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ExtremeValuePropertiesof Multivariatet Copulas�

Aristidis K. Nikoloulopoulos y Harry Joe y Haijun Li z

Abstract

The extremal dependencebehavior of t copulasis examinedand their extremevalue limiting
copulas,called the t-EV copulas,are derived explicitly using the tail dependencefunctions.
As two special cases,the H•usler-Reissand the Marshall-Olkin distributions emergeaslimits
of the t-EV copula as the degreesof freedom go to in�nit y and zero respectively. The t
copula and its extremal variants attain a wide range in the set of bivariate tail dependence
parameters.

Mathematics Sub ject Classi�cation : 62H20,91B30
Key W ords and Phrases: Tail dependencefunction, extreme value, t copula.

1 In tro duction

It hasbeenwell documented (see,for example,Demarta and McNeil, 2005;McNeil et al., 2005)
that the t copulas are generally superior to the Gaussian copulas in the context of modeling
multiv ariate �nancial return data, due in great part to the abilit y of t copulas to capture the
tail dependenceamongextreme values. This paper is motivated from studying the range of the
set of bivariate tail dependenceparameters for t copulas and showing that that sharp bounds
for a triplet of bivariate tail dependenceparametersare almost always reached.

Let F denotethe distribution function of a random vector X = (X 1; : : : ; X d) with continuous
margins F1; : : : ; Fd. The copula C of F can be uniquely expressedas

C(u1; : : : ; ud) = F (F � 1
1 (u1); : : : ; F � 1

d (ud)) ; (u1; : : : ; un ) 2 [0; 1]d; (1.1)

where F � 1
i , 1 � i � d, are the quantile functions of the margins. That is, the copula C

can be thought of as the distribution function of the marginally transformed random vector
(U1; : : : ; Ud) = (F1(X 1); : : : ; Fd(X d)) with standard uniform marginal distributions (see, e.g.,
Joe, 1997). For example, a Gaussiancopula is obtained via (1.1) from a multiv ariate standard
normal distribution with correlation matrix R, and a t copula is obtained via (1.1) from a mul-
tivariate t distribution with � degreesof freedom(d.f.) and dispersionmatrix �. The Gaussian
and t copulas inherit the dependencestructure of multiv ariate normal and t distributions.

� Supported by NSERC Discovery Grant.
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One important dependenceproperty is the tail dependence,which describesthe dependence
in the lower or upper tails of a distribution. In the bivariate case, the lower and upper tail
dependenceparametersare de�ned as follows (seeChapter 2 of Joe, 1997),

� L
ij = lim

u#0

Prf X i � F � 1
i (u); X j � F � 1

j (u)g

u
; � U

ij = lim
u" 1

Prf X i > F � 1
i (u); X j > F � 1

j (u)g

1 � u
;

for any 1 � i < j � d. For (re
ection) symmetric distributions such as the t distributions,
� ij := � L

ij = � U
ij . If, furthermore, the univariate margins are identical, then we have

� ij = lim
u#0

Cij (u; u)
u

= lim
t#�1

Fij (t; t)
Fi (t)

;

where Cij and Fij denote the (i; j ) bivariate margin of C and F respectively. It is well-known
that the Gaussian copula has no tail dependence(i.e., � ij = 0 for any i 6= j ), whereasthe t
copula enjoys the full spectrum of tail dependence(Embrechts et al., 2002),

� ij = 2T� +1

 

�

p
� + 1

p
1 � � ij

p
1 + � ij

!

; (1.2)

where Tm denotesthe univariate t distribution function with m d.f., and � ij is the correlation
coe�cien t of the (i; j ) margin. That is, � ij is increasingin � ij , from 0 to 1 as � ij goesfrom � 1
to 1.

Let f � ij : 1 � i � j � dg be the set of bivariate (lower or upper) tail dependenceparameters
of a d-dimensional copula C. The study of the range of triplets (� ij ; � j k ; � ik ), for i; j; k distinct,
is equivalent to the study of the range of � ik given � ij ; � j k . A copula family with a wider
range would have more versatility in modeling tail behavior. For t copulas, the inequalities
for a triplet of tail dependenceparametersare related to inequalities for a triple of correlation
coe�cien ts (� ij ; � j k ; � ik ). We will refer to the parametersof dispersionmatrix of the multiv ariate
t distribution ascorrelationseven though secondmoments existsonly for � > 2. Basedon partial
correlations (see,e.g.,Kurowicka and Cooke, 2006), for elliptical copulasthat include t copulas,
the correlation coe�cien ts � ik , 1 � i < k � d, satisfy � 1 � � ik ;j � 1 or

� ij � j k �
q

(1 � � 2
ij )(1 � � 2

j k) � � ik � � ij � j k +
q

(1 � � 2
ij )(1 � � 2

j k) ; i < j < k: (1.3)

Inequalities for the bivariate tail dependenceparameters have also beenestablished(Theorem
3.14, Joe, 1997),

maxf 0; � ij + � j k � 1g � � ik � 1 � j� ij � � j k j; i < j < k: (1.4)

Unlike (1.3), however, the sharpnessof (1.4) had not beenshown.

In this paper, we establish the sharpnessof the inequality (1.4) using the t copulas and
min-stable triv ariate exponential distributions. The sharpnessof the bounds in (1.4) can be
achieved in most casesthrough limiting t copulas, and this motivates us to study the extreme
value t copulas (t-EV copulas), which preserve the tail dependenceparameters of the t copula
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(seeTheorem6.8 of Joe, 1997). It shouldbementioned that Demarta and McNeil (2005)derived
the EV copula limit for the bivariate t copulasusing the standard techniques of Extreme Value
Theory. To easethe cumbersomenotational burden in higher dimensions,we introduce the tail
dependence and conditional tail dependence functions to derive the t-EV copulas. This tool box
of tail dependencefunctions, which is of interest in its own right, is particularly e�ectiv e for the
tail dependenceanalysisof multiv ariate t copulas. As two limiting cases,the t-EV copulasyield
the H•usler-Reissdistribution and the Marshall-Olkin distribution as the d.f. � goes to in�nit y
and zero respectively.

The remainder of the paper proceedsas follows. Section 2 introducesthe multiv ariate tail
dependencefunctions, and derives the t-EV copula and its limiting cases.Section 3 establishes
the sharpnessof the inequality (1.4). Also in Section 3, several distributions are compared in
the rangesof triplets of tail dependenceparameters. Section 4 concludeswith somediscussion
and further research.

2 Extreme Value Limits of Multiv ariate t Copulas

Considerthe d-dimensionalcopula C of a random vector (U1; : : : ; Ud) with the standard uniform
margins and continuous second-orderpartial derivatives. Let I := f 1; : : : ; dg denote the index
set. For any ; 6= S � I , let CS denote the copula of the jSj-dimensional margin (Ui ; i 2 S).
De�ne the lower tail dependencefunctions bS(�) of C, ; 6= S � I , as follows,

bS(wi ; i 2 S) := lim
u#0

CS(uwi ; i 2 S)
u

; 8w = (w1; : : : ; wd) 2 Rd
+ : (2.1)

Note that bS(w) = w if jSj = 1 for univariate margins, and bij (1; 1) = � L
ij becomesthe lower tail

dependenceparameter of the (i; j ) margin. Analogousupper tail dependencefunctions could be
de�ned, but they are the samefor t copulasbecauseof their re
ection symmetry.

The following elementary properties of the function bS(�), ; 6= S � I , can be easily veri�ed.

1. bS(wi ; i 2 S) = 0 if least one wi is zero, i 2 S.

2. bS(wi ; i 2 S) is non-decreasing(or increasing) in wi 2 S.

3. For any �xed t > 0, bS(tw i ; i 2 S) = limu#0 CS(utw i ; i 2 S)=u = t lim u#0 CS(utw i ; i 2
S)=(ut) = tbS(wi ; i 2 S), and thus bS(�) is homogeneousof order 1.

Since b(w ) := bI (w ) is di�eren tiable and homogeneousof order 1, the well-known Euler's ho-
mogeneoustheorem implies that (see,e.g., Wilson, 1912)

b(w) =
dX

j =1

@b
@wj

wj ; 8w = (w1; : : : ; wd) 2 Rd
+ ; (2.2)
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where the partial derivatives @b=@wj are homogeneousof order 0 and bounded. For any 1 �
j � d, let I j := I � f j g. Observe from (2.1) that for any 1 � j � d,

@b
@wj

= lim
u#0

Prf U1 � uw1; : : : ; Uj � 1 � uwj � 1; Uj +1 � uwj +1 ; : : : ; Ud � uwd j Uj = uwj g

= lim
u#0

Prf Ui � uwi ; 8i 2 I j j Uj = uwj g = lim
u#0

CI j jf j g(uwi ; i 2 I j j uwj ); (2.3)

where the notation CS1 jS2 refers to the conditional distribution of f Ui : i 2 S1g given f Uk : k 2
S2g. The partial derivatives @b=@wj are called the conditional lower tail dependencefunctions
of copula C.

To expressthe EV copula of C in terms of bS(�), we needthe following function,

a(w ) :=
X

S� I ;S6= ;

(� 1)jSj� 1bS(wi ; i 2 S): (2.4)

It follows from (2.1) and the inclusion-exclusionrelation that

a(w ) = lim
u#0

1
u

X

S� I ;S6= ;

(� 1)jSj� 1CS(uwi ; i 2 S)

= lim
u#0

1
u

Prf Ui � uwi ; for somei 2 I g = lim
u#0

1
u

�
1 � Prf Ui > uwi ; 8i 2 I g

�

= lim
u#0

1
u

�
1 � Prf 1 � Ui � 1 � uwi ; 8i 2 I g

�
;

which implies the approximation

Prf 1 � Ui � 1 � uwi ; 8i 2 I g � 1 � u a(w ); u ! 0:

Let C � denote the copula of (1 � U1; : : : ; 1 � Ud). The lower EV limit of C is the sameas the
upper EV limit of C � , which is given by lim n!1 (C � )n (u1=n

1 ; : : : ; u1=n
d ) (Chapter 6, Joe, 1997).

For su�cien tly large n, u1=n
j = expf n� 1 loguj g � 1 + n� 1 loguj , so that with ~uj = � loguj ,

(C � )n (u1=n
1 ; : : : ; u1=n

d ) �
�
1 � n� 1a(~u1; : : : ; ~ud)

� n ! expf� a(~u1; : : : ; ~ud)g;

as n ! 1 .

Theorem 2.1. Let CE V denote the lower EV copula of a copula C, then

CE V (u1; : : : ; ud) = expf� a(� logu1; : : : ; � logud)g;

where a(�) can be evaluated from (2.1)-(2.4).

Next we apply the above for the multiv ariate t copulas. Let X = (X 1; : : : ; X d) have the t
distribution with � d.f. and dispersion matrix �. Since the increasing location-scalemarginal
transforms convert X to the t distribution with identical margins, we assume,for expositional
simplicit y, that the margins F i = T� for all 1 � i � d, where T� is the t distribution function
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with � d.f., and that � = (� ij ) satis�es � ii = 1 for all 1 � i � d. The conditional tail dependence
function in (2.3) can be rephrasedas

@b
@wj

= lim
u#0

Prf X i � T � 1
� (uwi ); 8i 2 I j j X j = T � 1

� (uwj )g; 1 � j � d:

Considerz = T � 1
� (uw). Sincethe lower tail of the density T 0

� (z) behaveslike � � � jzj � (� +1) where

� � = � (� � 1)=2 �
�
(� + 1)=2

�

�( � =2)
p

� �
;

the distribution T� (z) behaves like � � jzj � � as z ! �1 . Hence T � 1
� (u) � � (� � =u)1=� and

z � � (uw=� � )� 1=� as u ! 0. Thus, the conditional tail dependencefunction of (2.3) for the t
copula is expressedas

@b
@wj

= lim
u#0

Prf X i � � (uwi =� � )� 1=� ; 8i 2 I j j X j = � (uwj =� � )� 1=� g; 1 � j � d: (2.5)

To obtain the conditional distribution in (2.5) from the multiv ariate t distribution, we need
the following result (see, e.g., Kotz and Nadarajah, 2004). Let Td;�; � denote the distribution
function of a d-dimensional t distribution with d.f. � and dispersion matrix �.

Lemma 2.2. Let X = (X 1; X 2) have the multiv ariate t distribution Td;�; � with

� =

 
� 11 � 12

� 21 � 22

!

; � 22;1 = � 22 � � 21� � 1
11 � 12;

where X 1 and X 2 are k and d � k dimensional respectively. Then

Prf X 2 � x 2 j X 1 = x 1g = Td� k;� + k;� 22;1

 s
� + k

� + x 0
1� � 1

11 x 1
x 2;1

!

:

where x 2;1 = x 2 � � 21� � 1
11 x 1.

Combining (2.5) and Lemma 2.2, we have

@b
@wj

= Td� 1;� +1 ;� j

� p
� + 1

�
� (w1=wj )� 1=� + � 1j

�
; : : : ;

p
� + 1

�
� (wj � 1=wj )� 1=� + � j � 1;j

�
;

p
� + 1

�
� (wj +1 =wj ) � 1=� + � j +1 ;j

�
; : : : ;

p
� + 1

�
� (wd=wj )� 1=� + � dj

��

= Td� 1;� +1 ;� j

� p
� + 1

�
� (wi =wj )� 1=� + � ij

�
; i 2 I j

�

= Td� 1;� +1 ;R j

0

@
p

� + 1
q

1 � � 2
ij

 

�
�

wi

wj

� � 1=�

+ � ij

!

; i 2 I j

1

A ; (2.6)

where

� j =

0

B
B
B
B
B
B
B
B
B
B
@

1 � � 2
1j : : : � 1;j � 1 � � 1j � j � 1;j � 1;j +1 � � 1j � j +1 ;j : : : � 1d � � 1j � dj

...
. . .

...
...

...
...

� 1;j � 1 � � 1j � j � 1;j : : : 1 � � 2
j � 1;j � j � 1;j +1 � � j � 1;j � j +1 ;j : : : � j � 1;d � � j � 1;j � dj

� 1;j +1 � � 1j � j +1 ;j : : : � j � 1;j +1 � � j � 1;j � j +1 ;j 1 � � 2
j +1 ;j : : : � j +1 ;d � � j +1 ;j � dj

...
...

...
...

. . .
...

� 1d � � 1j � dj : : : � j � 1;d � � j � 1;j � dj � j +1 ;d � � j +1 ;j � dj : : : 1 � � 2
dj

1

C
C
C
C
C
C
C
C
C
C
A
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and

Rj =

0

B
B
B
B
B
B
B
B
B
@

1 : : : � 1;j � 1;j � 1;j +1; j : : : � 1;d;j
...

. . .
...

...
...

...
� 1;j � 1;j : : : 1 � j � 1;j +1; j : : : � j � 1;d;j

� 1;j +1; j : : : � j � 1;j +1; j 1 : : : � j +1 ;d;j
...

...
...

...
. . .

...
� 1;d;j : : : � j � 1;d;j � j +1 ;d;j : : : 1

1

C
C
C
C
C
C
C
C
C
A

(2.7)

with � i;k ;j = � ik � � ij � k jq
1� � 2

ij

q
1� � 2

k j

, i 6= j; k 6= j , being the partial correlations. Substituting (2.6) in

(2.2) and (2.4), we obtain the tail dependencefunction and the EV limit of the t copula.

Theorem 2.3. Let C be the copula of a multiv ariate t distribution with � d.f. and dispersion
matrix � = (� ij ) with � ii = 1 for 1 � i � d.

1. The tail dependencefunction of C is given by

b(w ) =
dX

j =1

wj Td� 1;� +1 ;R j

0

@
p

� + 1
q

1 � � 2
ij

"

�
�

wi

wj

� � 1=�

+ � ij

#

; i 2 I j

1

A ;

for all w = (w1; : : : ; wd) 2 Rd
+ .

2. The t-EV copula, obtained by the EV limit of the t copula, is given by

CE V (u1; : : : ; ud) = expf� a(w1; : : : ; wd)g; wj = � loguj ; j = 1; : : : ; d;

with exponent

a(w ) =
dX

j =1

wj Td� 1;� +1 ;R j

0

@
p

� + 1
q

1 � � 2
ij

 �
wi

wj

� � 1=�

� � ij

#

; i 2 I j

1

A : (2.8)

Proof. We only needto derive (2.8). It follows from (2.2), (2.4), and (2.6) that

a(w ) =
X

S� I ;S6= ;

(� 1)jSj� 1bS(wi ; i 2 S)

=
X

S� I ;S6= ;

(� 1)jSj� 1

0

@
X

j 2 S

@bS

@wj
wj

1

A

= lim
u#0

X

S� I ;S6= ;

(� 1)jSj� 1
X

j 2 S

wj Pr

(

X i � �
�

uwi

� �

� � 1=�

; i 2 Sj

�
�
� X j = �

�
uwj

� �

� � 1=�
)

= lim
u#0

dX

j =1

wj

0

@1 �
X

S:j 2 S;jSj� 2

(� 1)jSj� 2 Pr

(

X i � �
�

uwi

� �

� � 1=�

; i 2 Sj

�
�
� X j = �

�
uwj

� �

� � 1=�
) 1

A
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where Sj = S � f j g � I j . The inclusion-exclusionprinciple implies that

a(w ) =
dX

j =1

wj Td� 1;� +1 ;R j

0

@
p

� + 1
q

1 � � 2
ij

 

�
�

wi

wj

� � 1=�

+ � ij

!

; i 2 I j

1

A

=
dX

j =1

wj Td� 1;� +1 ;R j

0

@
p

� + 1
q

1 � � 2
ij

 �
wi

wj

� � 1=�

� � ij

!

; i 2 I j

1

A ;

where Td� 1;� +1 ;R j (�) is the survival function of the distribution function Td� 1;� +1 ;R j . �

It is known that the elliptical distribution functions are increasing in � ij in the senseof
the concordanceordering; see,e.g., Theorem 2.21 of Joe (1997). The tail dependencefunction
b(�) of a t copula and its t-EV copula inherit this monotonicity property. It is also evident
from Theorem 2.3 that b(1; 1; : : : ; 1) (respectively a(1; 1; : : : ; 1)) are decreasing(respectively
increasing) in d.f. � . Note, however, that asour numerical results show, for any �xed w and � ij ,
the monotonicity of a(w ) with respect to � doesnot hold in general.

Note that the t-EV copula family given in Theorem 2.3 have positive dependenceonly even
if it is parametrized by a correlation matrix. The independencecopula obtains only in the limit
as � ! 1 .

Next we discussthe limits of (2.8) as � ! 0 and � ! 1 . Let X = (X 1; : : : ; X d) have the
multiv ariate standard normal distribution with correlation matrix R = (� ij ). H•usler and Reiss
(1989) derived the EV limit of X under the limiting constraint

� ij (n) = 1 �
4� � 2

ij

logn
! 1; as n ! 1 ; (2.9)

for positive parameters � ij , i 6= j , with � ij = � j i , and someother constraints. The H•usler-Reiss
copula CH R can be rephrasedas a min-stable multiv ariate exponential distribution as follows
(seepage183 of Joe, 1997), for any non-negative w1; : : : ; wd,

CH R(e� w1 ; : : : ; e� wd ) = expf� a(w ; � ij ; 1 � i; j � d)g:

The exponent function a(�) is given by

a(w ; � ij ; 1 � i; j � d) =
dX

j =1

wj +
X

S� I ;jSj� 2

(� 1)jSj� 1rS(wi ; i 2 S; (� ij ) i;j 2 S); (2.10)

where for S = f i 1; : : : ; i sg � I , jSj = s � 2,

rS(wi ; i 2 S; (� ij ) i;j 2 S) =
Z wi s

0
� s� 1;� S;i s

�
� � 1

i j ;i s
+

� i j ;i s

2
log

y
wi j

; 1 � j � s � 1
�

dy; (2.11)

and �� s� 1;� S;j (�) is the survival function of the multiv ariate normal distribution with correlation
matrix � S;j = (%i;k ;j ) whose(i; k) entry equal to, i; k 2 S � f j g,

%i;k ;j :=
� � 2

ij + � � 2
kj � � � 2

ik

2� � 1
ij � � 1

kj

; (2.12)
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with � � 1
ii is de�ned as zero for all i . As our next result shows, the H•usler-Reisscopula C H R

emergesas the limiting distribution of the t-EV copula as � ! 1 with � ij ! 1 at appropriate
rates.

Theorem 2.4. Let CE V
� (�) be the t-EV copula obtained in Theorem 2.3 with dispersionmatrix

� = (� ij (� )), where � ij (� ) = 1 � 2� � 2
ij =� and the parameters � ij are the sameas these in (2.9).

Then CE V
� (�) convergesweakly to the H•usler-Reisscopula CH R(�) as � ! 1 .

Proof. For any ; 6= S � I , let CE V
S;� (�) (CH R

S (�)) denote the jSj-dimensionalcopula of the margin
of CE V

� (�) (CH R(�)) with component indexes in S. Let bS;� (�), ; 6= S � I , denote the tail
dependencefunction of t-EV copula CE V

� (�) as de�ned in (2.1).

Observe that r S(wi ; i 2 S; � ij ; i; j 2 S) in (2.11) is homogeneousof order 1. It is clear from
(2.4) and (2.10) that we only needto show that r S(�; � ij ; i; j 2 S) of CH R(�) is the limit of the
tail dependencefunction of CE V

� (�); that is, for any ; 6= S � I ,

rS(wi ; i 2 S; (� ij ) i;j 2 S) = lim
� !1

bS;� (wi ; i 2 S); 8w = (w1; : : : ; wd) 2 Rd
+ : (2.13)

For this, let RS;j , j 2 S, denote the partial correlation matrix of CE V
S;� (�) as de�ned in (2.7), and

let � S;j denote the correlation matrix of CH R
S (�) as de�ned in (2.12). It is easyto verify that for

any 1 � j � d,

� ik (� ) � � ij (� )� kj (� )
q

1 � � 2
ij (� )

q
1 � � 2

kj (� )
!

� � 2
ij + � � 2

kj � � � 2
ik

2� � 1
ij � � 1

kj

= %i;k ;j as � ! 1 :

Thus, RS;j convergesentry-wise to � S;j . Let S = f i 1; : : : ; i sg � I , jSj = s � 2. From (2.6) and
(2.11), we have

@bS;�

@wi s

= Fs� 1;� +1 ;RS;i s

0

@
p

� + 1
q

1 � � 2
ii s

"

�
�

wi

wi s

� � 1=�

+ � ii s

#

; i 2 S � f i sg

1

A

= F s� 1;� +1 ;RS;i s

0

@
p

� + 1
q

1 � � 2
i j i s

" �
wi j

wi s

� � 1=�

� � i j i s

#

; 1 � j � s � 1

1

A

@
@wi s

rS(wi ; i 2 S; (� ij ) i;j 2 S) = � s� 1;� S;i s

�
� � 1

i j ;i s
+

� i j ;i s

2
log

wi s

wi j

; 1 � j � s � 1
�

:

Observe that as � ! 1 ,

p
� + 1

q
1 � � 2

i j i s

 �
wi s

wi j

� 1=�

� � i j i s

!

�

 " �
wi s

wi j

� 1=�

� 1

#

+
2� � 2

i j ;i s

�

! s
� 2

4� � 2
i j ;i s

�

0

@
log wi s

wi j

�
+

2� � 2
i j ;i s

�

1

A
s

� 2

4� � 2
i j ;i s

! � � 1
i j ;i s

+
� i j ;i s

2
log

wi s

wi j

:
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Therefore
@

@wi s

rS(wi ; i 2 S; f � ij gi;j 2 S) = lim
� !1

@bS;�

@wi s

:

Since@bS;� =@wi s is bounded, the bounded convergencetheorem implies that

rS(wi ; i 2 S; (� ij ) i;j 2 S) = lim
� !1

Z wi s

0

@bS;�

@x i s

dxi s = bS;� (wi ; i 2 S);

and (2.13) holds. �

Remark 2.5. Note that our method of tail dependencefunctions also yields a more explicit
expressionfor the H•usler-Reisscopula. It follows from Theorems2.3 and 2.4 that the exponent
function for the H•usler-Reisscopula can be expressedas follows,

a(w ; � ij ; 1 � i; j � d) =
dX

j =1

wj � d� 1;� I ;j

�
� � 1

ij +
� ij

2
log

wj

wi
; i 2 I j

�
:

This homogeneousrepresentation provides better insight into understanding the structure of
the H•usler-Reisscopula: The rates of changesfor its exponent function are driven by normal
distributions. H•usler and Reiss(1989) obtained this expressionfor the bivariate case:

a(w1; w2) = w1�
�

� � 1 +
�
2

log
�

w1

w2

��
+ w2�

�
� � 1 +

�
2

log
�

w2

w1

��
:

Their method, however, seemstoo cumbersometo extend this to higher dimensionsin the form
of (2.2). Our form is easier to use in higher dimensions; only a function for the multiv ariate
normal cumulativ e distribution function is needed,and not another integral.

As � ! 0, the rates of changesof the exponent function (2.8) of the t copula depends on
the arguments wi , 1 � i � d, only through their ranks and thus the singularities appear. Let
Fd;� denote the distribution function of a d-dimensional Cauchy distribution with dispersion
matrix �. Since(wj =wi )1=� goesto zero or in�nit y, as � ! 0, depending on whether wj < wi or
wj > wi , the exponent (2.8) as � ! 0 becomes

a0(w ) =
dX

j =1

wj Fd� r (wj );RSj ( w ); j

0

@ � � ijq
1 � � 2

ij

; i 2 Sj (w )

1

A ; (2.14)

where F0 := 1, r (wj ) denotes the rank of wj among w1; : : : ; wd, Sj (w ) = f i : wi > wj g, and
RSj (w ); j is the sub-matrix of (2.7) by retaining the columns and rows with indexes in Sj (w ).
Observe that the exponent a0(w ) is a linear function of wi , 1 � i � d, with the coe�cien t
depending on its rank, and thus, as the next example shows, resembles the exponent functions
of Marshall-Olkin distributions; seeMarshall and Olkin (1967a,b).

Example 2.6. Consider the triv ariate caseof a0(�). Let

� ik ;j (� ij ; � kj ) = F2;RSj ( w ); j

0

@ � � ijq
1 � � 2

ij

;
� � kjq
1 � � 2

kj

1

A ; if Sj (w ) = f i; kg;

9



� i ;j (� ij ) = F1;RSj ( w ); j

0

@ � � ijq
1 � � 2

ij

1

A if Sj (w ) = f ig:

For w1 < w2 < w3,
a0(w ) = � 23;1(� 21; � 31)w1 + � 3;2(� 32)w2 + w3; (2.15)

In contrast, the survival function of a triv ariate Marshall-Olkin distribution with non-negative
parameters f � S : ; 6= S � f 1; 2; 3gg can be written as

G
M O

(w1; w2; w3) = Prf W1 > w1; W2 > w2; W3 > w3g = expf� aM O(w1; w2; w3)g;

where the exponent function is given by

aM O(w1; w2; w3) =
3X

j =1

� j wj +
X

1� i<j � 3

� ij (wi _ wj ) + � 123(w1 _ w2 _ w3);

with � ij = � j i . Here and in the sequel_ denotesthe maximum. For w1 < w2 < w3, we have

aM O(w1; w2; w3) = � 1w1 + (� 2 + � 12)w2 + (� 3 + � 13 + � 23 + � 123)w3: (2.16)

The two exponent functions coincide if we set

� 1 = � 23;1(� 21; � 31); � 2 + � 12 = � 3;2(� 32); � 3 + � 13 + � 23 + � 123 = 1:

Since the coe�cien ts of both a0(�) and aM O(�) depend on the ranks of their corresponding
arguments, the other equationscan be obtained by simply interchanging any two indexes:

� 2 = � 13;2(� 12; � 32); � 3 = � 12;3(� 13; � 23); � 2 + � 32 = � 1;2(� 12)

� 1 + � 12 = � 3;1(� 31); � 1 + � 13 = � 2;1(� 21); � 3 + � 13 = � 2;3(� 23); � 3 + � 23 = � 1;3(� 13);

� 1 + � 31 + � 21 + � 123 = 1; � 2 + � 12 + � 32 + � 123 = 1:

This system of equations yields the non-negative solutions. For example, � 12 = � 3;2(� 32) �
� 13;2(� 12; � 32) � 0, and

� 123 = [1 � � 2;3(� 23)] � [� 1;3(� 13) � � 12;3(� 13; � 23)] � 0;

due to the �-monotonicit y of the distribution function F 3;� . The other parameters can be
derived by simply exchanging any two indexes, and thus (2.15) can be written as (2.16). The
Marshall-Olkin distribution provides a stochastic representation for the limiting distribution of
the t copula as � ! 0. It follows from Marshall and Olkin (1967b) that GM O(�) with exponent
(2.16) is the survival function of the following random variables,

W1 = minf Y1; Y12; Y13; Y123g; W2 = minf Y2; Y12; Y23; Y123g; W3 = minf Y3; Y23; Y13; Y123g;

where YS 's are independent exponential random variables with E(YS) = 1=� S for ; 6= S �
f 1; 2; 3g. The singularities of the t copula as � ! 0 are apparent from such a representation. �

10



Using the similar method and notations asin Example 2.6, the Marshall-Olkin representation
for the t-EV copula as � ! 0 can be extendedto the d-dimensional case.The survival function
of a Marshall-Olkin distribution can be written as G

M O
(w1; : : : ; wd) = Prf W1 > w1; : : : ; Wn >

wdg = expf� aM O(w )g where

aM O(w ) =
X

S:;6= S� I

� S(_ i 2 Swi ); (2.17)

for somenon-negative parameters � S 's.

Theorem 2.7. The multiv ariate t-EV copula with exponent (2.14) convergesweakly as � ! 0
to a Marshall-Olkin distribution GM O with exponent of the form (2.17).

Proof. We �rst introduce the notation,

� Sj (w ); j (� ij ; i 2 Sj (w )) := Fd� r (wj );RSj ( w ); j

0

@ � � ijq
1 � � 2

ij

; i 2 Sj (w )

1

A

with Sj (w ) = f i : wi > wj g. For any w1 < w2 < � � � < wd, we have

a0(w ) = � 2:::d;1(� i 1; 2 � i � d)w1 + � 3:::d;2(� i 2; 3 � i � d)w2 + � � � + wd

aM O(w ) = � 1w1 + (� 2 + � 12)w2 + � � � +

 
X

S:d2 S

� S

!

wd:

Thus, we needto �nd � Ss such that

� 1 = � 2:::d;1(� i 1; 2 � i � d); � 2 + � 12 = � 3:::d;2(� i 2; 3 � i � d); : : : ;
X

S:d2 S

� S = 1:

By exchanging any two indexes,we obtain a systemof equations for � S 's:
X

S:j 2 S;S� Sc
j (w )

� S = � Sj (w ); j (� ij ; i 2 Sj (w )) ; 1 � j � d; (2.18)

where Sc
j (w ) denote the complement of Sj (w ). To construct non-negative solutions for (2.18),

let (Z j
1; : : : ; Z j

d) be a random vector jointly having the multiv ariate Cauchy distribution with

correlation matrix (2.7), and also let 
 j
i := � � ij =

q
1 � � 2

ij ; 1 � i; j � d and i 6= j . Then

� Sj (w ); j (� ij ; i 2 Sj (w )) = Prf Z j
i � 
 j

i ; i 2 Sj (w )g:

Partition the space A j (w ) := f (z1; : : : ; zd) : ci � 
 j
i ; i 2 Sj (w )g into the following non-

overlapping subsets: for any S with j 2 S;S � Sc
j (w ),

A j
S(w ) := f (z1; : : : ; zd) : zi � 
 j

i ; i 2 Sj (w ); zk � 
 j
k ; k 2 Sc

j (w ) � S; zl > 
 j
l ; l 2 S � f j gg:

It is easyseethat A j (w ) = [ S:j 2 S;S� Sc
j (w )A

j
S(w ) and the A j

S(w ) are mutually exclusive. There-
fore,

X

S:j 2 S;S� Sc
j (w )

Prf (Z j
1; : : : ; Z j

d) 2 A j
S(w )g = Prf (Z j

1; : : : ; Z j
d) 2 A j (w )g = � Sj (w ); j (� ij ; i 2 Sj (w )) :
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Let, for any S such that j 2 S and S � Sc
j (w ) (1 � j � d),

� S = Prf (Z j
1; : : : ; Z j

d) 2 A j
S(w )g: (2.19)

Thesenon-negative � S 's satisfy (2.18). Hencethe exponent a0(�) of the limiting t-EV copula as
� ! 0 can be written as the exponent aM O(�) of a Marshall-Olkin distribution with parameters
(2.19). �

Remark 2.8. The explicit construction (2.19) can be used to evaluate � S 's for the Marshall-
Olkin representation of the limiting t-EV copula. Note that each � S has jSj di�eren t, but
equivalent expressions.For example, � 12 in Example 2.6 has the following two expressions:

� 12 = � 3;2(� 32) � � 13;2(� 12; � 32) = � 3;1(� 31) � � 23;1(� 21; � 31):

The equivalenceof thesetwo expressionscanbetranslated into the following structural symmetry
for the triv ariate standard Cauchy distribution with correlation matrix R:

F1

 
� � 32p
1 � � 2

32

!

+ F2;R f 2;3g;1

 
� � 21p
1 � � 2

21

;
� � 31p
1 � � 2

31

!

= F1

 
� � 31p
1 � � 2

31

!

+ F2;R f 1;3g;2

 
� � 12p
1 � � 2

12

;
� � 32p
1 � � 2

32

!

;

where F1(�) denote the univariate margin. The other symmetrical relations can be similarly
obtained. Our numerical results show that the multiv ariate t distributions with d.f. � 6= 1 do
not possesssuch structural symmetries.

The limiting t-EV copulaas� ! 0 takesespecially a simple form in the bivariate case.Let Yi ,
i = 1; 2, and Y12 be independent exponential random variables with E(Yi ) = � � 1, i = 1; 2, and
E(Y12) = (1 � � ) � 1, where � = F1

�
� �=

p
1 � � 2

�
. Then the limiting distribution of the t-EV

copula CE V (u1; u2) as � ! 0 is described by the joint distribution of W1 = minf Y1; Y12g; W2 =
minf Y2; Y12g; that is,

lim
� ! 0

CE V (e� w1 ; e� w2 ) = expf� � (w1 + w2)gexpf� (1 � � )(w1 _ w2)g;

for any non-negative w1; w2.

3 Sharpness of Compatibilit y Inequalities for Tail Dep endence

Let � ij := bij (1; 1) denote the lower tail dependenceparameter of the (i; j ) margin C ij of a
d-dimensional copula C. To compare the range of tail dependenceof t copulas (t-EV copulas)
and the bounds in (1.4), we utilize the correlation inequality (1.3). It follows from (1.2) that for
a bivariate t copula with � d.f., correlation � and tail dependenceparameter � , we have

� = (� + 1 � � )=(� + 1 + � ); � =
�
T � 1

� +1 (�= 2)
� 2: (3.1)

12



Thus, the lower and upper bounds of � ik as a function of � ij and � j k are given by B � and B +

respectively, where

B � =
(� + 1 � [T � 1

� +1 (� ij =2)]2) (� + 1 � [T � 1
� +1 (� j k=2)]2) � 4(� + 1) T � 1

� +1 (� ij =2) T � 1
� +1 (� j k=2)

(� + 1 + [T � 1
� +1 (� ij =2)]2) (� + 1 + [T � 1

� +1 (� j k=2)]2)
:

Sincethe tail dependenceparameterof the t copula is an increasingfunction of its correlation, the

lower and upper boundsof � ik aregivenby 2T� +1

�
�

q
(� +1)(1 � B � )

(1+ B � )

�
and 2T� +1

�
�

q
(� +1)(1 � B + )

(1+ B + )

�

respectively.

As a limiting caseof the t-EV copula when � ! 1 , the triv ariate H•usler-Reisscopula with
parameters� ij ; � ik ; � j k , satisfying that � 1 � %ik ;j � 1; where%ik ;j = (� � 2

ij + � � 2
j k � � � 2

ik )=(2� � 1
ij � � 1

j k )
(see(2.12)). Thus, the bounds for � � 1

ik are j� � 1
ij � � � 1

j k j. Since� ik = 1 � 2�( � � 1
ik ) the bounds for

� ik are given by 2 � 2�
�
j� � 1(1 � � ij =2) � � � 1(1 � � j k=2)j

�
, where �( �) is the standard normal

distribution.

One can seethat the upper boundsof both t and H•usler-Reisscopula are equal to the upper
bound of inequality (1.4), when � ij = � j k . Table 1 contains representativ e results of the bounds
of � ik from both copulasand the bounds of inequality (1.4) for various valuesof � ij ; � j k and � .
From the table one can clearly seethat the bounds of the t copula are closer than the H•usler-
Reisscopula to the bounds of inequality (1.4). In fact when � ! 0 they are identical, except
the casefor � ik + � j k < 1 where the � ik L becomesgreater than zero. Note here that (1.2) and
(3.1) are still well de�ned for � = 0.

H•usler-Reiss t; � = 5 t; � = 2 t; � ! 0 Bounds in (1.4)
� ij � j k � ik L � ik U � ik L � ik U � ik L � ik U � ik L � ik U � ik L � ik U

0.1 0.9 0.077 0.129 0.073 0.133 0.068 0.139 0 0.2 0 0.2
0.2 0.8 0.125 0.304 0.119 0.312 0.109 0.322 0 0.4 0 0.4
0.1 0.4 0.013 0.422 0.007 0.453 0.001 0.493 0.5 0.7 0 0.7
0.2 0.6 0.071 0.449 0.061 0.464 0.047 0.483 0.2 0.6 0 0.6
0.3 0.9 0.245 0.362 0.242 0.365 0.238 0.370 0.2 0.4 0.2 0.4
0.4 0.8 0.274 0.556 0.268 0.560 0.262 0.566 0.2 0.6 0.2 0.6

Table 1: Bounds (� ik L ; � ik U ) of the tail dependenceparameter � ik given � ij and � j k for H•usler-
Reissand t copulasfor various d.f. � , along with bounds obtained by inequality (1.4).

Consider the limit of tail dependenceas � ! 0. It follows from the Cauchy distribution
T1(x) = � � 1 arctan(x) + 0:5 that (1.2) becomes

� = 1 + 2� � 1 arctan
�

�

r
1 � �
1 + �

�
= 1 � 2� � 1 arccos

 r
1 + �

2

!

= 1 � � � 1 arccos(� );

and thus � = 2
h
cos

�
� (1 � � )=2

� i 2
� 1 = cos

�
� (1 � � )

�
:

Given � ij ; � j k in (0; 1), then � ij = cos(� (1 � � ij )), � j k = cos(� (1 � � j k)), implying that

� ik U = � ij � j k +
q

1 � � 2
ij

q
1 � � 2

j k = cos(� (� j k � � ij )). Then the maximum tail dependence

13



possiblefor � ik is
� ik U = 1 � � � 1 arccos(� ik U ) = 1 � j� j k � � ij j:

Similarly, � ik L = � ij � j k �
q

1 � � 2
ij

q
1 � � 2

j k = cos(� (� ij + � j k)). Then the minimum tail
dependencepossiblefor � ik is

� ik L = 1 � � � 1 arccos(� ik L ) =

(
1 � � ij � � j k if � ij + � j k < 1;

1 � (2 � � ij � � j k) = � ij + � j k � 1 if � ij + � j k � 1:

The latter casecomesfrom � (� ij + � j k) � � . Therefore, the upper bound of (1.4) is always
reached as � ! 0 and the lower bound of (1.4) can be reached as � ! 0 if � ij + � j k � 1.

In the remaining caseof � ij + � j k < 1,

� ik L (� ) = 2T� +1

 

�

s
(� + 1)(1 � � ik L )

(1 + � ik L )

!

(3.2)

is not decreasingat � ! 0; see Figure 1. Also note that for (1.2), � > 0 implies � >
2T� +1 (�

p
� + 1), which approaches 2T1(� 1) = 0:25 as � ! 0. For larger � , � > 0 implies

� > � (� ) where � (� ) is near 0. For � ! 0, if � ij ; � j k are small, then � ij ; � j k are negative, but
� ik L can be quite positive. Hence1� � ij � � j k is not decreasingas � ij ; � j k get smaller. However,
Figure 1 shows that � ik L (� ) in (3.2) comescloseto zero for some� > 0.

In order to show the sharpnessof inequality (1.4) for the caseof � ij + � j k < 1, we use
the Marshall-Olkin distribution, or more generally, certain multiv ariate min-stable exponential
distributions.

Example 3.1. Consider a triv ariate Marshall-Olkin distribution with exponent (2.17) and the
following parameters,

� 1 = 3=4; � 2 = 1=2; � 3 = 1=4; � 12 = 0; � 13 = 1=4; � 23 = 1=2; � 123 = 0:

It is easy to verify that all the univariate margins are the standard exponential distribution.
Using the formulas of tail dependenceparametersfor Marshall-Olkin distributions (see,e.g., Li,
2007), we have

� 12 = 0; � 13 = 1=4; � 23 = 1=2:

Since� 13+ � 23 < 1, the lower bound of (1.4) for � 12 is achieved. Notice that this Marshall-Olkin
distribution cannot be used to represent the limit of the t-EV copula as d.f. � ! 0, because
� 1 > � 2 + � 12, which violates the parameter constraints imposedby (2.18) (seealso Example
2.6). �

Example 3.2. Let Z i ; Z j ; Zk be independent standard exponential random variables. Let
� i ; � j ; � i ; � j ; � k be positive constants such that � i + � j = 1 and � i + � j + � k = 1. Let

X i = minf Z i =� i ; Z j =� j g; X j = minf Z i =� i ; Z j =� j ; Zk=� kg; X k = Zk :
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Figure 1: Lower bound (� ik L ) of the tail dependenceparameter � ik for the t copula asa function
of � for various valuesof � = � ij = � j k (� ij + � j k < 1). The minimum of each curve is positive
but very closeto 0.

Then (X i ; X j ; X k ) has jointly a multiv ariate min-stable exponential distribution with standard
exponential margins. Also X i ; X k are pairwise independent, but X i ; X j and X j ; X k are pairwise
dependent. Hence� ij > 0, � j k > 0 and � ik = 0.

The bivariate survival functions are given by

Gij (x i ; x j ) = expf� (� i x i _ � i x j + � j x i _ � j x j + � kx j )g =: expf� aij (x i ; x j )g

Gj k (x j ; xk ) = expf� (� i x j + � j x j + xk )g =: expf� aj k(x j ; xk )g;

so that

� ij = 2 � aij (1; 1) = 2 � � i _ � i � � j _ � j � � k (3.3)

� j k = 2 � aj k(1; 1) = 2 � � i � � j � 1 = � k : (3.4)

Assume,without lossof generality, that � i < � i ; � j > � j . From (3.3) and (3.4) we have that

(
� ij = 1 + � j � � j , � j = � j + 1 � � ij

� j k = � k , � i = 1 � � j k � � j
(3.5)
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Thus we obtain the family of solutions in (3.5) if
8
><

>:

0 < � j < 1
0 < � i < 1
0 < � j < 1

, � j 2
�
0; minf � ij ; 1 � � j kg

�
:

If we select� j 2
�
0; minf � ij ; 1� � j kg

�
, then we have a family of distributions with � ij + � j k < 1

but � ik = 0. The lower bound of (1.4) is achieved for this family of distributions. �

4 Concluding Remarks

In this paper the sharpnessof inequality amongthree tail dependenceparameters(of a triv ariate
margin) is proved. The key is the t copula as � ! 0 which shows that the triv ariate t copulas
cover a wide range of tail dependence. This motivated the derivation of the limiting extreme
value distribution for the d-variate t copula with � d.f.; this limit involvesthe (d� 1)-dimensional
t distribution with � + 1 d.f. Software exists for the numerical computations of the multiv ariate
t distribution function, for example,Genz and Bretz (2002) and the mvtnorm packagein R.

A conjecture is that for d � 4, the set of tail dependenceparameters f � j k : 1 � j < k � dg
for the t and the related copulas might reach the full range. Sharpnessresults in dimensions
d � 4, for sets of 6 or more bivariate tail dependenceparameters, would be hard to try to
establish, but basedon the sharpnessfor d = 3 (or sets of 3 tail dependenceparameters), the
range of f � j k : 1 � j < k � dg for d-variate t copulascan be comparedagainst if one wants to
check if another particular copula family has a wide and 
exible range of tail dependence.
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