231 1= 2;147 483 647 is a Mersenne
prime. It haveremainedthe largestknowvn prime until 1867.

S. Lapin () Leonhad Euler 03/20/08 31/ 41



Graphiteory
Outline

@ Contributionsto mathematics

o Graphtheay

S. Lapin () Leonhad Euler

03/20/08

32/ 41



Graphiteory
Graphtheay

In 1736, Euler solvedthe problemknown asthe SevenBridgesof
Kenigslerg.

Problem:lsit possibleto follow a path that crossesachbridge exactly
onceand returnsto the starting point?

Answer: It is not.

This solutionis consideredo be the rst theaem of graphtheay and
plana graphtheay. Euleralsointroducedthe notion now known asthe
Euler chaacteristic of a spaceand a formula relating the number of edges,
vertices,and facesof a convexpolyhedronwith this constant.
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Applied mathematics
Appliedmathematics

Someof Euler'sgreatestsuccessewserein solvingreal-world problems
analytically He
@ integratedLeibniz'sdi erential calculuswith Newton's Method of
Fluxions,
o develogdtoolsthat madeit easierto apply calculusto physical
problems,
o inventedwhat are now known asthe Eulerapproximationswhich
leadedto:
e Euler'smethad and the Euler-Maclaurinformula.

Euleralsofacilitated the useof di erential equations,in particular
introducingthe Euler-Mascheronconstant
= |lim 1+l+1+1+ +
T onl 2 3 4

Sl

In(n)
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Applied mathematics
Appliedmathematics

One of Euler'smare unusualinterestswas the applicationof mathematical
ideasin music.

In 1739 he wrote the Tentamennovaetheaiae musicae hopingto
incaporate musicaltheay as pat of mathematics. However, this work did
not receivewide attention and was descriled astoo mathematicalfor
musiciansand too musicalfor mathematicians.

Also, Eulerbecameinvolvedin cartography whenhe was appointed
directa of the St PetersbhurgAcademy'sgeographysectionin 1735. As
the resultthe RussianAtlas appeaed in 1745, consistingof 20 maps.
Euler,in Berlin by the time of its publication, proudly remaked that this
work put the Russiansvell aheadof the Germansan the art of cartography
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Contributions to mathematics Physics and astronomy

@ Contributionsto mathematics
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Rhysicsandiastionomy
Physicsand astronomy

e Eulerhelped developthe Euler-Bernoullibbeamequation,which
becamea carnerstoneof engineering.

o He appliedhis analytictools to problemsin classicaimechanics,
@ andto celestialproblems. His work in astronomywas recognizedoy a
number of Paris AcademyPrizes.
His accomplishments$n astronomyinclude
e determiningthe orbits of cometsand other celestialbodies,
@ understandinghe nature of comets,and
e calculatingthe parallax of the sun.
In addition, Euler madeimportant contributionsin optics.
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Euler'sbibliography

Euler hasan extensivebibliographybut his best knowvn booksinclude:

o Elementsof Algelra. This elementay algelya text starts with a
discussiorof the nature of numbersand givesa compgehensive
introduction to algeba, including formulae for solutionsof polynomial
equations.

@ Introductio in analysinin nito rum (1748). Englishtranslation
Introduction to Analysisof the In nite by John Blanton (Book I,
ISBN 0-387-96824-5Springer-\erlag 1988; Book I1, ISBN
0-387-97132-7 Springer-\erlag 1989).

@ Two in uential textbookson calculus: Institutionescalculi
di erentialis (1755) and Institutionescalculiintegralis(1768-1770).
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Selected bibliography

o Lettresa une Princessead'Allemagne(Letters to a GermanPrincess)
(1768-1772).Englishtranslation, with notes,and a life of Euler,
availableonline from Google Books: Volume 1, Volume 2

e Methodusinveniendilineascurvasmaximi minimive proprietate
gaudentessive solutio problematisisoperimetrici latissimosensu
accepti(1744). (Method for nding curvedlinesenjoying properties
of maximumor minimum, or solution of isoperimetric problemsin the
broadestacceptedsense.)

A de nitive collectionof Euler'sworks, entitled Opera Omnia hasbeen
publishedsince1911 by the Euler Commissiorof the SwissAcademyof
Sciences.
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The End.

THANK YOU.
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