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Abstract

We study controllabilit y properties (swimming capabilities) of a mathematical model

of an abstract object which \swims" in the 2-D Stokes °uid. Our goal is to investigate

how the geometric shape of this object a®ectsthe forces acting upon it. Such problems

are of interest in biology and engineeringapplications dealing with propulsion systemsin

°uids.

Key words: Stokes equation, swimming model, coupled systems,multiplicativ e control,

controllabilit y

AMS(MOS) sub ject classi¯cations. 76, 92, 35.

1. In tro duction and mo del equations. In this paper we consider a model of an

abstract object which applies a ¯sh- or snakelike motion to propel itself in a °uid , seeFig. 1

below (as opposedto a body which is drifting, or being pushed/pulled in a °uid by external

forces). This object (to which we also refer below as an \apparatus") can be viewed as a very

simpli¯ed model of a living organism ([13], [16], [2]-[4], [17], and the referencestherein) or a

\mechanical device(such asa robotic ¯sh or eel,e.g., [5], [14], [15] and the referencestherein).

Modeling philosophy. There are numerous, quite di®erent approaches to the modeling of

swimming phenomenoncurrently available in the literature. Somemodelsdeal only with ¯nite

systemsof ODE's describingthe positionsof certain points of the swimming object at hand and

avoid the useof °uid equations,replacing them with friction forces(e.g., [15]and the references

1This work was supported in part by NSF Grant DMS-0504093.
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therein). On the other hand, there are very sophisticated in¯nite dimensionalmodels focusing

primarily on detailed description of various aspects of the interaction between the swimming

solid bodies (of mechanical nature or of living organisms)and the surrounding °uid (see,e.g.,

the classicalworks [13], [2] on swimming phenomenaand the referencestherein). However, in

the latter approach it can be di±cult (or impossible) to obtain an explicit model of coupled

di®erential equationswhich would include the equation describing the progressof the position

of the body (such as, e.g., its center of mass) in the °uid . This equation is critical if onewants

to study the issueof controllabilit y for the swimming phenomenon,which is our goal in this

paper.

In this respect, we would like to deal with a \good starting model" which should, on the

onehand, be \simple enough" from the mathematical viewpoint, while, on the other hand, be

adequateenoughto represent (at least someof the) principal elements and di±culties arising

in the context of swimming processes.Our modeling approach can be viewed as one derived

from the approach developed by C.S. Peskin, L.J. Fauci and others (seealso the referencesin

[16], [4], [17]) in computational mathematical biology, where an object in a °uid is modeled

as an immaterial curve (immersed boundary), identi¯e d with the °uid , further discretized for

computational purposeson a grid.

More precisely, our model consistsof two coupled systemsof equations: one for the 2-D

Stokes°uid and another for the position of the apparatus in it:

@y
@t

= º ¢ y + F (y; z; v) ¡ r p in QT = ­ £ (0; T); (1:1)

div y = 0 in QT ; y = 0 in § T = @­ £ (0; T); y jt=0 = y0 in ­ ;

dzi

dt
=

1
mesf Sr (0)g

Z

Si (zi (t ))

y(x; t)dx; zi (0) = zi 0; i = 1; : : : ; n (n > 2); (1:2)

where z(t) = (z1(t); : : : ; zn (t)) 2 (R2)n ; v(t) = (v1(t); : : : ; vn¡ 1(t)) 2 Rn¡ 1,

F (y; z; v) =
n+1X

i =2

»i ¡ 1(x; t)[ki ¡ 1
(k zi (t) ¡ zi ¡ 1(t) kR2 ¡ l i ¡ 1)

k zi (t) ¡ zi ¡ 1(t) kR2
(zi (t) ¡ zi ¡ 1(t))

+ ki ¡ 2
(k zi ¡ 2(t) ¡ zi ¡ 1(t) kR2 ¡ l i ¡ 2)

k zi ¡ 2(t) ¡ zi ¡ 1(t) kR2
(zi ¡ 2(t) ¡ zi ¡ 1(t))]
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+
n+1X

i =2

»i ¡ 1(x; t) (vi ¡ 1(t)A (zi (t) ¡ zi ¡ 1(t)) + vi ¡ 2(t)A (zi ¡ 2(t) ¡ zi ¡ 1(t))) : (1:3)

In the above, ­ is a boundeddomain in R2 with boundary @­ of classC2, y = (y1(x; t); y2(x; t))

and p(x; t) are respectively the velocity and the pressureof the °uid at point x = (x1; x2) 2 ­

at time t, and º is a kinematic viscosity constant.
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Figure 1 : The casen = 4:

Apparatus' structure. The \swimming apparatus" in (1.1)-(1.3) is modeled as a \brok en-

line-like" structure, formed by an orderedsequenceof ¯nitely many setsS1(z1(t)) ; : : : ; Sn (zn (t))

with °exible immaterial internal links betweenthem (or which, e.g., have a \negligible a®ect"

on the swimming process)attached to their respective \centers of masses" z1(t); : : : ; zn (t) {

the apparatus' \skeleton", seeFig. 1 for the casen = 4. We view the apparatus as a \part of

the °uid" - as opposedto a mechanism composedout of solid bodies in the °uid. We assume

that each Si (zi (t)) is the samegiven open set, say, S(0), oriented in a certain way about its

center zi (t) in place of the origin at time t, while »i (x; t) denotesthe characteristic function

of Si (zi (t)). Throughout the paper we assumethat S(0) has its center of massat the origin

and can be represented as

S(0) = f x j ¡ r < x1 < r; ®(x1) < x2 < ¯ (x1)g; (1:4)

where ® and ¯ are the given continuously di®erentiable functions, or alternativ ely, it may

consist of ¯nitely many non-overlapping setssimilar to (1.4).

To simplify the §-notations throughout the paper, we alsointro ducetwo \auxiliary points"
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z0 and zn+1 as z0(t) = z1(t); zn (t) = zn+1 (t) and set S0(z0(t)) = S1(z1(t)) ; Sn+1 (zn+1 (t)) =

Sn (zn (t)).

Forces.The ¯rst sumin the term F (y; z; v) in (1.3), describingthe internal forcesgenerated

by the apparatus, represents the elastic forcesmaintaining its structure. They act accordingto

Hooke'sLaw when the distancesbetweenany two adjacent points zi (t) and zi ¡ 1(t); i = 2; : : : ; n

deviate from the respective given values l i ¡ 1 > 0; i = 2; : : : ; n, where the given parameters

ki > 0; i = 1; : : : ; n ¡ 1 describe the rigidit y of the links zi ¡ 1(t)zi (t), i = 2; : : : ; n. (For the

auxiliary points/links we set k0 = kn = l0 = ln = 0.) The secondsum in (1.3) represents

the rotation forces,\responsible" for its actual motion. Namely, each of the above mentioned

points zi (t) can force any of the adjacent points to rotate about it, and, accordingly,

A =

0

B
@

0 1

¡ 1 0

1

C
A :

The magnitudesand directions of the applied rotation forcesare determined by the coe±cients

vi ; i = 1; : : : ; n ¡ 1, which we regard as bilinear or multiplicative controls (see, e.g., [1], [6]-

[9], [11] and the referencestherein). We assumethat all apparatus' forces act through the

immaterial links attached to the centers of massof sets Si (zi (t))'s, i.e., to the points zi (t)'s,

and then transmitted as such to all points in their respective supports.

Apparatus' motion. The dynamics of the \thick points" zi (t)»i (x; t); i = 1; : : : ; n are de-

termined by the average motion of the °uid within their respective supports Si (zi (t))'s as

described in (1.2).

Everywhere in this paper we assumethat the sets Si (zi (t)) ; i = 1; : : : ; n are strictly sepa-

rated from each other at every moment of time (as in a typical \ph ysical" swimming model)

and that the orientation of all sets Si (zi (t)) is piecewise constant in time. The existence

and uniquenessof solutions to system (1.1)-(1.3) are discussedbelow in the Appendix under

conditions (A.1) and (A.2), which we always assume.

Internal forces and conservationof momentums. We want to emphasizethat all forces in

(1.3) satisfy the 3-rd Newton's Law and their sum is equal to zero. They are internal with

respect to the apparatus and cannot move its center of masswithout interaction with the °uid .

This is the principal feature of a \swimming-by-itself-device". The 3-rd Newton's Law ensures

that the linear momentums generatedby the apparatus' forcesare conserved (see,e.g., [18]).
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However, the rotation forces produce, in general, a non-zero torque. This means that the

conservation of the angular momentums should hold in a more generalframework, which also

takesinto account some\additional control forces" (from an \engine" such as, e.g., a \w atch-

and-hand" mechanism with its mutually counter-rotating parts), also internal with respect to

the apparatus, that generatethe corresponding \negating" torques. Below, in Remark 2.1, we

also discusseda modi¯ed model for which the conservation of the angular momentum holds

explicitly .

2. Problem form ulation and results. In this paper we intend to analyzethe swimming

capabilities of model (1.1)-(1.3). More precisely, the main goal in this paper is to describe

explicitly the forces acting in the °uid on each of the pieces Si (zi (t)) ; 1 = 1; : : : ; n of the

apparatus at every moment of time when the aforementioned Si (zi (t))'s are \smal l" rectangles.

This description is important becausethese forces determine the actual tra jectory of the

apparatus in the °uid and its controllabilit y properties.

We emphasizeagain that without a °uid the center of massof the apparatus wil l not move,

becausethe sum of all internal forces generatedby it is equal to zero. However, when the

apparatus interacts with the °uid, the sum of the aforementioned internal forces projected

onto the °uid velocity space may not be zero, which will then result in its motion. If so, one

should think that the apparatus at hand will possessesthe best swimming capabilities if at

any moment of time the sum of all its averaged(over the corresponding supports Si (zi (t))'s)

internal forces projected onto the °uid velocity spacecovers the whole spaceR2 in which it

lies. We will regard this property as the force controllability . In order to intro duce it formally,

let us recall somerelevant facts.

Let _J (­) denote the linear spaceof in¯nitely di®erentiable 2-D vector functions Á(x) 2 R2

which have compact support in ­ and are solenoidal or divergence-free, that is, div Á = 0 in

­. By H (­) we denote the completion of this spacein the norm

k Á kH (­) =

0

@
Z

­

(k Áx1 k2
R2 + k Áx2 k2

R2 )dx

1

A

1=2

:

Then the vector space(L 2(QT ))2 can be decomposed(e.g., [12], [19]) into two orthogonal

subspacesJ0(QT ) and G(QT ) assumingthat for almost all t 2 (0; T) the elements of the former

5



belongto the completion J0(­) of _J (­) in the norm of (L 2(­)) 2 and the elements of the latter

to its orthogonal complement G(­).

Throughout the paper weassumethat y0 2 H (­)
T

(H 2(­)) 2. As it is described in Theorem

A.1 in the Appendix, the unique solution to (1.1)-(1.3), lies in the spaceJ0(QT ) at all times,

while admitting the following implicit Fourier seriesrepresentation:

y(x; t) =
1X

k=1

e¡ ¸ k t

0

@
Z

­

yT
0 ! kdx

1

A ! k (x) +
1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

(F (y; z; v))T ! kdxd¿

1

A ! k (x):

(2:1a)

Here the 2-D vector functions ! k ; k = 1; : : : and the real numbers ¡ ¸ k ; k = 1; : : : denote

respectively the orthonormalized in (L 2(­)) 2 eigenfunctions and eigenvalues of the spectral

problem associated with (1.1):

º ¢ ! k ¡ r p = ¡ ¸ k ! k in ­ ; div ! k = 0 in ­ ; ! k = 0 in @­ ;

and the seriesin (2.1a) and the seriesobtained from it by di®erentiation oncewith respect to

t and twice with respect to the spatial variablesconvergein (L 2(­)) 2 uniformly for t ¸ 0 (e.g.,

[12], [19]). The functions f ! kg1
k=1 also form a basis in J0(­)

T
H (­).

If we now denote the orthogonal projection operator from the space(L 2(­)) 2 onto J0(­)

by P, we can rewrite (2.1a) also as:

y(x; t) =
1X

k=1

e¡ ¸ k t

0

@
Z

­

yT
0 ! kdx

1

A ! k (x) +
1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

(PF (y; z; v))T ! kdxd¿

1

A ! k (x):

(2:1b)

Before we will give the formal de¯nition of force controllabilit y, we would also like to state

the following result, basedon (2.1b), which highlights its importance.

Lemma2.1. Let on sometime-interval [t0; T ]; t0 ¸ 0 the sets Si (zi (t)) ; i = 1; : : : ; n do not

changetheir orientation and controls vi ; i = 1; : : : ; n ¡ 1 remain constant. Then we have the

following formulas for solutions to the system(1.1)-(1.3), (A.1), (A.2) (see also Theorem A.1

for its well-posedness)as t ! t0+ :

dzi (t)
dt

=
1

mesf S(0)g

Z

Si (zi (t0 ))

y(x; t0)dx +
t ¡ t0

mesf S(0)g

Z

Si (zi (t0 ))

(PF (y; z; v))( x; t0)dx
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+ u(t ¡ t0) + o(t ¡ t0)
µ

max
i =1 ;:::;n¡ 1

j vi j + max
i =1 ;:::;n¡ 1

ki

¶
; i = 1; : : : ; n; (2:2a)

where

k u(t ¡ t0) kR2 ·
mes1=2 f S(zi (t0))

T
Si (zi (t))g

mesf S(0)g
¹ (t; y(¢; t0))

+
2max1=2f mesf Si (zi (t0))nSi (zi (t)) ; mesSi (zi (t))nSi (zi (t0))g

mesf S(0)g
k y(¢; t0) k(L 2 (­)) 2 ; (2:2b)

¹ (t; y(¢; t0)) ; o(t ¡ t0)=(t ¡ t0) ! 0 as t ! t0+ , 0 · ¹ (t; y(¢; t0)) · C k y(¢; t0) k(L 2 (­)) 2 , and

C > 0 denotesa (generic) constant.

Thus, if \su±cien tly large" control forcesv1; : : : ; vn¡ 1 are applied, the direction in which

each of the points zi (t); i = 1; : : : ; n and, hence, its center of mass zc(t) = (1=n)
P n

i=1 zi (t)

wil l move from its current position is primarily determined by the projections of the appara-

tus' forces onto the °uid velocity space at this moment, averagedover its corresponding parts

Si (zi (t)) ; i = 1; : : : ; n. This observation givesrise to the following de¯nition.

Denote by Fv the part of F in (1.3) which includes controls v1; : : : ; n ¡ 1:

Fv(y; z; v) =
n+1X

i =2

»i ¡ 1(x; t) (vi ¡ 1(t)A (zi (t) ¡ zi ¡ 1(t)) + vi ¡ 2(t)A (zi ¡ 2(t) ¡ zi ¡ 1(t)) ) :

De¯nition 2.1: Force controllability. Given the moment t > 0 and the state f y(t); zi (t); i =

1; : : : ; ng, we wil l say that the system(1.1)-(1.3) is force-controllable with respect to its point

zi (t) at time t if

f
Z

Si (zi (t ))

PFv(y; z; v)dx j vi 2 R; i = 1; : : : ; n ¡ 1g = R2: (2:3)

If

f
nX

i =1

Z

Si (zi (t ))

PFv(y; z; v)dx j vi 2 R; i = 1; : : : ; n ¡ 1g = R2: (2:4)

we wil l say that the system(1.1)-(1.3) is force-controllable or force-controllable with respect to

its center of masszc(t) at time t.

Hypothetically, if system(1.1)-(1.3) is force controllable at every moment on someinterval

[0; T], then due to (2.2a-b), one can steer the center of the apparatus any way one wishes. Of

course,the rigorous veri¯cation of this property is a separate(global controllabilit y) problem.
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However, if one considerscertain \concrete" motions of apparatus such as, e.g., \forw ard" or

\backward" this veri¯cation can be signi¯cantly simpli¯ed, e.g., in terms of suitable \feed-

back control strategy" (when one usesthe current position of apparatus to select a suitable

control action at this moment). In this respect, our main result, Theorem 2.2 below, provides

qualitativ e formulas for the terms appearing in (2.2a-b)-(2.4) in the casewhen

S(0) = S0 = f (x = (x1; x2) j ¡ p < x1 < p; ¡ q < x2 < qg; (2:5)

where p and q are \small" positive numbers.

Theorem 2.2. Let b = (b1; b2) be a given 2-D vector and S(0) = S0 as in (2.5) lie in ­ . Let

q; p;q1¡ a=p ! 0+ for somea 2 (0; 1). Then

1
mesf S(0)g

Z

S(0)

(Pb»)(x)dx = (b1; 0) + O(qa) + O(q1¡ a=p) + O(p) (2:6)

as q; p;q1¡ a=p ! 0+ , where »(x) is the characteristic function of S(0).

In the above, the notation O(r ) meansthat k O(r ) kR2 · Cr as r ! 0+ for somepositive

constant C.

Remark 2.1. Our result in Theorem 2.2 is applicable to any swimming model (i.e., also

in any type of °uid dealing with the spacesJ0(QT ) and G(Q)T)), whosestructure includes

rectangular-shaped elements. In particular, the system (1.1)-(1.3) can easily be modi¯ed

to ensure that its angular momentums are explicitly conserved, in which casethe controls

vi ; i = 1; : : : ; n ¡ 1 will be dependent. For example, if we have only three points z1; z2; and z3

we will have to imposethe restriction that

v2(t) = ¡ v1(t)
k z1(t) ¡ z2(t) kR2

k z3(t) ¡ z2(t) kR2
(2:7)

at all times, where v1 and v2 determine the magnitudes and directions of the rotation forces

induced by the point z2 upon z1 and z3, while the negative sum of these forceswill act upon

z2, due to the 3-rd Newton's Law. Note that all the Hooke's forces,being mutually co-linear,

already conserve their angular momentums. If the apparatus' skeleton has more than three

joints, one can consider the triplets f z1; z2; z3g, f z2; z3; z4g; : : : f zn¡ 2; zn¡ 1; zng, and impose

conditions similar to (2.7) on each of the controls acting independently within thesetriplets.
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Force controllability and local controllability. In [11] we intro duced the de¯nition of local

controllabilit y for system (1.1)-(1.3) as follows.

Denote by f y¤(x; t); z¤
i (t); i = 1; : : : ; ng the solution pair to (1.1)-(1.3) generatedby the

zero controls vi = 0; i = 1; : : : ; n ¡ 1. It describes the \drifting" (or uncontrolled) motion

of apparatus, generatedby the given initial °uid velocity y0, when the elastic forces in (1.3)

act to return the apparatus to its natural equilibrium position. We say (1.1)-(1.3) is locally

controllable at time T > 0 near the drifting position of z¤
i (T) or, respectively, near the drifting

position of its center of mass z¤
c (T) = 1

n
P n

i=1 z¤
i (T), if at time T, making use of suitable

controls vi 's, we can \place," respectively, zi or zc into any position within someneighborhood

of, respectively, z¤
i (T) or z¤

c (T).

In [11], making use of the inversefunction theorem, we showed that conditions (2.3) and

(2.4) are su±cient to ensure the respective local controllability property for any T 2 [0; T¤]

for someT¤ > 0. However: (a) (2.3)-(2.4) require veri¯cation for the given sets Si (zi (t)) at

hand and (b) the method of [11] was implicit and did not provide an insight on what kind of

controls are neededto achieve the desirable target state. To the contrary , the results of this

paper can be viewed as constructive and provide a foundation for the further study of the

global controllability of (1.1)-(1.3) along the formulas (2.2a-b) in Lemma 2.1, making use of

Theorem 2.2.

At any given moment Theorem 2.2 allows us to verify rather easily the force controllabilit y

or force controllabilit y with respect to any point in the apparatus' skeleton (and thus the

respective local controllabilit y conditions), provided the supports are of type (2.5).

We also have the following result for the local \p oint" controllabilit y.

Theorem 2.3. Let S(0) in (1.1)-(1.3) be of the form S(0) = r S¤(0); r 2 (0; 1). Suppose

that for some i 2 f 2; : : : ; n ¡ 1g the three adjacent points zi ¡ 1(0); zi (0), and zi +1 (0) in the

apparatus' skeletondo not lie on a straight line and that Sk (zi (t)) ; k = i ¡ 1; i; i + 1 have the

same orientation, say, as S¤(0) on some time-interval [0; T ¤]. Then the system (1.1)-(1.3),

(A.1), (A.2) is force controllable with respect to zi (0) at time t = 0 for su±ciently small r .

The remainder of this paper is organizedas follows. In section3 we discusssomeauxiliary

results, which are further usedin the proof of Theorem 2.2, given in section4. In section5 we
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prove Lemma 2.1 and Theorem 2.3 is proven in section 6.

3. Preliminary results. In this section we discusstwo auxiliary results neededto prove

Theorems2.2 and 2.3.

Lemma3.1. Let b = (b1; b2) be a given 2-D vector. Assumethat S(0) ½ ­ in (1.1)-(1.3) is

strictly separated from @­ and lies in an r -neighborhood (r > 0) of the origin. Then for any

subsetQ of ­ of positive measure of diameter 2r (that is, it ¯ts someball of radius r ) which

lies outside of some,say, d-neighborhood (d > 0) of S(0) and is strictly separated from @­ we

have:
1

mesf Qg

Z

Q

(Pb»)(x)dx = O(r ) (3:1)

as r ! 0+ , where »(x) is the characteristic function of S(0).

We can interpret Lemma 3.1 as that the e®ectof the force b»(x) on a similar sized sets

outside of its support S(0) is \negligible", relative to this size.

Proof of Lemma 3.1.

Step 1. Recall ¯rst that (e.g., [19]):

J0(­) = f u 2 (L 2(­)) 2; div u = 0; ° º u j@­ = 0g; (3:2)

G(­) = f u 2 (L 2(­)) 2; u = r p; p 2 H 1(­) g; (3:3)

where º is the unit vector normal to the boundary @­ (pointing outward) and ° º u j@­ is the

restriction of u ¢º to @­.

Hence,we can decomposeb»(x) as follows:

(Pb»)(x) = b»(x) ¡ r w(x); (3:4)

where w solvesthe following generalizedNeumann problem:

¢ w = div b»(x) in ­ ;
@w
@º

j@­ = 0: (3:5)

Note that, since,» vanishesin Q, Pb»= ¡r w in Q, and

1
mesf Qg

Z

Q

(Pb»)(x)dx = ¡
1

mesf Qg

Z

Q

r wdx: (3:6)
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Hence,to prove Theorem 3.1, it su±ces to show that

1
mesf Qg

Z

Q

r wdx = O(r ) as r ! 0 + : (3:7)

Step 2: Green's formula. To derive (3.7) we intend to use the generalizedversion of the

classicalGreen's formula representing solutions of the boundary problems (3.5), namely:

2¼w(x) = ¡
Z

@­

w(´ )
@

@º

Ã

ln
1

p
(x1 ¡ ´ 1)2 + (x2 ¡ ´ 2)2

!

d´

¡
Z

­

¢ w(y)

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

= ¡
Z

@­

w(´ )
@

@º

Ã

ln
1

p
(x1 ¡ ´ 1)2 + (x2 ¡ ´ 2)2)

!

d´ +
Z

S(0)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy;

(3:8)

where y = (y1; y2) and the term in the 2-nd line is understood only formally. Here and

below, when we write r within someintegral we mean that the corresponding di®erentiation

is conducted with respect to the integration variables.

Indeed, to do that we can, making useof the integration by parts, ¯rst establish (3.8) for a

sequenceof solutions to (3.5) generatedby a sequenceof continuously di®erentiable functions

gn (x) on the right, which converge to »(x) in L 2(­), and then pass to the limit as n ! 1 .

Note that the 2-nd integral on the right in (3.8) is well de¯ned near the \bad point" (x1; x2),

which can be shown by switching to the polar coordinates near it. Hereand below we interpret

the improper integral over the given domain E for a function with a discontinuit y at x as the

limit of the integrals over EnBs(x) as s ! 0+, where Bs(x) is a ball of radius s with center

at x.

To show (3.7), we intend to evaluate the gradients of the terms in (3.8) and their integrals

over the set Q.

Step 3: Evaluation of the integral of the gradient of the 1-st terms on the right in (3.8)

over Q. Recall ¯rst that

k w kL 2 (@­) · L 0 k w kH 1 (­) ;

11



where L 0 dependson the @­.

Then, if f ®kg1
k=1 (®k ! ¡1 as k ! 1 ) and f pkg1

k=1 are the negative eigenvalues and

orthonormalized in L 2(­) eigenfunctionsassociated with the spectral problem

¢ p = ®p;
@p
@º

j@­ = 0;

(3.5) yields:

w(x) =
1X

k=1

1
p

¡ ®k

0

@
Z

­

»(x)bT r pkp
¡ ®k

dx

1

A pk (x) + K ;

where without loss of generality we can set K = 0 (since in (3.7) we only deal with r w, we

are interested only in the 1-st term here). Hence,noticing that f r pkp
¡ ®k

g1
k=1 is an orthonormal

sequencein (L 2(­)) 2, we derive from Besselinequality that

k w1 kH 1 (­) · C k b kR2 mes1=2 f S(0)g; (3:9)

where C denotesa (generic) positive constant.

Furthermore, for i; j = 1; 2; i 6= j and x 6= y:

@
@yi

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

=
x i ¡ yi

(x1 ¡ y1)2 + (x2 ¡ y2)2 ; (3:10)

@2

@yi @x i

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

=
¡ (x i ¡ yi )2 + (x j ¡ yj )2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 ; (3:11)

@2

@yi @x j

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

=
¡ 2(x i ¡ yi )(x j ¡ yj )

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 : (3:12)

Denote next by d0 the distance betweenthe set Q and @­:

d0 = inf
x2 Q;y2 @­

q
(x1 ¡ y1)2 + (x2 ¡ y2)2: (3:13)

Then, combining (3.9)-(3.12), we obtain:

k
Z

Q

r
Z

@­

w(´ )
@

@º

Ã

ln
1

p
(x1 ¡ ´ 1)2 + (x2 ¡ ´ 2)2

!

d´ dx kR2

·
L 0C
d4

0
k b kR2 mesf Qgmes1=2 f S(0)gmes1=2 f @­ g; (3:14)

where, again, C is a (generic) positive constant.
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Remark 3.1. Analogously, we can show that

k
Z

S(0))

r
Z

@­

w(´ )
@

@º

Ã

ln
1

p
(x1 ¡ ´ 1)2 + (x2 ¡ ´ 2)2

!

d´ dx kR2

·
L 0C
d4

¤
k b kR2 mes3=2 f S(0)gmes1=2 f @­ g; (3:15)

where d¤ denotesthe distance betweenthe set S(0) and @­:

Step4: Evaluation of the integral of the gradient of the 2-nd term in (3.8) over Q. Denote

next by d1 the distance betweenthe set S(0) and Q:

d1 = inf
x2 S(0) ;y2 Q

q
(x1 ¡ y1)2 + (x2 ¡ y2)2:

Then for d1 > 0 we have, similar to (3.14) from (3.8) it follows that

k
Z

Q

r
Z

S(0))

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dydx kR2

·
C
d4

1
k b kR2 mesf S(0)g mesf Qg; (3:16)

where C is a (generic) positive constant. Combining (3.14) and (3.16) yields (3.7), which

provides the result of Lemma 3.1.

Lemma3.2. Let S(0) lie in ­ . Assumethat it is strictly separated from @­ and lies in an

r -neighborhood (r > 0) of the origin. Let b = (b1; b2) be a given 2-D vector. Then

1
mesf S(0)g

Z

S(0)

(Pb»)(x)dx = b ¡
1

mesf S(0)g

Z

S(0)

g(x)dx + O(r ); (3:17)

as r ! 0+ , where »(x) is the characteristic function of S(0), g = (g1; g2) and

g1(x) =
1

2¼
b1

0

B
@

Z

S(0)nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy + ¼

1

C
A

¡
1
¼

b2

Z

S(0)nB h (x)

(x1 ¡ y1)(x2 ¡ y2)
((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy; (3:18a)

g2(x) =
1

2¼
b2

0

B
@

Z

S(0)nB h (x)

¡ (x2 ¡ y2)2 + (x1 ¡ y1)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy + ¼

1

C
A

13



¡
1
¼

b1

Z

S(0)nB h (x)

(x1 ¡ y1)(x2 ¡ y2)
((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy; (3:18b)

and Bh(x) = f y j k x ¡ y kR2 < hg is any ball of some radius h = h(x) > 0 with center at x

that lies in S(0).

Proof of Lemma 3.2. Without lossof generality, we can assumethat S(0) is as in (1.4).

Step 1. Due to (3.4) and similar to (3.6),

1
mesf S(0)g

Z

S(0)

(Pb»)(x)dx = b ¡
1

mesf S(0)g

Z

S(0)

r wdx: (3:19)

Furthermore, in view of Remark 3.1 (see(3.15)), to evaluate the 2-nd term on the right

in (3.19), it is su±cient to evaluate the integral of the gradient of the 2-nd term in (3.8) over

S(0).

Step 2. Consider any point x = (x1; x2) 2 S(0). Sincewe assumedthat S(0) is open, for

any x 2 S(0) there exists an h = h(x) > 0 such that Bh(x) (x) ½ S(0) and Bh(x) (x) is strictly

separatedfrom @S(0).

Then, from (3.8):

Z

S(0)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy =
Z

S(0)nB h ( x ) (x)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

+
Z

B h ( x ) (x)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy:

Now note that, in view of (3.10):

Z

B h ( x ) (x)

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

y1

dy = lim
s! 0+

Z

B h ( x ) (x)nB s (x)

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy

= ¡ lim
s! 0+

2¼Z

0

h(x)Z

s

cosµd½dµ= 0: (3:20)

These and similar calculations for the integration with respect to y2 within the circle Bh(x),

yield that
Z

B h ( x ) (x)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dx = 0:

14



Thus,
Z

S(0)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

=
Z

S(0)nB h ( x ) (x)

µ
b1

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 + b2
x2 ¡ y2

(x1 ¡ y1)2 + (x2 ¡ y2)2

¶
dy: (3:21)

Step 3. We intend now to calculate the gradient of the 2-nd term in (3.8) represented as

in (3.21).

Fix any x = (x1; x2) 2 S(0). Due to our selectionof h for the given x, for \small" ¢ x1:

Bh(( x1+¢ x1 ;x2 )) ((x1 + ¢ x1; x2)) ½ S(0):

Furthermore, notice that as in the secondequality in (3.20):

Z

B h (( x 1+¢ x 1 ;x 2 )) (( x1+¢ x1 ;x2 )) nB h ( x ) (( x+¢ x1 ;x2 ))

Ã

ln
1

p
(x1 + ¢ x1 ¡ y1)2 + (x2 ¡ y2)2

!

y1

dy = 0:

Taking this into account, we obtain from (3.21):

@
@x1

Z

S(0)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

= lim
¢ x1 ! 0

1
¢ x1

(
Z

S(0)nB h (( x 1+¢ x 1 ;x 2 )) (( x1+¢ x1 ;x2 ))

bT r

Ã

ln
1

p
(x1 + ¢ x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

¡
Z

S(0)nB h ( x ) (x)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy)

= lim
¢ x1 ! 0

1
¢ x1

(
Z

S(0)nB h ( x ) (( x1+¢ x1 ;x2 ))

bT r

Ã

ln
1

p
(x1 + ¢ x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy

¡
Z

S(0)nB h ( x ) (x)

bT r

Ã

ln
1

p
(x1 ¡ y1)2 + (x2 ¡ y2)2

!

dy)

= b1
@

@x1

0

B
@

Z

S(0)nB h (x)

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy

1

C
A + b2

@
@x1

0

B
@

Z

S(0)nB h (x)

x2 ¡ y2

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy

1

C
A ;

where h = h(x) in the last line is now treated as independent of x when calculating the

derivatives.
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Step 4. Let us calculate the derivative in the 1-st term in the last expression.To simplify

notations, we will further write h instead of h(x).

@
@x1

Z

S(0)nB h (x)

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy

=
@

@x1
f

x1 ¡ hZ

¡ r

¯ (y1 )Z

®(y1 )

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy2dy1 +

rZ

x1+ h

¯ (y1 )Z

®(y1 )

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy2dy1

+

x1+ hZ

x1 ¡ h

2

6
6
4

x2 ¡
p

h2 ¡ (x1 ¡ y1 )2
Z

®(y1 )

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy2 +

¯ (y1 )Z

x2+
p

h2 ¡ (x1 ¡ y1 )2

x1 ¡ y1

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy2

3

7
7
5 dy1g

=
Z

S(0)nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy + 2

x1+ hZ

x1 ¡ h

(x1 ¡ y1)2

h2
p

h2 ¡ (x1 ¡ y1)2
dy1

=
Z

S(0)nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy + ¼: (3:22)

Similar calculations also yield:

@
@x2

Z

S(0)nB h (x)

x2 ¡ y2

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy =
Z

S(0)nB h (x)

¡ (x2 ¡ y2)2 + (x1 ¡ y1)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy + ¼;

(3:23)
@

@x j

Z

S(0)nB h (x)

x i ¡ yi

(x1 ¡ y1)2 + (x2 ¡ y2)2 dy

= ¡
Z

S(0)nB h (x)

2
(x i ¡ yi )(x j ¡ yj )

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy; i 6= j ; i; j = 1; 2: (3:24)

Formulas (3.22)-(3.24) provide the formula for g in (3.18a-b) (seeStep 1 of the proof). This

completesthe proof of Lemma 3.2.

Remark 3.2. Lemmas3.1 and 3.2 generalizesomeof the respective contructions we usedin

[11] in an exampleof a swimming model which is locally controllable with respect to zi 's.

4. Pro of of Theorem 2.2. Without loss of generality, we can assumethat q < p. In

view of (3.17), to establish (2.6) we just needto evaluate the integrals in (3.18a-b) for the case

when S(0) = S0 as in (2.5). In this casewe selectBh(x) in Lemma 3.2 as

Bh(x) (x) = f y j k x ¡ y kR2 <
1
2

minfk x kR2 ; q¡ k x kR2 g = h(x)g ½ S(0):

16



Step 1. We begin with the 1-st term on the right in (3.18a):

Z

S0nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy =

x1 ¡ hZ

¡ p

qZ

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

pZ

x1+ h

qZ

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy +

x1+ hZ

x1 ¡ h

x2 ¡
p

h2 ¡ (x1 ¡ y1 )2
Z

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

+

x1+ hZ

x1 ¡ h

qZ

x2+
p

h2 ¡ (x1 ¡ y1 )2

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy: (4:1)

Step 2. Making useof (3.10)-(3.12), we further obtain from (4.1):

x1 ¡ hZ

¡ p

qZ

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy +

pZ

x1+ h

qZ

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

=

qZ

¡ q

y1 ¡ x1

(x1 ¡ y1)2 + (x2 ¡ y2)2 jy1= x1 ¡ h
y1= ¡ p dy2 +

qZ

¡ q

y1 ¡ x1

(x1 ¡ y1)2 + (x2 ¡ y2)2 jy1= p
y1= x1+ h dy2

=

qZ

¡ q

¡ h
h2 + (y2 ¡ x2)2 dy2 +

qZ

¡ q

p + x1

(p + x1)2 + (y2 ¡ x2)2 dy2

+

qZ

¡ q

p ¡ x1

(p ¡ x1)2 + (y2 ¡ x2)2 dy2 ¡

qZ

¡ q

h
h2 + (y2 ¡ x2)2 dy2

= ¡ tan¡ 1 y2 ¡ x2

h
jy2= q
y2= ¡ q + tan¡ 1 y2 ¡ x2

p + x1
jy2= q
y2= ¡ q

+ tan¡ 1 y2 ¡ x2

p ¡ x1
jy2= q
y2= ¡ q ¡ tan¡ 1 y2 ¡ x2

h
jy2= q
y2= ¡ q

= ¡ tan¡ 1 q ¡ x2

h
+ tan¡ 1 ¡ q ¡ x2

h
+ tan¡ 1 q ¡ x2

p + x1
¡ tan¡ 1 ¡ q ¡ x2

p + x1

+ tan¡ 1 q ¡ x2

p ¡ x1
¡ tan¡ 1 ¡ q ¡ x2

p ¡ x1
¡ tan¡ 1 q ¡ x2

h
+ tan¡ 1 ¡ q ¡ x2

h
: (4:2)

Step 3. Similarly to the derivation of (4.2), for the remaining two terms in (4.1) we have:

x1+ hZ

x1 ¡ h

x2 ¡
p

h2 ¡ (x1 ¡ y1 )2
Z

¡ q

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

17



+

x1+ hZ

x1 ¡ h

qZ

x2+
p

h2 ¡ (x1 ¡ y1 )2

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

= ¡

x1+ hZ

x1 ¡ h

y2 ¡ x2

(x1 ¡ y1)2 + (x2 ¡ y2)2 j
x2 ¡

p
h2 ¡ (x1 ¡ y1 )2

¡ q dy1

¡

x1+ hZ

x1 ¡ h

y2 ¡ x2

(x1 ¡ y1)2 + (x2 ¡ y2)2 jq
x2+

p
h2 ¡ (x1 ¡ y1 )2

dy1

=

x1+ hZ

x1 ¡ h

p
h2 ¡ (x1 ¡ y1)2

h2 dy1 +

x1+ hZ

x1 ¡ h

¡ q ¡ x2

(x1 ¡ y1)2 + (x2 + q)2 dy1

¡

x1+ hZ

x1 ¡ h

q ¡ x2

(x1 ¡ y1)2 + (q ¡ x2)2 dy1 +

x1+ hZ

x1 ¡ h

p
h2 ¡ (x1 ¡ y1)2

h2 dy1

= ¼ ¡ tan¡ 1 h
q + x2

+ tan¡ 1 ¡ h
q + x2

¡ tan¡ 1 h
q ¡ x2

+ tan¡ 1 ¡ h
q ¡ x2

; (4:3)

where we also usedthe formula:

x1+ hZ

x1 ¡ h

p
h2 ¡ (x1 ¡ y1)2

h2 dy1 =
¼
2

:

Step 4. Making useof the equality

tan¡ 1 s + tan¡ 1 1
s

=
¼
2

8s > 0 (tan ¡ 1 s 2 (0; ¼=2));

(4.2) and (4.3) yield for the expressionin (4.1):

Z

S0nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy =

= ¡ ¼ + tan¡ 1 q ¡ x2

p + x1
+ tan¡ 1 q + x2

p + x1
+ tan¡ 1 q ¡ x2

p ¡ x1
+ tan¡ 1 q + x2

p ¡ x1
: (4:4)

To proceedfurther with the proof of Theorem 2.2, we will needto evaluate (see(3.17) and

the 1-st term on the right in (3.18a)):

1
mesf S(0)g

Z

S0

µ
¡ ¼+ tan¡ 1 q ¡ x2

p + x1
+ tan¡ 1 q + x2

p + x1
+ tan¡ 1 q ¡ x2

p ¡ x1
+ tan¡ 1 q + x2

p ¡ x1

¶
dx (4:5)
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Step 5. We start with the 2-nd term in (4.5) (under the sign of integral).

Recall that

tan¡ 1(s) 2 (¡
¼
2

;
¼
2

) 8s: (4:6)

Denote

A(p;q) = f (x = (x1; x2) j ¡ q < x2 < q; ¡ p + q1¡ a < x1 < p ¡ q1¡ ag:

Under the assumption of Theorem 2.2 that a 2 (0; 1), q; p;q1¡ a=p ! 0+, without loss of

generality, we can assumethat A(p;q) ½ S(0) with

mesA(p;q) = 4q(p ¡ q1¡ a) = 4pq(1 ¡ q1¡ a=p): (4:7)

Furthermore, for x 2 A(p;q)

0 <
q ¡ x2

p + x1
< qa; (4:8)

and hence

tan¡ 1 q ¡ x2

p + x1
· tan¡ 1 qa; x 2 A(p;q): (4:9)

Then, making useof (4.6)-(4.9), we obtain:

j
1

mesf S(0)g

Z

S0

tan¡ 1 q ¡ x2

p + x1
dx j =

1
4pq

pZ

¡ p

qZ

¡ q

tan¡ 1 q ¡ x2

p + x1
dx2dx1

=
1

4pq

Z

A(p;q)

tan¡ 1 q ¡ x2

p + x1
dx +

Z

S(0)nA(p;q)

tan¡ 1 q ¡ x2

p + x1
dx

· (1 ¡ q1¡ a=p) tan¡ 1 qa +
4q2¡ a

4pq
¼
2

= O(tan ¡ 1 qa) + O(q1¡ a=p) (4:10)

as p;q1¡ a=p ! 0+.

Step6. In a similar way we can evaluate the remaining terms in (4.5), which will result in:

1
mesf S(0)g

Z

S0

0

B
@

Z

S0nB h (x)

¡ (x1 ¡ y1)2 + (x2 ¡ y2)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

1

C
A dx

=
1

mesf S(0)g

Z

S0

µ
¡ ¼+ tan¡ 1 q ¡ x2

p + x1
+ tan¡ 1 q + x2

p + x1
+ tan¡ 1 q ¡ x2

p ¡ x1
+ tan¡ 1 q + x2

p ¡ x1

¶
dx

= ¡ ¼ + O(qa) + O(q1¡ a=p) (4:11)
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as q; p;q1¡ a=p ! 0+.

Step 7. Furthermore, sincewe assumedthat S(0) is a rectangle, due to the antisymmetry

of the linear functions and our \symmetric" choice of h(x) in the beginning of this proof (i.e.,

h((x1; x2)) = h(( ¡ x1; x2)) = h((x1; ¡ x2)) = h(( ¡ x1; ¡ x2))):
Z

S(0)

Z

S(0)nB h (x)

(x i ¡ yi )(x j ¡ yj )
((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dydx = 0; i; j = 1; 2; i 6= j : (4:12)

Step 8. We now needto evaluate the remaining terms in (3.18a-b). To this end, similar to

(4.4)-(4.5), for the 1-st term on the right in (3.18b) we have from (4.11):

1
mesf S(0)g

Z

S0

0

B
@

Z

S0nB h (x)

¡ (x2 ¡ y2)2 + (x1 ¡ y1)2

((x1 ¡ y1)2 + (x2 ¡ y2)2)2 dy

1

C
A dx = ¼+ O(qa) + O(q1¡ a=p) (4:13)

as q; p;q1¡ a=p ! 0+.

Step 9. Combining (4.11), (4.12) and (4.13) yield that in (3.18a-b) for our S(0 we have:

1
mesf S(0)g

Z

S0

g1dx = O(qa) + O(q1¡ a=p); (4:14a)

1
mesf S(0)g

Z

S0

g2dx = b2 + O(qa) + O(q1¡ a=p); (4:14b)

Combining (4.14a-b) with (3.17) yields (2.6), which completesthe proof of Theorem 2.2.

5. Pro of of Lemma 2.1. Without lossof generality we can assumethat t0 = 0 so that

y(; t0) = y0(x).

Step 1. We will show ¯rst that the ¯rst term in (2.1a-b) generatesthe ¯rst term in (2.2a)

and u in (2.2b), namely, that,

1
mesf S(0)g

Z

Si (zi (t ))

0

@
1X

k=1

e¡ ¸ k t

0

@
Z

­

yT
0 ! kds

1

A ! k (x)

1

A dx =
1

mesf S(0)g

Z

Si (zi (0))

y0dx + u(t):

(5:1)

Indeed, making useof (2.1a-b),

k
1

mesf S(0)g

Z

Si (zi (t ))

0

@
1X

k=1

e¡ ¸ k t

0

@
Z

­

yT
0 ! kds

1

A ! k (x)

1

A dx ¡
1

mesf S(0)g

Z

Si (zi (0))

y0dx kR2
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·
1

mesf S(0)g
k

Z

Si (zi (0))
T

Si (zi (t ))

1X

k=1

³
e¡ ¸ k t ¡ 1

´ Z

­

yT
0 ! kds! k (x) dx kR2

+
1

mesf S(0)g
k

Z

Si (zi (0)) nSi (zi (t ))

1X

k=1

Z

­

yT
0 ! kds! k (x) dx kR2

+
1

mesf S(0)g
k

Z

Si (zi (t )) nSi (zi (0))

1X

k=1

e¡ ¸ k t
Z

­

yT
0 ! kds! k (x) dx kR2

·
¹ (t; y0)

mesf S(0)g
mes1=2 f Si (zi (0))

\
Si (zi (t))g

+
2max1=2f mesf Si (zi (0))nSi (zi (t)) ; mesSi (zi (t))nSi (zi (0))g

mesf S(0)g
k y0 k(L 2 (­)) 2 ; (5:2)

where ¹ (t; y0) ! 0 as t ! 0+, 0 · ¹ (t; y0) · C k y0 k(L 2 (­)) 2 , and C > 0 denotesa (generic)

constant.

Step2. Note that all the terms in the solution formula (2.1a-b) associated with the forcing

term admit the following representation:

1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

»j (s;¿)wT (¿)! kdsd¿

1

A ! k (x) (5:3)

for j 2 f 1; : : : ; ng and some2¡ D function w(t) as given in (1.3). Making use of (5.3), to

show that (2.2a), (2.2c) holds, we needto evaluate, e.g., the following expression:

k
1

mesf S(0)g

Z

Si (zi (t ))

0

@
1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

»i (s;¿)wT (¿)! kdsd¿

1

A ! k (x)

1

A dx

¡
t

mesf S(0)g

Z

Si (zi (0))

1X

k=1

0

@
Z

­

»i (s;0)wT (0)! kds

1

A ! k (x)dx kR2 ·
1

mesf S(0)g

£ k
Z

Si (zi (0))
T

Si (zi (t ))

0

@
1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

[»i (s;¿)w(¿) ¡ »i (s;0)w(0)]T ! kdsd¿

1

A ! k (x)

1

A dx kR2

+
1

mesf S(0)g
k

Z

Si (zi (0))
T

Si (zi (t ))

0

@
1X

k=1

tZ

0

h
e¡ ¸ k (t ¡ ¿) ¡ 1

i
0

@
Z

­

»i (s;0)wT (0)! kdsd¿

1

A ! k (x)

1

A dx kR2

+
1

mesf S(0)g
k

Z

Si (zi (t )) nSi (zi (0))

0

@
1X

k=1

tZ

0

e¡ ¸ k (t ¡ ¿)

0

@
Z

­

»i (s;¿)wT (¿)! kdsd¿

1

A ! k (x)

1

A dx kR2
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+
t

mesf S(0)g
k

Z

Si (zi (0)) nSi (zi (t ))

0

@
1X

k=1

0

@
Z

­

»i (s;¿)wT (0)! kdsd

1

A ! k (x)

1

A dx kR2

·
t1=2mes1=2 f Si (zi (0))

T
Si (zi (t))g

mesf S(0)g
k »i (¢; ¢)w(¢) ¡ »i (¢; 0)w(0) k(L 2 (Qt )) 2

+
1

mes1=2 f S(0)g

0

B
@

1X

k=1

t2

"
1 ¡ e¡ ¸ k t

¸ k t
¡ 1

#2
0

@
Z

­

»i (s;0)wT (0)! kds

1

A

2
1

C
A

1=2

+
t1=2mes1=2 f Si (zi (t))nSi (zi (0))g

mesf S(0)g
k »i (¢; ¢)w(¢) k(L 2 (Qt )) 2

+ t
mes1=2 f Si (zi (0))nSi (zi (t))g

mesf S(0)g
k »i (¢; 0)w(0) k(L 2 (­)) 2

· t
mesf Si (zi (0))

T
Si (zi (t))

mesf S(0)g

³
k w(¢) ¡ w(0) k(C[0;t ])2

´
+ t

1
mes1=2 f S(0)g

° (t)

+ t
mes1=2 f Si (zi (t))nSi (zi (0))g

mesf S(0)g
mes1=2 f Si (zi (0))

\
Si (zi (t))g k w(¢) k(C[0;t ])2

+ t
mes1=2 f Si (zi (0))nSi (zi (t))g

mesf S(0)g
mes1=2 f Si (zi (0))

\
Si (zi (t))g k w(0) kR2

+ t
mes1=2 f Si (zi (t))nSi (zi (0))g

mes1=2 f S(0)g
k w(¢) k(C[0;t ])2 + t

mes1=2 f Si (zi (0))nSi (zi (t))g
mes1=2 f S(0)g

k w(0) kR2 ;

(5:4)

where we usedthe estimate

j
1 ¡ e¡ s

s
¡ 1 j< 1; s > 0

and also ° (t) ! 0+ as t ! 0+.

The estimates(5.2) and (5.4) yield (2.2a-b). This endsthe proof of Lemma 2.1.

6. Pro of of Theorem 2.3. Selectany point i 2 f 2; : : : ; n ¡ 1g. Without lossof generality,

we can assumethat zi (0) = 0, i.e., it is the origin . Recall that in this theorem Sk (zk (t)) =

r S¤(0) , k = i ¡ 1; i; i + 1 on some[0; T ¤].

Step 1. As we shown in [11], the su±cient condition for the force controllabilit y or, which

is the same, the local controllabilit y of system (1.1)-(1.3), (A.1), (A.2) with respect to its
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point z¤
i (T) at a \small" time T > 0 by means of two controls vi ¡ 1 and vi only (that is,

vj = 0; j 6= i ¡ 1; i ), is that the matrix

(
Z

r S¤ (zi (0))

P [»i ¡ 1(¢; 0)A(zi (0) ¡ zi ¡ 1(0))] dx +
Z

r S¤ (zi (0))

P [»i (¢; 0)A(zi ¡ 1(0) ¡ zi (0))] dx;

Z

r S¤ (zi (0))

P [»i (¢; 0)A(zi +1 (0) ¡ zi (0))] dx +
Z

r S¤ (zi (0))

P [»i +1 (¢; 0)A(zi (0) ¡ zi +1 (0))] dx) (6:1)

is not degenerate(seealso (1.3) and (2.3) for its equivalent form).

Due to Lemma 3.1, we can rewrite (6.1) as

1
mesf r S¤(0)g

0

B
@

Z

r S¤ (0)

F1r dx;
Z

r S¤ (0)

F2r dx

1

C
A + O(r ); (6:2)

where the expressionO(r ) has the samemeaningas in the above but in the matrix space,and

where, to simplify further notations, we denoted :

b1 = A(zi ¡ 1(0) ¡ zi (0)) ; b2 = A(zi +1 (0) ¡ zi (0)) ;

F1r = P [»i (¢; 0)b1] ; F2r = P [»i (¢; 0)b2] :

To prove Theorem 2.3, we intend to show next that under its assumptions, that is, the

points zk (0); k = i ¡ 1; i; i + 1 do not line on the samestraight line, the determinant of the

¯rst matrix in (6.2) is bounded form below by a positive number as r ! 0+.

Step 2. From (3.4) we have:

Fkr = bk»i (¢; 0) ¡ r wkr ; k = 1; 2; (6:3)

where wkr 's satisfy the boundary problems like (3.5).

We will now analyze the genericequation as in (3.4) with S(0) = S¤(0). Denote F = Pb».

In this case(3.4) will look like:

F = b»(x) ¡ r w(x): (6:4)

Multiplication of (6.4) by F T and further integration over ­ yields:

k F k2
(L 2 (­)) 2 = bT

Z

S¤ (0)

F dx: (6:5)
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We claim that for any b 2 R2 (and hencethe associated F in (6.4)):

1
mesf S¤(0)g

k F k2
(L 2 (­)) 2 =

1
mesf S¤(0)g

bT
Z

S¤ (0)

F dx ¸ m0 k b k2
R2 (6:6)

for someconstant m0 > 0.

Indeed, if not, then there is a sequencebj ; j = 1; : : : ; k bj kR2 = 1 such that for corresponding

F = F(j ) ; j = 1; : : ::

k F(j ) k(L 2 (­)) 2 ! 0; bj ! b0; k b0 kR2 = 1 in R2 as j ! 1 :

If so, passingto the limit as j ! 1 in the spacesJ0(­) and G(­) in the equation as in (6.4)

with b = bj yields:

b0»(x) = r w0

for somer w0 2 G(­) ; w0 2 H 1(­), see(3.3). Contradiction.

Step3. For any given b, we will now evaluate what happensto (6.6) when S¤(0) is replaced

with r S¤(0) and r ! 0+. To clarify further notations (when passingto the limit), we will be

using the notations Fr and wr in place of F in this case:

1
mesf r S¤(0)g

bT
Z

r S¤ (0)

Fr (x)dx =
1

mesf r S¤(0)g
bT

Z

S¤ (0)

Fr (r u)r 2du

=
1

mesf S¤(0)g
bT

Z

S¤ (0)

F̂r (u)du; (6:7)

where we made a substitution u = (1=r)x and set F̂r (u) = Fr (r u).

In a similar way, intro duce

r ŵr (u) = r wr (r u)

and denote by »r S¤ (0) and by »S¤ (0) the characteristic functions of respective sets.

Noticing now that

r r wr (x) = r ŵr (u); x = ur;

where the di®erentiation on the left is with respect to x = (x1; x2) and it is with respect to

u = (u1; u2) on the right, we derive from the equation like (6.4) in x for the set r S¤(0), namely,

Fr (x) = b»r S¤ (0) (x) ¡ r wr (x); (6:8)
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the following equation in u:

F̂ (u) = b»S¤ (0) (u) ¡ r
µ

1
r

ŵ(u)
¶

: (6:9)

Combining (6.7) with the estimate (6.6) applied to the equation (6.9), we derive that for

solutions to (6.8):

1
mesf r S¤(0)g

k Fr k2
(L 2 (­)) 2 =

1
mesf r S¤(0)g

bT
Z

r S¤ (0)

Fr dx

=
1

mesf S¤(0)g
bT

Z

S¤ (0)

F̂r (u)du ¸ m0 k b k2
R2 8b 2 R2 as r ! 0 + : (6:10)

Step 4. Denote now (see(6.2)):

´ 1r =
1

mesf r S¤(0)g

Z

r S¤ (zi (0))

F1r dx; ´ 2r =
Z

r S¤ (zi (0))

F2r dx;

and intro duce the matrix A r = (´ 1r ; ´ 2r ).

Then for any real numbers ®; ¯ ; ®2 + ¯ 2 = 1, we can write the following equation similar

to (6.8) (recall that we assumedthat zi (0) = 0):

(®F1r ¡ ¯ F2r ) = (®b1 ¡ ¯ b2)»r S¤ (0) ¡ (®r w1r ¡ ¯ r w2r ):

Estimate (6.10), applied for this equation, gives:

k ®b1 ¡ ¯ b2 kR2 k ®´ 1r + ¯ ´ 2r kR2 ¸ (®b1 ¡ ¯ b2)T (®´ 1r + ¯ ´ 2r ) ¸ m0 k ®b1 ¡ ¯ b2 k2
R2 ;

from which, recalling that, by the assumptionsof Theorem 2.2, b1 and b2 are not co-linear, we

concludethat

k A r (®; ¯ )T kR2 = k ®´ 1r + ¯ ´ 2r kR2 ¸ m0 k ®b1 ¡ ¯ b2 kR2 ¸ m1 > 0 (6:11)

for someconstant m1 > 0 and any ®2 + ¯ 2 = 1.

In turn, (6.11) implies that the smallest eigenvalue of the matrix A T
r A r and hence the

determinant of matrix A r is bounded from below by a positive number as r ! 0+ as we

planned to show in Step 1. This endsthe proof of Theorem 2.3.

App endix: Existence and uniqueness of solutions to (1.1)-(1.3).
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AssumptionA.1. Assumethat

Si (zi (0)) ; i = 1; : : : ; n; are strictly separatedfrom each other and from @­ ; (A:1)

and the set S(0), generating all Si (zi (0)) 's as described in the intr oduction (i.e., each Si (0) is

S(0) oriented in a certain way), is such that for all i = 1; : : : ; n we have:

Z

(Si (0)
S

Si (h)) n(Si (0)
T

Si (h))

dx =
Z

­

j »i (x) ¡ »i (x ¡ h) j dx · C0 k h kR2 8h; k h kR2 2 (0; h0)

(A:2)

for somepositive constants h0 and C0, where »i (x) is the characteristic function of Si (0).

Condition (A.2) is not di±cult to satisfy - it holds, e.g., for rectanglesand circles. We have

the following result from [10].

Theorem A.1. Let y0 2 H (­)
T

(H 2(­)) 2; T¤ > 0;vi 2 L 1 (0; T¤); ki > 0; i = 1; : : : ; n ¡ 1;

and zi 0 2 ­ ; i = 1; : : : ; n be given and Assumption A.1 hold. Assume that the sets Si (zi (t))

do not changetheir orientation. Then there exists a T 2 (0; T ¤) such that the system(1.1)-

(1.3), (A.1), (A.2) admits a unique solution f y; p;zg on (0; T), f y; r p;zg 2 J0(QT )£ G(QT )£

[C([0; T]; R2)]n . Moreover, y 2 C([0; T]; H (­)) , yt ; yx i x j 2 (L 2(QT ))2, px i 2 L 2(QT ), where

i; j = 1; 2, and equations in (1.1) and (1.2) are satis¯ed almost everywhere, while the sets

Si (zi (t)) ; t 2 [0; T]; i = 1; : : : ; n remain strictly separated from each other and from @­ .

Remark A.1.

² Condition (A.1) allows us to maintain the wellposedness,both mathematical and \ph ysi-

cal" of the model (1.1)-(1.3), in particular, the validit y of Hooke's Law in (1.3) (although

it can somewhatbe relaxed without losing the former, see[10]).

² The duration of the time-interval (0; T) in Theorem A.1 is not quite of local nature.

Namely, basedon suitable a priori estimates, the value of T is selectedsmall enoughto

guarantee that condition (A.1) holds for any t 2 [0; T] in place of t = 0 for the given

choice of data in (1.1)-(1.3). This solution can be extended further in time as long as

the assumptionsas in (A.1) continue to hold.
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