NUMERICAL COMPUTATION OF CRITICAL VALUES FOR
MULTTPLE COMPARISON PROBLEMS

Alan Genz, Washington State University, Frank Bretz, University of Hannover
Alan Genz, Mathematics Department, WSU, Pullman, WA 99164-3113

Key Words: Multivariate-t, Critical Value,
Multiple Comparison

1 Introduction
We consider a general linear model with fixed effects:
Y=XB+e.

We assume that we are given an N x 1 data vec-
tor Y, N x p design matrix X, with unknown p x 1
parameter vector 3, and an N X 1 error vector g,
with ii.d. normally distributed components with
unknown variance ¢2. The setup for multiple com-
parison problems (see Hochberg and Tamhane, 1987
and Hsu, 1992, 1996, Somerville, 1997, 1998, Stoline,
1981) provides an m x p comparison (or contrast)
matrix C. The covariance matrix for the multiple
comparison problem is then ¥ = C(X¢X)~!1C?, an
m X m positive semi-definite matrix. The resulting
basic numerical problem that is the focus for this

paper is the determination of confidence intervals
(CT’s) for

p
Ty = E Cz"jﬂj, i:l,...,m.
j=1

The distribution for x is an m-variate Student’s t
(MVT), with covariance matrix 3 and degrees of
freedom v = N — rank(X). We use the Dunnett
(1954) definition of the MVT distribution given by
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where the multivariate normal distribution function
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x = (x1,T, ..., Tym)t, —00 < a; < b; < oo for all i,
and X is a positive semi-definite symmetric m x m
matrix. Efficient and robust numerical software is
now available for MVT distribution computations

for 1 < m < 20 (see Genz and Bretz, 1999, 2000,
also Genz and Kwong, 1999, for how to handle sin-
gular ¥’s). The final input for the CI determination
problem is a confidence level a. The actual numer-
ical problem consists of finding the critical value t,
where P(t,) =1 — «, with

e P(t) = T(—o0,t,v,X) for one-sided CI’s, or
e P(t) =T( —t,t,v,X) for two-sided CI’s.

Here t = (t,...,t)! and co = (o0,...,00)!. The nu-
merical problem is therefore a combined problem of
using an appropriate numerical optimization method
to determine t,, with an efficient numerical integra-
tion method for evaluating P(t).

2 Numerical Optimization

The numerical optimization-integration methods
considered in this paper use the function

h(t) = P(t) — (1 — ).

These methods involve finding t,, the point where
h(ty) = 0, using a numerical optimization method.
But h(t) is often expensive to compute using numeri-
cal integration, particularly for large m, so a numer-
ical optimization method that requires only a few
iterations is needed. This need can be satisfied if we
combine a method for getting good starting points
for the optimization method, with an optimization
method that converges rapidly. An additional com-
plication that arises with the combined numerical
optimization-integration method is the presence of
numerical integration errors, which must be con-
trolled along with with the numerical optimization
errors. These issues are discussed in the next three
subsections.

2.1 Starting Interval Selection

Let A;(t) = {z; : z; < t} for the one-sided cases, or
Aj = {z; : |z;| <t} for the two-sided cases. We let

Si(t) = i Prob(A§(t)),



where A$(t) is the compliment of the set A;(t). The
Bonferroni bound for P(t) (see Hsu, 1996) is

L'(t) =1-5:1(t) < P(t).
A simple upper bound for P(t) is

Pit)<1- mjin Prob(A5(t)) = U'(t).
Both of these bounds require only 1-dimensional dis-
tribution values. If ¢/, and ¢, are determined by solv-
ing U'(t) = 1—aand L'(t) = 1—a, respectively, then
€ [t,,t;]. This bounding interval for ¢, can be
found directly using the appropriate 1-dimensional
inverse distribution function. For example, with the
two-sided case,
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intervals can be found using b1variate distribution
values (Dunnett and Sobel, 1954) if a modified
Bonferroni bound (Dawson and Sankoff, 1967) is
combined with the Hunter-Worsley bound. These
bounds are described in the book by Hsu (1966, Ap-
pendix A). If we define S»(¢) by

t) = Z Prob(A5(t)

j<i

N A5 (#)),

then the modified Bonferroni bounds and Hunter-
Worsley guarantee that

L(t) = 1-S()+ Y Prob(A5(t)n A1)
(,7)€T*
< P(t) Sl_QW:U(t)'

where k = 1 + |252(t)/S1(¢)] and T* is maximal
spanning tree for complete graph of order m with
edge weights Prob(A§(t) N Af(t)). fU(t.) =1-a
and L(ty) = 1—athen t, <t, <t, <ty < t). Start-
ing with [t,¢;], we can use numerical optimization,
applied to L(t), to determine tp, then use numerical
optimization, applied to U(t) starting with [t} ],
to determine t,.

2.2 Choice of Optimization Method

A primary goal for the selection of an optimization
method is to find a method that, given good start-
ing points, requires only a few iterations for a large
class of problems, so it would be desirable to use a
second order method like Newton’s method to find
to. The Newton iteration method for improving an

estimate for t. for t,, successively replaces t. by
t. — h(t.)/h'(t.). This method requires values for
both h(t) and h'(t). If we make a simple change of
variable x = ty in the detailed expression for h(t)
determined from our definition of the MVT distri-
bution function, we have (for the two-sided case)

h(t) = a-1+
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Differentiating h(t), and then changing the variables
back to x, we find

L mP(t)

W(t) = 5

- H(t))a

where H(t) is given by
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For the one-sided case, the lower limits for the inner
integral are all —co. In either case, H(t) may be
computed with only a little extra work during the
computation of P(t).

Given a starting interval [t,, tp], with ¢, € [tq, ts]-
and a required error tolerance 7 for our final estimate
of to, we let t, = 2t and use a Newton algorithm
that repeats:
if (ty — to) > 27 and |h(t.)| > 7|h'(tc)|, then

)
a) if h(te) <0, set (ta, h(ta)) = (tc, h(te)),
otherwise set (tp, h(tp)) = (tc, h(t.));

b) set t. =t. — h(t.)/h'(t.);

[N

else stop and output to &~ Lt or ¢, ~ ..

We also investigated the use of Secant-like meth-
ods for solving h(t) = 0. Some preliminary tests
showed that the simple Secant method is not suit-
able for many problems because |h'(t)| is sometimes
very small near t, (particularly when « is small),
and this can result in divergence unless a very good
starting value is available. Various bisection-Secant
hybrid methods were considered and after some ex-
periments, the “Pegasus” method (see Ralston and
Rabinowitz, 1978) was selected. This method has
asymptotic order of convergence similar to that of
the Secant method and, at each iteration it provides
a bracketing interval for ¢t,. The Pegasus method
that we finally implemented (starting with 7 and
[ta,ts]) initially sets t. = %eff. If h(t.) < 0,



we set (tq, h(ta)) = (tc, h(t:)); otherwise we set
(to, h(ts)) = (e, h(te)). Our basic iteration repeats:

if (t, —ta) > 27 and |h(t;)| > 7|2l 2Ce)| then

a) compute t. = t, — h(ty)(ty —ta)/(h(ts) — h(ta));

b) if h(t,) < 0, set (tq, h(ta)) = (te, h(t.)),
otherwise set h(t,) = h(ta)h(ts)/(h(ts) + h(t.))
and (tb, h(tb)) = (tc;h(tc))

else stop and output ¢, ~ # or ty = te.

The Pegasus method is the same as the linearly
convergent False-Position method except for the h,
modification at step b), which improves the approx-
imate order of convergence to 1.64.

2.3 Error Control

When numerical integration is used to evaluate h(t),
what is actually computed is A(t) = h(t) +€;, where
€1 is the numerical integration error. This error can,
in principle, be made arbitrarily small, but at the ex-
pense of more work (computer time). Let = t, 4 ¢
be an approximation to t, with error ¢,. What is
actually computed at each step in a combined nu-
merical optimization-integration algorithm is

h(f) = h(f) + 1 ~ b/ (ta) + €1, (1)

for sufficiently small |e;|. In order to balance the nu-
merical integration and optimization errors, an esti-
mate for |h'(ts)| is needed. This quantity does not
need to be very accurate, so a simple difference quo-
tient approximation, in the form

hl(t ) ~ H' B(tb) - }Al(ta)
a ty — 1, ’

can be determined using quantities from the Pega-
sus method iterations. If the Newton method is be-
ing used, then an accurate value of h'(ty) is already
available.

Given h' and 7 (the desired error tolerance for
to), the numerical integration error tolerance must
be set at a level at least as small as A'r. Otherwise
the numerical integration errors may dominate the
total error in iz(ﬂ and it will not be possible to re-
liably determine when the optimization method has
converged. The strategy used for the example test
results in the next section was to set the error toler-
ance for the numerical integration at 7|h'|.

3 Examples

The following examples illustrate the use of the
numerical optimization-integration algorithms de-
scribed in the previous section. Work is measured in

terms of the number of density function evaluations
needed for the integration to compute P(t). The ba-
sic starting interval [t,,ts] was computed using the
Pegasus method; the cost for this is minimal because
only univariate and bivariate T values are required.
The initial bracketing interval for ¢, is given in the
first row in each table, and the work for that row is
the work to compute the initial h(t,), h(t.) and h(tp)
values (with only h(t.) required to start the Newton
iteration). Subsequent rows show results of the it-
erations necessary to determine t, to the specified
accuracy.

Our first example used data for starch thickness
taken from Hsu and Nelson (1998). The desired

CI's were for two-sided comparisons versus a con-
trol, with P(t) = T(—t,t,X,86), and

1 — — — - -

.3958 1 — — — —

5= 5677 .4936 1 — — —
5468 4621 .7598 1 — —

5140 .4488 .7675 .6930 1 —

5505 4922 8651 .7738 .7915 1

For o = .1, we computed [t,t;] = [1.663,2.442]
and [t,,tp] = [2.116,2.324]. The following numer-
ical optimization-integration results were obtained.

Pegasus Method Results for 7 = 0.001

ta tes o h(ta), h(to), h(ts) | K, Work
2.220, 2.264, 2.324 -.01, .0005, .01 .22, 39952
2.220, 2.262, 2.264 | -.01, .00001, .0005 | .22, 51152

Newton Method Results for 7 = 0.001

tarterts h(te), h(te), h(ts) | K, Work
2.116, 2.220, 2.324 . -.01, 26, 11200
2.220, 2.261, 2.324 -.01, -.0002, .24, 28752

For a = .05, we computed [t,,t;] = [1.988,2.701],
[ta,s] = [2.429,2.606] and:

Pegasus Method Results for 7 = 0.001

ta,te,ts h(ta), h(tc), h(ts) h’, Work
2.518,2.561,2.606 | -.005, .0002, .006 | .12, 146432
2.518,2.559,2.561 | -.005,.00004,.0002 | .12, 187984

Newton Method Results for 7 = 0.001

ta,te, by h(ta), h(te), h(ts) h’, Work
2.429,2.518,2.606 , -.005, .14, 41552
2.518,2.557,2.606 -.005,-.0002, .13, 104880
2.557,2.559,2.606 -.0002,.00001, .12, 168208

Our second example is an all-pairwise compar-
isons example based on a one-way ANOVA de-
sign with sample sizes n; = 20,3,3,15 (see West-
fall et.al., 1999). We need two sided CI's with



P(t) = T(-t,t,%,37), given X =

1 — — — - —

1304 1 — — - =
2364 2364 1 - - -
—.6594  .6594 0 1 - -
—.8513 0 .3086  .6455 1 -
0 —.8513 .3086 —.6455 .1667 1

For a = .1, we ¢

omputed [t,,t;] = [1.687,2.508],

[ta,ts] = [2.265,2.383] and:
Pegasus Method Results for 7 = 0.001

ta tes to h(ta), h(te), h(ts) | K, Work
2.324,2.339,2.383 -.003,.0003,.009 .21, 86144
2.324,2.337,2.339 | -.003,-.0002,.0003 | .21, 127696

Newton Metho

d Results for 7 = 0.001

ta,te, bty h(ta), h(te), h(ty) | K, Work
2.265,2.324,2.383 . -.003, 25, 41552
2.324,2.338,2.383 | -.003,-.00006, | .21, 68592

For a = .05, we computed [t,,t;] = [2.050,2.788],

[ta,ts] = [2.026, 2.684] and:
Pegasus Method Results for 7 = 0.001

ta,tc,to h(ta), h(te), h(ts) h', Work
2.648,2.654,2.684 | -.0006,-.00001,.003 | .11, 255680
Newton Method Results for 7 = 0.001

taytmtb h(ta)ah(tc)vh(tb) h’, Work
2.612,2.648,2.684 , --0006, 13, 63328
2.648,2.654,2.684 -.0006,.00003, .12, 159504

The results from these example tests demonstrate
that the algorithms described in this paper provide
feasible methods for computing t, values for confi-
dence intervals. Given good starting intervals de-
termined from bivariate distribution values, the nu-
merical optimzation based on the use of the Newton
method is more efficient than optimization based on
the Pegasus method. These conclusions are also sup-
ported by a variety of other examples that we have

considered.
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