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ExtremeValuePropertiesof Multivariatet Copulas

Aristidis K. NikoloulopoulosY Harry Joe?Y Haijun Li *

Abstract

The extremal dependencebehavior of t copulasis examinedand their extremevalue limiting
copulas,called the t-EV copulas,are derived explicitly using the tail dependencefunctions.
As two special casesthe Husler-Reissand the Marshall-Olkin distributions emergeaslimits
of the t-EV copula as the degreesof freedom go to in nit y and zero respectively. The t
copulaand its extremal variants attain a wide rangein the set of bivariate tail dependence
parameters.

Mathematics Subject Classication : 62H20,91B30
Key Words and Phrases: Tail dependencefunction, extreme value, t copula.

1 Intro duction

It hasbeenwell documerted (see,for example, Demarta and McNeil, 2005; McNeil et al., 2005)
that the t copulas are generally superior to the Gaussiancopulasin the context of modeling
multiv ariate nancial return data, due in great part to the ability of t copulasto capture the
tail dependenceamong extreme values. This paper is motivated from studying the range of the
set of bivariate tail dependenceparametersfor t copulasand showing that that sharp bounds
for a triplet of bivariate tail dependenceparametersare almost always reaced.

C(ug;::i;ug) = F(Fy Hu);ziisFy Hug)); (ug;iii;un) 2 [0;1]% (1.1)

where F; 11 i d, are the quartile functions of the margins. That is, the copula C
can be thought of as the distribution function of the marginally transformed random vector

Joe, 1997). For example, a Gaussiancopula is obtained via (1.1) from a multiv ariate standard
normal distribution with correlation matrix R, and at copulais obtained via (1.1) from a mul-
tivariate t distribution with  degreesof freedom(d.f.) and dispersionmatrix . The Gaussian
and t copulasinherit the dependencestructure of multiv ariate normal and t distributions.
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One important dependenceproperty is the tail dependencewhich describesthe dependence
in the lower or upper tails of a distribution. In the bivariate case,the lower and upper tail
dependenceparametersare de ned as follows (seeChapter 2 of Joe, 1997),

L PrEXs FRu) X Ry Hu)g
= = lim :
I u#0 u

PriXi > F; Y(u); X; > F; Y(u)g.
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1 u
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forany 1 i< j d. For (re ection) symmetric distributions sud as the t distributions,

ij = :I = }JJ If, furthermore, the univariate margins are identical, then we have

. Gy (u;u) - Fij(tt)
i = lim ————== 1|
i T U @1 R

where Cj and Fjj denote the (i; j) bivariate margin of C and F respectively. It is well-known

that the Gaussiancopula has no tail dependence(i.e., jj = O for any i 6 j), whereasthe t
copula enjoys the full spectrum of tail dependence(Embrechts et al., 2002),
!
=0T P i 1p i : 1.2
ij = +1 | 1+ i ) ( : )

where Ty, denotesthe univariate t distribution function with m d.f., and j is the correlation
coe cien t of the (i; j) margin. That is, j isincreasingin j, from Oto 1as j goesfrom 1
to 1.

Letf 3 :1 i | dgbethe setof bivariate (lower or upper) tail dependenceparameters
of a d-dimensional copula C. The study of the range of triplets ( j; jk; i), fori; J; k distinct,
is equivalert to the study of the range of i given j; jk. A copula family with a wider
range would have more versatility in modeling tail behavior. For t copulas, the inequalities
for a triplet of tail dependenceparametersare related to inequalities for a triple of correlation
coecients ( jj; jk; k). Wewill referto the parametersof dispersionmatrix of the multiv ariate
t distribution ascorrelations eventhough secondmomerts existsonly for > 2. Basedon partial
correlations (see,e.g., Kurowicka and Cooke, 2006), for elliptical copulasthat include t copulas,
the correlation coecients ,1 i<k d,satisfy 1 ikij lor

q q
i ik 1 Ha ,-zk) ik ikt (1 9@ jzk); i<j<k (1.3)
Inequalities for the bivariate tail dependenceparameters have also been established(Theorem
3.14, Joe, 1997),
maxfO; j + jk 1lg «k 1 jj ki i<j<k (1.4)

Unlik e (1.3), howeer, the sharpnessof (1.4) had not beenshown.

In this paper, we establish the sharpnessof the inequality (1.4) using the t copulas and
min-stable triv ariate exponertial distributions. The sharpnessof the bounds in (1.4) can be
achieved in most casesthrough limiting t copulas, and this motivates us to study the extreme
value t copulas (t-EV copulas), which presene the tail dependenceparameters of the t copula
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(seeTheorem 6.8 of Joe, 1997). It should be mertioned that Demarta and McNeil (2005) derived
the EV copulalimit for the bivariate t copulasusing the standard techniques of Extreme Value
Theory. To easethe cumbersomenotational burden in higher dimensions,we intro duce the tail
dependene and conditional tail dependene functions to derive the t-EV copulas. This tool box
of tail dependencefunctions, which is of interest in its own right, is particularly e ectiv e for the
tail dependenceanalysisof multiv ariate t copulas. As two limiting casesthe t-EV copulasyield
the Husler-Reissdistribution and the Marshall-Olkin distribution asthe d.f. goesto innit y
and zero respectively.

The remainder of the paper proceedsas follows. Section 2 intro ducesthe multiv ariate tail
dependencefunctions, and derivesthe t-EV copula and its limiting cases.Section 3 establishes
the sharpnessof the inequality (1.4). Also in Section 3, seeral distributions are comparedin
the rangesof triplets of tail dependenceparameters. Section 4 concludeswith somediscussion
and further researd.

2 Extreme Value Limits of Multiv ariate t Copulas

Considerthe d-dimensionalcopula C of a random vector (Uy;:::; Ug) with the standard uniform
margins and cortin uous second-orderpartial derivatives. Let | := f1;:::;dg denote the index
set. Forany ; 6 S |, let Cs denote the copula of the jSj-dimensional margin (U;;i 2 S).
De ne the lower tail dependencefunctions bs() of C,; 6 S |, asfollows,
. . C i;i28S
bs(wi;i 2 S) := Il% %; 8w = (Wq;:::;wg) 2 RY: (2.1)
u

Note that bs(w) = w if jSj = 1 for univariate margins, and b; (1;1) = h becomeshe lower tail
dependenceparameter of the (i; j) margin. Analogousupper tail dependencefunctions could be
de ned, but they are the samefor t copulasbecauseof their re ection symmetry.

The following elemenary properties of the function bs(), ; 6 S |, canbe easily veri ed.
1. bs(w;;i 2 S) = 0if leastonew; is zero,i 2 S.
2. bs(wi;i 2 S) is non-decreasing(or increasing)in w; 2 S.

3. For any xed t > 0, bs(twj;i 2 S) = limyg Cs(utwj;i 2 S)=u = tlimys Cs(utw;;i 2
S)=(ut) = tbg(wj;i 2 S), and thus bs( ) is homogeneousof order 1.

Sinceb(w) := b (w) is di erentiable and homogeneousof order 1, the well-known Euler's ho-
mogeneougheorem implies that (see,e.g., Wilson, 1912)
X @

b(w) = @jwj; 8w = (w;:ii;wg) 2 RY: (2.2)
j=1



where the partial derivatives @=@; are homogeneousof order 0 and bounded. For any 1

j doletl;:=1 fjg. Obserefrom (2.1)that forany 1 | d,
@ _ I P fU ..... U . . U . eeaas U H U _ .
@j = J% MUy uwg; iU 10 uwy 3 Ujer UWj41;:i0Ug Uwg | Ujp = uw;g
= IJ%PrfUi uw;8i 2 1 j Y, :Ung:ﬂg]OC|jjfjg(UWi;i2|jjUWj); (2.3)

where the notation Cg,;s, refersto the conditional distribution of fU; :i 2 S;g givenfUy 1 k 2
S»g. The partial derivatives @=@; are called the conditional lower tail dependencefunctions
of copulaC.

To expressthe EV copula of C in terms of bs( ), we needthe following function,

X -
a(w) = ( 1¥S bg(wii 2 S): (2.4)
S 1,;S6;

It follows from (2.1) and the inclusion-exclusionrelation that

jim * X ( 1¥SI Cg(uw;;i 2 S)
u#OG S ]
S |,;S6;

a(w)

IimEPrfUi uwi;forsomeiZIg:Iimll PrifU; > uw;;8i 2 I g
u#0 U u#0 U

1 ,
Iim-1 Prfl U 1 uw;;8i2Ig;
u#0 U

which implies the approximation

Prfl U 1 uw;;821lg 1 ualw); u! O

1=n

;"= expfn tlogujg 1+ n 'logy;, sothat with & = logu;,

For su cien tly largen, u
(C )”(ui:";:::;uézn) 1 n la(bg:iibg) Uoexpf a(th]liltg)g;
asn! 1.

Theorem 2.1. Let CEV denotethe lower EV copula of a copula C, then

CEV(ui;:::;ug) = expf a( logus;:::; logug)g;

distribution with  d.f. and dispersion matrix . Sincethe increasinglocation-scale marginal
transforms convert X to the t distribution with identical margins, we assume,for expositional
simplicity, that the marginsF; = T forall1 i d, whereT s the t distribution function



with d.f,andthat = ( j)satises ; = 1foralll1 i d. The conditional tail dependence
function in (2.3) can be rephrasedas

@: |ig10Peri T 1(UWi);8i2|ijj =T 1(qu)9; 1 d:

j u
Considerz = T 1(uw). Sincethe lower tail of the density T%z) behaveslike  jzj ( *D where

( =2 (_+ 1)=2 :
( =2)

the distribution T (z) behaveslike jzj asz! 1 . HenceT %(u) ( =w¥ and
z (uw= ) ¥ asu! 0. Thus, the conditional tail dependencefunction of (2.3) for the t
copulais expressedas

@ _ . . : _ _
@j: J%Prfxi (uwi= ) ;821 jX;= (uw= ) ¥g 1 j o (2.5)
To obtain the conditional distribution in (2.5) from the multiv ariate t distribution, we need
the following result (see,e.g., Kotz and Nadarajah, 2004). Let Ty.. denote the distribution

function of a d-dimensionalt distribution with d.f. and dispersion matrix

Lemma 2.2. Let X = (X 1;X 2) have the multiv ariate t distribution Ty.. with
!

_ 1 12 _ 1.
= ;o221 = 22 21 11 12
21 22
whereX ; and X , arek andd k dimensional respectively. Then
s - !
. + k
PriX2 X2 X1=X19= Tg k; +k; 201 o1 X2:1
+t X1 11X1
- 1
wherexz1 = X2 21 11 X1.
Combining (2.5) and Lemma 2.2, we have
@ P— 1= p 1=
— = Tq 1, +1; | +1  (wi=w) + g s 1 (wpo1mw) + o1
@
+1 (Wa=w) T+ ey i 10 (wgEw) T+ g
—_ p — 1= L
= Ta 1 i +1 (wimw) o+ g i 2 L
|
p T 1 Wi 1= '
| . .
= Td4 1; 1R @q W o512 IiA ' (2.6)
1 2 Wj
i
where
0 ) 1
1 3 o T R TR B L+l 1 4+l o d 1 d
- L 1 1 j 1j o1 oL+l [ S I I A i 1d ioLiod
: éuﬂ Yojerd T g a1 ey 1 gy DD jmd ey od
1d 1 d i 1d L4 j+l:d i+l di dj



and 0 1

N T i+l T Ldj
R =B 1 1 1 [ R T IR W T 57
i~ e 1 e (2.7)
Lj+1;j e I Lj+Lj et j+1,;d;
Ldj YT ) Ldy jrrdg 1
with ¢ = a=—%-d X __ i 6 j; k 6 j, being the partial correlations. Substituting (2.6) in
K]
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(2.2) and (2.4), we obtain the tail dependencefunction and the EV limit of the t copula.

Theorem 2.3. Let C be the copula of a multiv ariate t distribution with  d.f. and dispersion
matrix = ( j)with 3 =1forl i d.

1. The tail dependencefunction of C is given by

0 " # 1
)@ pTl W| 1= . A
(w) = wjTg 1 +1;R; @5172 W + g 1215/
j=1 i )

with exponent

xd - # !
+ 1 w, ¥ _
a(W) = Wj Td 1; +1;R; @GI7]_ > —W_l ij 2 |jA . (2.8)
j:l ]

i
Proof. We only needto derive (2.8). It follows from (2.2), (2.4), and (2.6) that

X .
a(w) = (¥ tbs(wii 2 S)
S 1;S6;

0 1
. X
= ( 1)JSJ 1@ %WJA
S 1:S6; j2s @, ( )
X . X 3 1= ) 1=
= lim ()87 wproX M izg x =
u .
;"560 j2s ( 1
X isi uwg uw;  F
= lim w @1 ( 1S 2pr X; — 2 Xj= — A
u#OJ'=1 S:j2S;S) 2



where S = jg 1i. The inclusion-exclusionprinciple implies that
hereS; = S fj Ij. The inclusi lusi inciple impli h

0 ! 1
X = @ P + 1 Wi 1=

WiTa 1; +1;R, Pod—— —

0 D ! 1
_ xd @ 51 w ¥
= WiTy 1 1R, P — —

+

a(w) i ;i2|jA

i P2 A

where T4 1. +1:R,; () is the survival function of the distribution function Tq 1. +1:R; -

It is known that the elliptical distribution functions are increasingin j in the senseof
the concordanceordering; see,e.g., Theorem 2.21 of Joe (1997). The tail dependencefunction
b() of at copula and its t-EV copula inherit this monotonicity property. It is also evident
from Theorem 2.3 that b(1;1;:::;1) (respectively a(1;1;:::;1)) are decreasing(respectively
increasing)in d.f. . Note, however, that asour numerical results show, for any xed w and jj,
the monotonicity of a(w) with respectto doesnot hold in general.

Note that the t-EV copula family givenin Theorem 2.3 have positive dependenceonly even
if it is parametrized by a correlation matrix. The independencecopula obtains only in the limit
as ! 1.

Next we discussthe limits of (2.8)as ! Oand ! 1. Let X = (Xg;:::;Xq) have the
multiv ariate standard normal distribution with correlation matrix R = ( j ). Husler and Reiss
(1989) derived the EV limit of X under the limiting constraint

2

. = B I T | .
j(n)=1 ogn ' 1, asn! 1; (2.9)

for positive parameters i, i 6 j, with j = i, and someother constraints. The Husler-Reiss
copula CHR can be rephrasedas a min-stable multiv ariate exponertial distribution as follows

CHR(e W1;::i5e Wy = expf a(w; ;1 i) dg
The exponert function a( ) is given by

xd X .
aw; ;1 i) d= w+ ( 1S Yrg(wi;i 2S; (i )ij2s); (2.10)
j=1 S 1;jS) 2

wherefor S = fiq;:::;isg 1,jSj=s 2,
. z Wis 1 ijis y :
rs(wi;i 2S; (j)ijes) = s Lisis ijis t TIog—_; 1 j s 1 dy; (211
0 le

and s 1; o, () isthe survival function of the multiv ariate normal distribution with correlation
matrix s;j = (%) whose(i; k) entry equalto, k2 S fjg,

2 2 2
itk ik

1 1
25k

o/gk i = ; (2.12)



with ;! is de ned as zero for all i. As our next result shaws, the Husler-Reisscopula CHR
emergesas the limiting distribution of the t-EV copulaas ! 1 with j ! 1 at appropriate

rates.

Theorem 2.4. Let CEV () bethe t-EV copulaobtained in Theorem 2.3 with dispersion matrix
=(i()),where j()=1 2 i 2= and the parameters j arethe sameasthesein (2.9).

Then CEV () corvergesweakly to the Husler-ReisscopulaCHR()as | 1.
Proof. Forany; 6 S |, let C5Y() (CER()) denotethe jSj-dimensional copula of the margin
of CEV() (CHR()) with componert indexesin S. Let bs. (), ; 6 S |, denote the tail

dependencefunction of t-EV copula CEVY () asde ned in (2.1).

Obsene that rs(w;;i 2 S; j;i;j 2 S) in (2.11) is homogeneouf order 1. It is clear from
(2.4) and (2.10) that we only needto shaw that rs(; j;i;j 2 S) of CHR() is the limit of the
tail dependencefunction of CEV(); that is,forany ; 6 S |,

rs(wi;i 2S; (jj)ij2s) = I'ilm bs. (wi;i 2 S); 8w = (Wq;:::;Wg) 2 RY: (2.13)

For this, let Rs;, j 2 S, denotethe partial correlation matrix of CE;V() asde ned in (2.7), and
let s; denotethe correlation matrix of CER () asde ned in (2.12). It is easyto verify that for
any 1 j d,

2 2 2
qik() ibl()kj() ! ij+kljlik:%k_jas!l:
1 2() 1 %) 25«
Thus, Rs; convergesenry-wise to g;. Let S= fig;::ijisg |,jSj=s 2. From (2.6) and
(2.11), we have
0 D " # 1
@s: +1 Wi = . .
— = Fs 1 +1Rs; @q7 + iy ;128 f'sgA
A ’ ’ iI's Wi S
@V|s . 1 %S is .
" #
_ P51 w, ¥ _ R
= Fs 1, 41Rg, @qliz W ijis ;1 ] s 1
& Is
Ijls
. — iiis Wi, .
@Visrs(Wi:l 28 (§jdij2s)= s 1sis | 1|S + JTIng:j ;1] s 1
Obsernethat as ! 1,
! " # l s
P—1 w, T we T, G 2
g 1 2 WiJ ljls Wij 4 2
ijis 1 ljists
Wi 2 S
IOg Wi, 2 i ;isA 2 1 ijis | is
1 2 ij s > 109



Therefore

rs(wi;i 2S; f i O = lim -
@v. s(w; ij Oiij 2s) " @,
Since @s. =@V;, is bounded, the bounded corvergencetheorem implies that

V4
Wig @S;
0 @is

rs(wi;i 2S5 (jjijes) = lim dxi, = bs; (Wi;i 2 S);

and (2.13) holds.

Remark 2.5. Note that our method of tail dependencefunctions also yields a more explicit
expressionfor the Hesler-Reisscopula. It follows from Theorems2.3 and 2.4 that the exponernt
function for the Husler-Reisscopula can be expressedas follows,
.. xd 1 ij Wj .
aw; 5,1 &) d)= W d1,; g +t 5log—i2lj
. P | 2 Wi
i=1
This homogeneousrepresettation provides better insight into understanding the structure of
the Heusler-Reisscopula: The rates of changesfor its exponert function are driven by normal
distributions. Hesler and Reiss(1989) obtained this expressionfor the bivariate case:

) _ 1 W1 1 Wp

a(wi;wp) = w +-log — +w + -log —

(W1, W2) = wy 5100 2 3109 o,
Their method, however, seemstoo cumbersometo extend this to higher dimensionsin the form
of (2.2). Our form is easierto usein higher dimensions;only a function for the multiv ariate

normal cumulativ e distribution function is needed,and not another integral.

As | 0, the rates of changesof the exponert function (2.8) of the t copula dependson
the arguments wij, 1 i d, only through their ranks and thus the singularities appear. Let
Fq. denote the distribution function of a d-dimensional Cauchy distribution with dispersion
matrix . Since(w; =w )" goesto zeroorinnit y,as ! 0, dependingon whether w; < w; or
w; > w;, the exponert (2.8) as ! 0 becomes

xd i
ao(w) = w; Fq r(w;):Rs; (wy; @qliuzi 2 S (W)A ; (2.14)
j=1 i

0 1

Rs; (w);j is the sub-matrix of (2.7) by retaining the columns and rows with indexesin S;(w).
Obsene that the exponert ag(w) is a linear function of w;j, 1 i d, with the coe cient
depending on its rank, and thus, as the next example shows, resenbles the exponert functions
of Marshall-Olkin distributions; seeMarshall and Olkin (1967a,b).

Example 2.6. Considerthe triv ariate caseof ag( ). Let

0 1

i (i) = F2Rs) @q—1—:q ka A if 5 (w) = fi kg;




0 1

i (i) = Fl;st (w)j @qliuzA if Sj(w) = fig:
ij
For wy < wy < wsg,
ap(w) = 23:1( 215 3)Wi+  3:2( 32)W2 + Wg; (2.15)

In cortrast, the survival function of a triv ariate Marshall-Olkin distribution with non-negative
parametersf s:; 6 S f1;2;3gg canbe written as

c" O(W1;W2;W3) = Priwy > wi; Wp > wp; W3 > wag = expf  a¥ O (wq; wyp; wa)g;

where the exponert function is given by

X3 X
MO fir) «rar - _ .
ar o (wy; Wo; wz) = jwj + i (Wi _wj)+ 123(W1 _ wo _ Wa);
j=1 1 i 3
with j = ji. Hereand in the sequel_ denotesthe maximum. For w; < w, < w3, we have
MO . . — .
av P (wpwo,wz) = Wi+ (24 p2)Wot ((3+ 13+ 23+ 123)Wat (2.16)

The two exponert functions coincide if we set

1= 231( 215 31); 2% 12= 32(32); 3+ 13+ 23+ 123=1
Since the coe cien ts of both ag() and aM©() depend on the ranks of their corresponding
argumerts, the other equations can be obtained by simply interchanging any two indexes:

2= 132( 127 32); 3= 123( 13 23); 2+ 32= 12( 12)

1+ 127 31(31); 1+ 137 21( 21); 3+ 13= 23( 23); 3+ 23= 13( 13);
1+ 31+ 21+ 123= 1 2+ 12+ 32+ 123= L
This system of equations yields the non-negative solutions. For example, 12 = 3.2( 32)
132( 12 32) 0O, and

123=[1  23( 23)] [ 13( 13)  123( 13; 23)] O

due to the -monotonicit y of the distribution function F3. . The other parameters can be
derived by simply exchanging any two indexes, and thus (2.15) can be written as (2.16). The
Marshall-Olkin distribution provides a stochastic represemation for the limiting distribution of
the t copulaas ! O. It follows from Marshall and Olkin (1967b) that GM©() with exponert
(2.16) is the survival function of the following random variables,

W1 = minfYq; Yi2; Yi3; Y1230, W2 = minfYaz; Y12; Yo3; Y1230, W3 = minf Ys; Ya3; Yi3; Y1230;

where Ys's are independert exponertial random variables with E(Ys) = 1= g for ; 6 S
f1;2;3g. The singularities of the t copulaas ! 0 are apparert from suc a represertation.

10



Using the similar method and notations asin Example 2.6, the Marshall-Olkin represenmation
for the t-EV copulaas ! 0 canbe extendedto the d-dimensional case. The survival function

wgg = expf  aM©(w)g where
X
avo(w) = s(Li2sWi); (2.17)
S;6&S |
for somenon-negative parameters g's.

Theorem 2.7. The multiv ariate t-EV copula with exponert (2.14) corvergesweaklyas ! 0
to a Marshall-Olkin distribution GM© with exponert of the form (2.17).

Proof. We rst introduce the notation,
0 1

5wy Cii 512 S5 (W)) = Fa rw)Rs; ) @qliuzi i 2 5 (w)A
ij

with §j(w) = fi :w; > w;g. For any wy < wp < < wy, we have

ag(w) = 2:d1( 1,2 1 d)wr+ zeg( i2;3I i d)wg+ + Wy
MO X |
as(w) = qwit (2+ 2w+ + s Wg:
S:d2S
Thus, we needto nd gssud that
X
1= 2uzda(in2 1 d); 2+ 125 zmge( i3 00 d); i s= 1L
S:d2s
By exchanging any two indexes,we obtain a system of equationsfor g's:
X
s= swyi(i125Ww); 1 j d (2.18)

S:j2S;S Sjc(w)

where SJ-C(W) denote the complemert of Sj(w). To construct non-negative solutions for (2.18),
let (Z);::: ;Zé) be a random vector jointly haviag the multiv ariate Caudhy distribution with
correlation matrix (2.7), and also let Iz j= 1 ﬁ ;1 i;j dandi6 j. Then

swy(iii2Sw) =Prfzl  li2 sjw)g

Partition the space Al (w) = f(zy;:::;z9) : G {;i 2 Sj(w)g into the following non-
overlapping subsets:for any S with j 2 S;S Sjc(w),
Ajs(w):: f(z1;::052q) @z f;izsj(w); Zy L;kZSJ-C(W) S; z1 > f;IZS fjgg

It is easyseethat Al (w) = [ Sj2s:S st(W)AjS(W) and the Ajs(w) are mutually exclusive. There-
fore,
X

S:j2S;S Sjc(w)
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Let, forany Ssuchthat j 2 SandS Sf(w) (1 j d),
s = Pri(zl;;zh) 2 AL(w)g: (2.19)

Thesenon-negative g's satisfy (2.18). Hencethe exponent ag( ) of the limiting t-EV copulaas
| 0 canbewritten asthe exponert aM ©( ) of a Marshall-Olkin distribution with parameters
(2.19).

Remark 2.8. The explicit construction (2.19) can be usedto evaluate g's for the Marshall-
Olkin represenation of the limiting t-EV copula. Note that each s has|Sj dierent, but
equivalent expressions.For example, 1o in Example 2.6 has the following two expressions:

12= 32(32) 132( 127 32) = 31( 31)  231( 215 31):

The equivalenceof thesetwo expressionganbetranslated into the following structural symmetry

for the triv ariate standard Cauchy distribution with correlation matrix R:
! !

32 21, 31
Fi1 1971 — F2Rp500 P T2 P 1 2
32 | 21 31 |
_ 31 12 32 .
= F]_ p 1 —2 + Fz;Rfl;Sg;Z p 1 > -p 1 > ’
31 12 32

where F1() denote the univariate margin. The other symmetrical relations can be similarly
obtained. Our numerical results shav that the multiv ariate t distributions with d.f. 6 1 do
not possessud structural symmetries.

The limiting t-EV copulaas ! O0takesespecially asimpleform in the bivariate case.Let Y;,
i = 1,2, and Y12 be independert exponeglal random variableswith E(Y;) = 1, i= 1,2, and
E(Yp) = (1 ) 1, where =F; = 1 2 . Then the limiting dlstnbutlon of the t-EV

copulaCEV(uq;up) as ! 0 is described by the joint distribution of Wy = minf Yq; Y1o0; W» =
minf Ys; Y120; that is,

im C=V(e "ie ") = expf  (wi+ wgexpl (1 )(wi_wo)g,

for any non-negative wq; wo.

3 Sharpness of Compatibilit y Inequalities for Tail Dependence

Let j := I (1,1) denote the lower tail dependenceparameter of the (i;j) margin Cj of a
d-dimensional copula C. To comparethe range of tail dependenceof t copulas (t-EV copulas)
and the boundsin (1.4), we utilize the correlation inequality (1.3). It follows from (1.2) that for
a bivariate t copulawith  d.f., correlation and tail dependenceparameter , we have

=(+1 ) +1+ ) = Ti(=27% (3.1)
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Thus, the lower and upper boundsof j asa function of j and jx aregivenby B and B*
respectively, where

(1 TAG=P(+1 TP 4+ DT 3 =2)T 3 k=2),
(+1+[T 3C=2P)( + 1+ [T 5( x=2)P) '

Sincethe tail dependenceparameterof the t copulai%an increasingfunction of its carrelation, the

B

lower and upperboundsof i aregivenby 2T . % and 2T +; %
respectively.

As a limiting caseof the t-EV copulawhen ! 1, the trivariate Husler-Reisscopula with
parameters jj; i; jk, satisfyingthat 1 % Lwhere% = (;°+ ;2 =21 )
(see(2.12)). Thus, the boundsfor ; *arej ;* jklj. Since xk =1 2( 4 the boundsfor

ik aregivenby2 2 j 1 =2 11 jk=2)j , where () is the standard normal
distribution.

One can seethat the upper bounds of both t and Heisler-Reisscopula are equalto the upper
bound of inequality (1.4), when j = j«. Table 1 cortains represenativ e results of the bounds
of i from both copulasand the bounds of inequality (1.4) for various valuesof j; ;x and
From the table one can clearly seethat the bounds of the t copula are closerthan the Hesler-
Reisscopula to the bounds of inequality (1.4). In fact when ! 0 they are identical, except

the casefor i + jk < 1wherethe j_ becomesgreaterthan zero. Note herethat (1.2) and
(3.1) are still well de ned for = 0.

Husler-Reiss tt =5 t, =2 tt ' 0 Boundsin (1.4)
i jk ik L ik U ik L ik U ik L ik U kL kU | kL ik U
0.1 0.9]0.077 0.129 0.073 0.133 0.068 0.139 O 0.2 0 0.2
0.2 0.8]0.125 0.304 0.119 0.312 0.109 0.322 O 0.4 0 0.4
0.1 0.4]0.013 0.422 0.007 0.453 0.001 0.493 0.5 0.7 0 0.7
0.2 0.6|0.071 0.449 0.061 0.464 0.047 0.483 0.2 0.6 0 0.6

0.3 0.9 0.245 0.362 0.242 0.365 0.238 0.370 0.2 04 | 0.2 0.4
04 0.8|0.274 0.556 0.268 0.560 0.262 0.566 0.2 0.6 | 0.2 0.6

Table 1: Bounds( i«L; iku) of the tail dependenceparameter j given j and j for Husler-
Reissand t copulasfor various d.f. , along with bounds obtained by inequality (1.4).

Consider the limit of tail dependenceas ! 0. It follows from the Caudhy distribution
Ti(x) = larctan(x) + 0:5 that (1.2) becomes
r r !
+
=1+ 2 ‘larctan 1 -1 2 taceos 1 =1 Larccog );
1+ 2
h 5
andthus = 2 cos (1 )=2 l1=cos (1 ):
Given j; jﬁin (O; 1h then j = coq (1 i), jk = cos((1 jk)), implying that
ku = j jk+ 1 ﬁ 1 J?k = cos( ( jk i ). Then the maximum tail dependence
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possiblefor j is

ku =1 tarccog wu) =1 j ik i
q q
Similarly, &L = i jk 1 2 1 2 =cog (j+ jx)- Then the minimum tail
dependencepossiblefor i is
(
. . i . . < .
kL = 1 tarccog kL) = b K ?f . 1f
1 @ 5 = g+ gk i g+ L
The latter casecomesfrom ( j + k) . Therefore, the upper bound of (1.4) is always
readhedas ! O and the lower bound of (1.4) canbereachedas ! Oif j + jx 1.
In the remaining caseof j + <1,
S !
( +DQ k)
i = 2T 3.2
()= 2T Tr ) (32)
is not dscreasingat I 0; seeFigure 1. Also note that for (1.2), > O implies >
2T 41 ( + 1), which approacdes 2T1( 1) = 0:25as ! 0. For larger , > 0 implies
> () where ()isnear0. For ! O,if j; jx aresmall then j; jx are negative, but
ikL canbe quite positive. Hencel j; jk is not decreasingas jj; jk getsmaller. However,

Figure 1 shawvsthat . ( ) in (3.2) comescloseto zerofor some > 0.

In order to show the sharpnessof inequality (1.4) for the caseof j + jx < 1, we use
the Marshall-Olkin distribution, or more generally, certain multiv ariate min-stable exponertial
distributions.

Example 3.1. Consider a triv ariate Marshall-Olkin distribution with exponert (2.17) and the
following parameters,

1= 34 2=172 3=14 12=0; 13= 14 23=1"2 13=0

It is easyto verify that all the univariate margins are the standard exponertial distribution.
Using the formulas of tail dependenceparametersfor Marshall-Olkin distributions (see,e.qg., Li,
2007), we have

12= 0, 13= 194 3= 172

Since 13+ 23 < 1,the lower bound of (1.4) for 1, is achieved. Notice that this Marshall-Olkin
distribution cannot be usedto represen the limit of the t-EV copulaasd.f. ! 0, because

1> 2+ 12, Which violates the parameter constraints imposedby (2.18) (seealso Example
2.6).

Example 3.2. Let Zi;Zj;Z¢ be independert standard exponertial random variables. Let
i, js iv j k bepositive constarts sudhthat ;+ j=1and ;+ ;+ =1 Let

Xi = miani: i;Zj: ig Xj = miani: i;Zj: j;Zk: k9, Xk = ZkZ
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Figure 1: Lower bound ( ik ) of the tail dependenceparameter j for the t copulaasa function
of for variousvaluesof = j = jx ( j + jk < 1). The minimum of ead curve is positive
but very closeto 0.

Then (Xi; Xj;Xy) hasjointly a multivariate min-stable exponertial distribution with standard
exponertial margins. Also X;; X are pairwise independert, but X;; X; and Xj; Xy are pairwise
dependert. Hence i >0, x>0 and j = 0.

The bivariate survival functions are given by

Gj (xi;xj) = expf (iXi_ iXj+ jXi_ jX+ kXj)g= expf aj(Xi;Xj)9
Gjk(Xj;xk) = expf (ixj+ jX;+Xk)g=:expf ajk(Xj;Xk)0;
so that
i = 2 @n=2 i_ 0 j_ K (3.3)
ik = 2 ajk(l;l): 2 i j 1= K- (3.4)

Assume,without lossof generality, that ;| <

(

i, j> j. From (3.3) and (3.4) we have that

=1+ 5 . = g+l (3.5)
ik = k , i=1 jk

15



Thus we obtain the family of solutionsin (3.5) if

8

2 0< J<1
0< <1, 2 Ominf ;1 j«g:
0< j<1

If weselect j 2 O;minf ;1 ;xg ,then we have afamily of distributions with  + <1
but i = 0. The lower bound of (1.4) is achieved for this family of distributions.

4 Concluding Remarks

In this paper the sharpnessof inequality amongthree tail dependenceparameters(of a triv ariate
margin) is proved. The key is the t copulaas ! 0 which shaws that the triv ariate t copulas
cover a wide range of tail dependence. This motivated the derivation of the limiting extreme
value distribution for the d-variate t copulawith  d.f.; this limit involvesthe (d 1)-dimensional
t distribution with + 1 d.f. Software exists for the numerical computations of the multiv ariate
t distribution function, for example, Genz and Bretz (2002) and the mvtnorm padkagein R.

A conjectureis that for d 4, the set of tail dependenceparametersf j:1 j <k dg
for the t and the related copulas might reac the full range. Sharpnessresults in dimensions
d 4, for setsof 6 or more bivariate tail dependenceparameters, would be hard to try to
establish, but basedon the sharpnessfor d = 3 (or setsof 3 tail dependenceparameters), the
rangeof f ;,x:1 |j <k dgfor d-variate t copulascan be comparedagainst if one wants to
ched if another particular copulafamily hasa wide and exible range of tail dependence.
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