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A Preliminary Set of Applications Leading to
Sto chastic Semide�nite Programs and

Chance-Constrained Semide�nite Programs

K. A. Ariy awansa� and Yuntao Zhuy

Abstract

Ariy awansaand Zhu have recently intro duced (two-stage)stochastic semide�nite programs
(with recourse) (SSDPs) [2] and chance-constrainedsemide�nite programs (CCSDPs) [3] as
paradigmsfor dealingwith uncertainty in applications leadingto semide�nite programs. Semidef-
inite programs have been the subject of intense research during the past 15 years, and one of
the reasonsfor this research activit y is the novelty and variety of applications of semide�nite
programs. Semide�nite programshowever arede�ned usingdeterministic data while uncertainty
is naturally present in applications. The de�nitions of SSDPsand CCSDPs in [2, 3] were for-
mulated with the expectation that they would enhanceoptimization modeling in applications
that lead to semide�nite programs by providing ways to handle uncertainty in data. In this
paper, we present results of our attempts to create SSDP and CCSDP models in four such ap-
plications. Our results are promising and we hope that the applications presented in this paper
would encourageresearchers to consider SSDP and CCSDP as new paradigms for stochastic
optimization when they formulate optimization models.

AMS Sub ject Classi�cations: 90C15,90C22,90C05,90C90

Keyw ords: Linear Programming, Stochastic Programming, Semide�nite Programming, Chance-
constraints, Optimization Models

1 In tro duction

Uncertainty is naturally present in the context of many optimization problems. In the past several
decadesstochastic programming models have proved to be useful in dealing with uncertainty in
many such applications. (Two-stage)stochastic linear programs(with recourse)(SLPs) [8, 9, 5, 10,
13] were introduced in the 1950sas a paradigm for dealing with uncertainty associated with data
in applications leading to (deterministic) linear programs (DLPs) and since then they have been
studied extensively. Algorithms for SLPs have been implemented in many commercial software
packages, which have friendly user interfaces and e�cien t built-in solvers for solving practical
problems.

� Department of Mathematics, Washington State Univ ersity, Pullman, WA 99164-3113,USA. (ari@wsu.edu). The
work of this author was supported in part by the U.S. Arm y Research O�ce under Grant DAAD 19-00-1-0465.

yDepartment of Mathematics, Washington State Univ ersity, Pullman, WA 99164-3113,USA. (zhuyt@wsu.edu).
The material in this paper is part of the doctoral dissertation of this author in preparation at Washington State
Univ ersity.
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(Deterministic) semide�nite programs (DSDPs) [1, 16, 19, 20] have been the focus of intense
research during the past 15 years,especially in the context of interior point methods for optimiza-
tion. DSDPs generalizeDLPs, and they have a wide variety of applications, especially beyond
those covered by DLPs. There are e�cien t interior point algorithms for solving DSDPs.

Ariy awansa and Zhu [2] recently introduced a new paradigm termed Stochastic Semide�nite
Programming (SSDP) for dealing with uncertainty in data leading to DSDPs. SSDPsare related
to DSDPs in the sameway that SLPs are related to DLPs.

We now present the de�nition of an SSDPasgiven in [2]. Let Rm� n and Rn_ n denotethe vector
spacesof real m � n matrices and real symmetric n � n matrices respectively. For U;V 2 Rn_ n , we
write U � 0 (U � 0) to meanthat U is positivesemide�nite (positivede�nite), and U � V or V � U
to meanthat U � V � 0. For U;V 2 Rm� n , we write U � V := trace(UT V) to denotethe Frobenius
inner product betweenU and V . Given Ui 2 Rn i � n i for i = 1; 2; : : : ; n, we usediag(U1; U2; : : : ; Un )
to denotethe matrix in R(

P n
i =1 n i )� (

P n
i =1 n i ) with U1; U2; : : : ; Un on the diagonaland zeroselsewhere.

An SSDP with recoursein primal standard form basedon deterministic data A i 2 Rn1_ n1 for
i = 1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data Tj 2 Rn1_ n1 and Wj 2 Rn2_ n2 for
j = 1; 2; : : : ; m2, h 2 Rm2 , and D 2 Rn2_ n2 that depend on an underlying outcome ! in an event
space
 with a known probabilit y function P is de�ned as:

minimize C � X + E [Q (X ; ! )]
subject to A i � X = bi ; i = 1; 2; : : : ; m1

X � 0
(1)

where X 2 Rn1_ n1 is the �rst-stage decisionvariable, Q (X ; ! ) is the minimum of the problem

minimize D(! ) � Y
subject to Tj (! ) � X + Wj (! ) � Y = hj (! ); j = 1; 2; : : : ; m2

Y � 0
(2)

where Y 2 Rn2_ n2 is the second-stagevariable, and

E [Q (X ; ! )] =
Z



Q (X ; ! ) P(d! ): (3)

An SSDPwith recoursein dual standard form basedon deterministic data A i 2 Rn1_ n1 for i =
1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data d 2 Rm2 , Wi 2 Rn2_ n2 for i = 1; 2; : : : ; m1,
Ti 2 Rn2_ n2 for i = 1; 2; : : : ; m2, and D 2 Rn2_ n2 that depend on an underlying outcome ! in an
event space
 with a known probabilit y function P is de�ned as:

maximize bT y + E [Q (y; ! )]

subject to
m1X

i =1

yi A i � C (4)

where y 2 Rm1 is the �rst-stage variable, Q (y; ! ) is the maximum of the problem

maximize d(! )T x

subject to
m1X

i =1

yi Wi (! ) +
m2X

i =1

x i Ti (! ) � D (! ) (5)

where x 2 Rm2 is the second-stagevariable, and

E [Q (y; ! )] =
Z



Q (y; ! ) P(d! ): (6)
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Basedon our experiencewith modeling sofar, we �nd that modelsin applications lead to SSDPs
in dual standard form more readily than to SSDPsin primal standard form. Indeed, this is the
casein all applications presented in this paper.

A prominent alternative to SLP for handling uncertainty in data de�ning DLPs is chance-
constrained linear programming (CCLP) [6, 7, 12, 13, 14]. In [3] Ariy awansa and Zhu introduced
an extensionof semide�nite programs termed chance-constrained semide�nite programs (CCSDPs)
for handling uncertainty in data de�ning semide�nite programs. CCSDPs are related to DSDPs in
the sameway that CCLPs are related to DLPs, and CCSDP is an alternative to SSDPfor handling
uncertainty in data de�ning DSDPs.

Consider the DLP
maximize bT y
subject to AT y � c;

TT y � � ;
(7)

where A 2 Rm� n1 , T 2 Rm� n2 , b 2 Rm , c 2 Rn1 , and � 2 Rn2 are deterministic data, and y 2 Rm

is the decisionvariable. Clearly, (7) is an DLP in dual standard form.
A CCLP basedon (7) is de�ned as follows. Supposethat the vector � and the matrix T are

both random depending on an underlying outcome! in an event space
 with a known probabilit y
function P. Let the symbol P denote probabilit y. Then it is meaningful to require that the
probabilit y of the constraints T T (! )y � � (! ) being satis�ed is at least some prescribed value
p 2 (0; 1), rather than requiring that they hold for all outcomes! 2 
. This leadsto the problem

maximize bT y
subject to AT y � c;

P
�

TT (! )y � � (! )
�

� p
(8)

which is termed a CCLP [6, 7, 12, 13, 14].
Constraints in the form of the last constraint of (8) arise naturally in various applications and

are called chance-constraints (or probabilistic-constraints). Such constraints can be viewed as a
relaxation of the requirement that constraints are enforcedfor all possiblevaluesof uncertain data,
which could be prohibitiv e or even impossible. In practice, p 2 (0; 1) may be chosencloseto 1.

We de�ne a CCSDP basedon deterministic data A i 2 Rn1_ n1 for i = 1; 2; : : : ; m, b 2 Rm , and
C 2 Rn1_ n1 ; and random data Wi 2 Rn2_ n2 for i = 1; 2; : : : ; m, and D 2 Rn2_ n2 whoserealizations
depend on an underlying outcome ! in an event space
 with a known probabilit y function P.
Given this data, we de�ne a CCSDP as the problem

maximize bT y

subject to
mX

i =1

yi A i � C;

P
� mX

i =1

yi Wi (! ) � D (! )
�

� p;

(9)

where y 2 Rm is the variable, and p 2 (0; 1) is someprescribed probabilit y.
The rest of the paper is organizedas follows. Each of the following four sectionsis devoted to

an application. For each application we present a problem description leading to an SSDP model
and if appropriate to a CCSDP model. In addition, for each SSDP and CCSDP model we indicate
a notational reconciliation which shows how to transform the model into the genericform (4, 5, 6)
or (9) respectively. The �nal section contains somebrief concluding remarks.
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2 An Application in Geometry

Many geometrical problems involving quadratic functions can be expressedas semide�nite pro-
grams. Oneexampleis the minimum volumecovering ellipsoid problem (MV CEP). MVCEP [15, 16]
hasbeenstudied for over �ft y yearsand it hasapplications in computational statistics, robust statis-
tics and data mining. The classicalMVCEP is de�ned with deterministic data. In this section we
supposethat someof the data is random with a known distribution and formulate an SSDPmodel
and a CCSDP model that may be appropriate for that nondeterministic setting. The SSDP and
CCSDP models in this section were �rst presented in [2] and [3] respectively. As we shall see,con-
crete versionsof thesemodels may be appropriate for determining optimal strategies for tracking
randomly moving targets.

2.1 Optimal Covering of Random Ellipsoids|An SSDP Mo del

Suppose that we are given n f �xed ellipsoids Ei := f x 2 Rn : xT H i x + 2gT
i x + vi � 0g � Rn ,

i = 1; 2; : : : ; nf . Here H i 2 Rn_ n , H i � 0, gi 2 Rn and vi 2 R for i = 1; 2; : : : ; n f are deterministic
data. We are alsogiven nr random ellipsoids ~Ei (! ) := f x 2 Rn : xT ~H i (! )x + 2~gi (! )T x + ~vi (! ) � 0g,
i = 1; 2; : : : ; nr . Here for i = 1; 2; : : : ; nr , ~H i (! ) 2 Rn_ n , ~H i (! ) � 0, ~gi (! ) 2 Rn , ~vi (! ) 2 R are
random data that dependon an underlying outcome! in an event space
 with a known probabilit y
function P.

Supposethat at present wedo not know the realizationsof the n r random ellipsoids,and suppose
that at somepoint in time in the future the realizations of thesen r ellipsoids becomeknown. Also
supposethat we needto determine a ball that contains all n f �xed ellipsoids and the realizations
of the nr random ellipsoids. However, this decision needsto be made before the realizations of
the random ellipsoids becomeavailable. Therefore, when the realizations of the random ellipsoids
do becomeavailable, the ball that has already been determined may or may not contain all the
realizedrandom ellipsoids. We assumethat at that stagewe are allowed to changethe radius of the
ball (but not its center), if necessary, in order to insure that the modi�ed ball contains all (�xed
and realizations of random) ellipsoids. We assumethat the cost of choosing the ball has three
components: the cost of the center, which is proportional to the Euclidean distance to the center
from the origin; the cost of the initial radius, which is proportional to the square of the radius;
and the cost of changing the radius after the realizations of the random ellipsoidsbecomeavailable,
which is proportional to the increasein the squareof the radius. The center and the radius of the
initial ball are determined so that the expected total cost is minimized.

Our �rst goal is to determine �x 2 Rn and 
 2 R such that the ball B de�ned by

B := f x 2 Rn : xT x � 2�xT x + 
 � 0g

contains the �xed ellipsoids Ei for i = 1; 2; : : : ; n f , or equivalently if and only if there is � i � 0 such
that �

I � �x
� �xT 


�
� � i

�
H i gi

gT
i vi

�
; i = 1; 2; : : : ; nf :

As indicated above this determination is madebeforethe realizations of the random ellipsoids ~Ei (! )
for i = 1; 2; : : : ; nr becomeknown. Note that the center of B is �x and that the squareof the radius
of B is �xT �x � 
 . We introduce the following constraints

�
d1I �x
�xT d1

�
� 0 (10)
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and �
I �x
�xT d2 + 


�
� 0: (11)

By Schur Complements (10) is equivalent to d1 � �xT (d1I )� 1 �x � 0, which is in turn equivalent
to d1 �

p
�xT �x. Similarly, constraint (11) is equivalent to d2 + 
 � �xT I � 1 �x � 0 and in turn to the

constraint d2 � �xT �x � 
 . Thus, d1 is an upper bound on the distance between the center of the
ball B and the origin, say

p
�xT �x, and d2 is an upper bound on squareof the radius of the ball B,

say �xT �x � 
 .
When the realizations of the random ellipsoids becomeavailable, if necessary, we determine ~


so that the new ball
~B := f x 2 Rn : xT x � 2�xT x + ~
 � 0g

contains all the realizations of the random ellipsoids. This new ball ~B has the samecenter �x as B
but a larger radius, ~r =

p
�xT �x � ~
 . We note that ~r 2 � r 2 = ( �xT �x � ~
 ) � ( �xT �x � 
 ) = 
 � ~
 , and

thus we introduce the constraint
0 � 
 � �
 � z

where z is an upper bound of ~r 2 � r 2. Let �c > 0 denote the cost per unit of the Euclidean distance
between the center of the ball B and the origin, � > 0 be the cost per unit of the squareof the
radius of B, and let � > 0 be the cost per unit increaseof the squareof the radius if it becomes
necessaryafter the realizations of the random ellipsoids are available.

We de�ne the following decisionvariables

x :=
h
d1; d2; �xT ; 
 ; � T

i T
and y :=

h
z; �
 T ; � T

i T

where except for � 2 Rn1 and � 2 Rn2 the other components are as speci�ed above. We also
introduce the following unit cost vectors

c := [ �c; �; 0; 0; 0 ]T and q := [ � ; 0; 0 ]T :

Then we get the model

minimize cT x + E [Q(x; ! )]
subject to �

I � �x
� �xT 


�
� � i

�
H i gi

gT
i vi

�
; i = 1; 2; : : : ; nf

0 � �

0 �
�

d1I �x
�xT d1

�

0 �
�

I �x
�xT d2 + 


�

(12)

where Q(x; ! ) is the minimum of the problem

minimize qT y
subject to �

I � �x
� �xT �


�
� � i

�
H i (! ) gi (! )
gT

i (! ) vi (! )

�
; i = 1; 2; : : : ; nr

0 � �
0 � 
 � �
 � z

(13)
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and

E[Q(x; ! )] =
Z



Q(x; ! )P(d! ): (14)

Problem (12, 13, 14) is an SSDP in dual standard form as de�ned in Section 1. We now
demonstrate this by indicating the assignments that needto be made in (4, 5, 6) to obtain (12, 13,
14). First let n1 := nf + 3(n + 1), m1 := nf + n + 3, n2 := nr + n + 2 and m2 := nr + 2. We use
0n to denote the zero vector in Rn , and �0n to denote the zero matrix in Rn_ n . Let ei be the i -th
elementary vector in Rn , and I n be the identify matrix in Rn_ n . Then for i = 1; 2; : : : ; (n f + n + 3),
we de�ne matrix A i 2 R(n f +3( n+1)) _ (n f +3( n+1)) as follows:

A1 := diag( �0(n+1) ; �0n f ; � I (n+1) ; �0(n+1) );

A2 := diag
�

�0(n+1) ; �0n f ; �0(n+1) ; �
� �0n 0n

0T
n 1

� �
;

for i = 3; 4; : : : ; (n + 2)

A i := diag
� � �0n � e(i � 2)

� eT
(i � 2) 0

�
; �0n f ;

� �0n � e(i � 2)

� eT
(i � 2) 0

�
;
� �0n � e(i � 2)

� eT
(i � 2) 0

� �
;

A (n+3) := diag
� � �0n 0n

0T
n 1

�
; �0n f ; �0(n+1) ;

� �0n 0n

0T
n � 1

� �
;

and for i = (n + 4); (n + 5); : : : ; (n f + n + 3)

A i := diag
�

�
�

H (i � n� 3) g(i � n� 3)

gT
(i � n� 3) v(i � n� 3)

�
; diag(� e(i � n� 3)); �0(n+1) ; �0(n+1)

�
:

Next we de�ne C 2 R(n f +3( n+1)) _ (n f +3( n+1)) as

C := diag
� �

� I n 0n

0T
n 0

�
; �0n f ; �0(n+1) ;

�
I n 0n

0T
n 0

� �
:

Now for i = 1; 2; : : : ; (n f + n + 3), we de�ne matrix Ti (! ) 2 R(n r + n+2) _ (n r + n+2) as follows:

T1(! ) := �0(n r + n+2) ;
T2(! ) := �0(n r + n+2) ;

for i = 3; 4; : : : ; (n + 2)

Ti (! ) := diag
� � �0n � e(i � 2)

� eT
(i � 2) 0

�
; �0n r ; 0

�
;

for i = (n + 3); (n + 4); : : : ; (nr + n + 3)

Ti (! ) := �0(n r + n+2) :

Now for i = 1; 2; : : : ; (n f + 2), we de�ne matrix Wi (! ) 2 R(n r + n+2) _ (n r + n+2) as follows:

W1(! ) := diag
�

�0(n+1) ; �0(n r ) ; � 1
�

;
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W2(! ) := diag
�

�0(n+1) ; �0(n r ) ; � 1
�

;

for i = 3; 4; : : : ; (n f + 2)

Wi (! ) := diag
�

�
�

H i (! ) gi (! )
gT

i (! ) vi (! )

�
; diag(� e(i � 2)); 0

�
:

Finally, we de�ne D(! ) 2 R(n r + n+2) _ (n r + n+2) as

D(! ) := diag
�

� I (n+1) ; �0n r ; 0
�

:

With theseassignments in (4, 5, 6) we get (12, 13, 14).

2.2 Optimal Covering of Random Ellipsoids|A CCSDP Mo del

In this section we present a CCSDP model that may be appropriate for the application setting in
x2.1.

Supposeagain that wearegiven n f �xed ellipsoidsEi := f x 2 Rn : xT H i x+ 2gT
i x+ vi � 0g � Rn ,

i = 1; 2; : : : ; nf . Here H i 2 Rn_ n , H i � 0, gi 2 Rn and vi 2 R for i = 1; 2; : : : ; n f are deterministic
data. We are alsogiven nr random ellipsoids ~Ei (! ) := f x 2 Rn : xT ~H i (! )x + 2~gi (! )T x + ~vi (! ) � 0g,
i = 1; 2; : : : ; nr . Here for i = 1; 2; : : : ; nr , ~H i (! ) 2 Rn_ n , ~H i (! ) � 0, ~gi (! ) 2 Rn , ~vi (! ) 2 R are
random data whoserealizations depend on an underlying outcome ! in an event space
 with a
known probabilit y function P.

Supposethat we need to determine a ball subject to two types of constraints: the ball must
contain all nf �xed ellipsoids; and it must contain the n r random ellipsoids with a prescribed
probabilit y p 2 (0; 1). We assumethat the cost of choosing the ball has two components: the cost
of the center is proportional to the Euclidean distance to the center from the origin, and the cost
of the radius is proportional to the squareof the radius. The secondtype of constraint mentioned
above can be viewed asa relaxation of the requirement that the ball contains all the realizations of
the nr random ellipsoids,which could be prohibitiv e or even impossible. The center and the radius
are to be determined so that the total cost is minimized.

Our goal is to determine �x 2 Rn and 
 2 R such that the ball B de�ned by

B := f x 2 Rn : xT x � 2�xT x + 
 � 0g

contains the �xed ellipsoids Ei for i = 1; 2; : : : ; n f , and the realizations of the random ellipsoids
~Ei (! ) for i = 1; 2; : : : ; nr with a prescribed probabilit y p 2 (0; 1). Note that the center of B is �x and
that the squareof the radius of B is �xT �x � 
 . We introduce two constraints

�
d1I �x
�xT d1

�
� 0 (15)

and �
I �x
�xT d2 + 


�
� 0: (16)

By Schur Complements (15) is equivalent to d1 � �xT (d1I )� 1 �x � 0 which in turn is equivalent to
d1 �

p
�xT �x. Constraint (16) is similarly equivalent to d2 + 
 � �xT I � 1 �x � 0 and to the constraint

d2 � �xT �x � 
 . Thus d1 is an upper bound on the distance betweenthe center of the ball B and the
origin,

p
�xT �x. Similarly, d2 is an upper bound on squareof the radius of the ball B, �xT �x � 
 .
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Let �c � 0 denote the cost per unit of the Euclidean distance between the center of the ball B
and the origin, and � � 0 be the cost per unit of the squareof the radius of B.

We de�ne the decisionvariable x 2 R(n f + n r + n+3) as

x :=
h
d1; d2; �xT ; 
 ; � T ; � T

i T
;

whereexcept for the auxiliary variables� 2 Rn f and � 2 Rn r , other variablesare asspeci�ed above.
We also introduce the unit cost vectors c 2 R(n f + n r + n+3) as

c :=
h

�c; �; 0T ; 0 ; 0T ; 0T
i T

:

Then we get the model

minimize cT x
subject to �

I � �x
� �xT 


�
� � i

�
H i gi

gT
i vi

�
; i = 1; 2; : : : ; nf ;

0 � � ;

0 �
�

d1I �x
�xT d1

�
;

0 �
�

I �x
�xT d2 + 


�
;

P
� �

I � �x
� �xT 


�
� � i

� ~H i (! ) ~gi (! )
gT

i (! ) vi (! )

�
; i = 1; 2; : : : ; nr

�
� p;

0 � � :

(17)

We now demonstrate that Problem (17) is a CCSDP as de�ned in Section 1. First let n1 :=
nf + nr + 3(n + 1), m := nf + nr + n + 3, and n2 := n + 1. Then let y := x and b := � c. We use0n to
denotethe zerovector in Rn , and �0n to denotethe zeromatrix in Rn_ n . Let ei bethe i -th elementary
vector in Rn , and I n be the identify matrix in Rn_ n . Then for i = 1; 2; : : : ; (n f + nr + n + 3), we
de�ne matrix A i 2 R(n f + n r +3( n+1)) _ (n f + n r +3( n+1)) as follows:

A1 := diag( �0(n+1) ; �0n f ; � I (n+1) ; �0(n+1) ; �0n r );

A2 := diag
�

�0(n+1) ; �0n f ; �0(n+1) ; �
� �0n 0n

0T
n 1

�
; �0n r

�
;

for i = 3; 4; : : : ; (n + 2)

A i := diag
� � �0n � e(i � 2)

� eT
(i � 2) 0

�
; �0n f ;

� �0n � e(i � 2)

� eT
(i � 2) 0

�
;
� �0n � e(i � 2)

� eT
(i � 2) 0

�
; �0n r

�
;

A (n+3) := diag
� � �0n 0n

0T
n 1

�
; �0n f ; �0(n+1) ;

� �0n 0n

0T
n � 1

�
; �0n r

�
;

8



for i = (n + 4); (n + 5); : : : ; (n f + n + 3)

A i := diag
�

�
�

H (i � n� 3) g(i � n� 3)
gT

(i � n� 3) v(i � n� 3)

�
; diag(� e(i � n� 3)); �0(n+1) ; �0(n+1) ; �0n r

�
;

and for i = (nf + n + 4); (nf + n + 5); : : : ; (nf + nr + n + 3)

A i := diag
�

�0(n+1) ; �0(n f ) ; �0(n+1) ; �0(n+1) ; diag(� e(i � n f � n� 3))
�
:

Next we de�ne C 2 R(n f + n r +3( n+1)) _ (n f + n r +3( n+1)) as

C := diag
� �

� I n 0n

0T
n 0

�
; �0n f ; �0(n+1) ;

�
I n 0n

0T
n 0

�
; �0n r

�
:

Then for i = 1; 2; : : : ; (n f + nr + n + 3), we de�ne matrix Wi (! ) 2 R(n+1) _ (n+1) as follows:

W1(! ) := �0(n+1) ;

W2(! ) := �0(n+1) ;

for i = 3; 4; : : : ; (n + 2)

Wi (! ) :=
� �0n � e(i � 2)

� eT
(i � 2) 0

�
;

W(n+3) (! ) :=
� �0n 0n

0T
n 1

�
;

for i = (n + 4); (n + 5); : : : ; (n f + n + 3)

Wi (! ) = �0(n+1) ;

and for i = (nf + n + 4); (nf + n + 5); : : : ; (nf + nr + n + 3)

Wi (! ) := �

"
~H (i � n f � n� 3)(! ) ~g(i � n f � n� 3)(! )
~gT

(i � n f � n� 3)(! ) ~v(i � n f � n� 3)(! )

#

:

Finally, we de�ne D(! ) 2 R(n+1) _ (n+1) as

D(! ) :=
�

� I n 0n

0T
n 0

�
:

With theseassignments in (9) we get (17).

2.3 A Possible Concrete Application of Mo dels in Sections 2.1 and 2.2

The models in Sections2.1 and 2.2 were formulated in genericterms. In this section we indicate a
concreteapplication involving military operations where the genericmodels may be useful.

Let n := 2. The �xed ellipsoids contain targets that need to be destroyed in a bombing run.
Fighter aircrafts take o� from the origin with a planned disk of coveragethat contains the �xed
ellipsoids. The random ellipsoids contain targets that are moving and in order to be accurate
only the latest information about them is used. This may require increasing the radius of the
planned disk of coverageafter the initial �gh ter aircrafts have taken o�. This increase,dependent
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on the initial disk of coverageand the speci�c information about the moving targets, results in an
additional cost. Our SSDP model in Section 2.1 determinesthe initial disk of coverageso that the
expected total cost is minimized.

Now we consider the problem from the following slightly di�eren t perspective. The �xed el-
lipsoids contain targets that need to be destroyed, and the random ellipsoids contain targets that
alsoneedto be destroyed but are moving. Fighter aircrafts take o� from the origin to destroy both
typesof targets with a planned disk of coveragehaving the following properties: the disk contains
all the �xed ellipsoids; and it contains the realizations of the random ellipsoids with a prescribed
probabilit y p 2 (0; 1). Our CCSDP model in Section 2.2 determines the disk of coverageso that
the total cost is minimized.

3 An Application in Mobile Ad Ho c Net works

Mobile ad hoc networks consist of wirelessmobile hosts that communicate with each other in the
absenceof a �xed infrastructure. Design of routing protocols is a crucial issue in mobile ad hoc
networks and a number of routing algorithms [11, 18] have beenproposedand studied. In many of
these approaches, the authors use traditional strategies to model the movement of mobile nodes.
For instance, they assumethat mobile nodes move at a deterministic speed (average speed), or
they preset an upper bound on their speed (worst-case). These strategies signi�cantly simplify
the problem. However, they also set apart the model from the reality that the model is supposed
to approximate. Since nodes move randomly (both in speed and direction) in a mobile ad hoc
network, the assumption that they move at a deterministic speedis restrictiv e.

Stochastic models are appropriate when data evolve over time and decisionsneed to be made
prior to observing the entire data stream. In practice stochastic models can handle uncertainty in
the data that leads to a problem more precisely and usually yield more satisfactory results. We
incorporate SSDPand CCSDP models into the existing deterministic location-aided routing (LAR)
algorithms in ad hoc networks, and proposea classof stochastic location-aided routing (SLAR)
strategiesfor mobile ad-hoc networks. We expect SLARs to achieve better performanceand higher
e�ciency sincethe randomnessin the routing problem can be captured by such modelsbetter than
deterministic models.

We begin by describing existing deterministic location-aided routing strategies.

3.1 Lo cation-aided Routing (LAR)

The LAR protocol [11, 18] utilizes the location information for the mobile hosts to reduce the
search spacefor a desired route. As a result, the overhead of route discovery can be reduced.
When a sendernode, say S, needsto �nd a route to a destination node, say D , S broadcastsa
route request messageto all its neighbors. When the neighbors receive the route request, they
forward it to all their neighbors. If the sameroute request is received more than onceby the same
node, it will simply be discarded. As the route request is propagated to various nodes, the path
followed by the request is included in the route request packet. On receiving the route request,
D responds by sendinga route reply messageto S. The route reply packet follows a path that is
obtained by reversing the path followed by the route request received by D . If the route request
messagedoesnot get to D due to transmission error, S needsto be able to re-initiate the process
of route discovery. Therefore, when S initiates route discovery, it setsa timeout interval. If during
the timeout interval, a route reply is not received, then a new route discovery is initiated. Route
discovery is initiated either when the sender detects that a previously determined route to the
destination node is broken, or if the senderdoesnot know a route to the destination.
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In LAR, two zonesare calculated: expected zone and request zone. Consider a node S that
needsto �nd a route to a node D. Assume that node S knows that node D was at location L
at time t0, and that the current time is t1. The expected zone of node D from the viewpoint of
node S at time t1, is the region that node S expects to contain node D at time t 1. Node S can
determine the expected zone basedon the knowledge that node D was at location L at time t 0.
If node S knows that node D travels with averagespeedv, then S may assumethat the expected
zoneis the circular region of radius v(t1 � t0), centered at location L . This is an estimate, sinceif
the actual speed is larger than the average, the destination may be outside the expected zone at
time t1. Also, if S doesnot know a previous location of node D, the entire region occupied by the
ad hoc network is assumedto be the expected zone.

Consider a node S that needsto �nd a route to a node D. Node S de�nes a request zone
for the route request. A node forwards a route request only if it belongsto the request zone. To
increasethe probabilit y that a route requestwill reach node D, the requestzoneshould include the
expected zone. The request zone may also include additional regions around the expected zone.
Still there is no guarantee that a path can be found consisting only the hosts in a chosenrequest
zone. Therefore, if a route is not discovered within a suitable timeout period, this protocol allows
S to initiate a new route discovery with an expanded request zone. Increasing the size of the
initial request zone can increasethe probabilit y of �nding a path in the �rst attempt. However,
route discovery overheadalso increaseswith the sizeof the requestzone. Thus, there is a trade o�
betweenlatency of route determination and the messageoverhead.

Simulation results indicate that using location information in LAR results in signi�cantly lower
routing overhead,as comparedto an algorithm that doesnot use location information.

3.2 Sto chastic LAR (SLAR)|An SSDP Mo del

In our proposedapproach, an SSDP model will be utilized to determine the \righ t" expected zone
for us. We only focus on the decisionof the expected zone,sincethe request zonedependson the
expected zone. A \b etter" expected zonewill give a \b etter" corresponding request zone.

We make the following assumptions:

� The nodesin the network are uniformly distributed.

� The sourcenode S knows the location L of the destination node D at time t 0.

� The node D movesat a random speedv(! 1), which dependson an underlying outcome! 1 in
an event space
 1 with a known probabilit y function P1.

� The nodeD movesat a (normalized) random direction d(! 2), which dependson an underlying
outcome ! 2 in an event space
 2 with a known probabilit y function P2.

� P1 and P2 are both discrete.

Let f (v(k) ; d(k) ) : k = 1; 2; : : : ; K 0g be the possiblerealizations of the random variables

(v(! 1); d(! 2)), and let pk := P
� �

v(! 1); d(! 2)
�

=
�

v(k) ; d(k)
� �

be the associated probabilit y for

k = 1; 2; : : : ; K 0.
Then by our assumptions,at time t1 > t0, the destination node will be at the location L + (t 1 �

t0)v(k)d(k) , with probabilit y pk . Note that our assumptionsare more realistic than many traditional
approaches. One of the main characteristics of mobile ad hoc networks is the mobilit y of their users.
It is very important to know how the users roam around the geographicalarea covered by such
networks. This knowledge if utilized can result in reduction in routing overhead. We model the
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movement speedof a mobile node by a random variable rather than assumingthat it is a constant
(such as average speed). Also, the movement direction is modeled as a random variable, which
gives us the 
exibilit y to capture the mobilit y patterns of the mobile nodes. For instance, if a
mobile user moves mostly in a samedirection, say �d, we can assigna very high probabilit y to the
scenario(d(! 2) = �d): Such an assignment may be suitable to model the movement of mobile users
on a straight highway, road, or a street.

When K 0 is large, we have too many cases(realizations) to consider. So we aggregatethese
realizations, and make the following assumptions:

� The node S knows the location of node D at time t 0.

� We are given K �xed ellipsoids, Ek := f x 2 Rn : xT H kx + 2gT
k x + vk � 0g � Rn , k =

1; 2; : : : ; K , as the possiblerealizations of the random ellipsoid ~E(! ) := f x 2 Rn : xT ~H (! )x +
2~g(! )T x + ~v(! ) � 0g. Here ~H (! ) 2 Rn_ n , ~H (! ) � 0, ~g(! ) 2 Rn and ~v(! ) 2 R for k =
1; 2; : : : ; K are random data which depend on an underlying outcome ! in an event space

 with a known probabilit y function P, and H k 2 Rn_ n , H k � 0, gk 2 Rn and vk 2 R for
k = 1; 2; : : : ; K are deterministic data.

� K � K 0

� At time t1, the destination node is in Ek with probabilit y pk , for k = 1; 2; : : : ; K :

� Not all of the ellipsoids Ek ; k = 1; 2; : : : ; K are covered by the disk C0 of radius v(t1 � t0),
centered at L , where v is the lowest possiblemoving speedof node D (v might be zero).

Then, knowing the location of D at time t0, in order to determine the expected zonefor D at
time t1, we take the following procedure:

� Stage 1: We pick a disk C of radius 
 , centered at �x, which contains the disk C0 asour initial
guessof the expected zone. Then we calculate the request zone according to the expected
zone, and send out the routing request. Note that C0 is among our choices for the initial
guessof the expected zone.

� Stage 2: If it happensthat node D is in C, no further action is needed;route requestmessage
gets to the destination and the reply messageis sent back to the source;a route is established
betweenthe sourceand destination nodes.

Otherwise, D is in Ek (the portion of Ek not covered by C0) for somek. Nodes in C initiate
another route request and send to an enlargeddisk C � that covers Ek . The request message
will get to the destination node D, and D replies to the node in C from which it received
the requestmessage.A route going through that node will be establishedbetweenthe source
and destination nodes.

In order to have our algorithms work properly, we needto consider the following details:

� When the sender initiates a route discovery, it sets a timeout interval, �t1. If during the
timeout interval, a route reply is not received, then a new route discovery is initiated.

� When a node in C receives a routing request message,it will do three things: marks the
messagewith a special 
ag; set a timer, say �t2; and forwards the message.If the destination
node receives this message,it will know that this messagewas forwarded to it from a node
that is in C.
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� The destination node replies to the route request messageforwarded from a node in C.

� �t2 � �t1:

Under theseassumptionsthe routing discovery procedureis asfollows: the route requestmessage
is sent out from the sourcenode S to the expectedzoneC, and the timer �t1 is set. If the destination
node D is in C, a reply messagewill be sent back to S, and a route will be established. The reply
messagewill also be sent back to the nodes in C before the time �t2 expires; If D is not in C, the
timer �t2 will eventually expire and one node in C will initiate a routing request messageand send
it to an enlarged disk C � that contains C. If the messagegets to D , a route will be established
going through that node in C; if D cannot be reached at all, the timer �t1 will expire and the
sourcenote will initiate another route request. Roughly speaking, we make a decisionon the disk
C beforeknowing the current location of D , and if there is discrepancybetweenthis decisionand
the realization of the location of D , we make corrections to make sure that D is covered by an
enlargeddisk C � .

We assumethat the cost of choosing the disk C has four components: the cost of choosing
the center of C is proportional to the Euclidean distance from the sourcenode to the center of C,
which is in turn proportional to the number of nodesalong the path from the sourceto the center
of C; the cost of choosing the initial radius of C is proportional to the squareof the radius, which
is in turn proportional to the number of nodes in the initial expected zone; the cost of changing
the radius of C after the realizations of the random parameters becomeavailable is proportional
to the increasein the squareof the radius, which is in turn proportional to the number of nodes
added to the enlargeddisk C � ; and latency penalty cost.

Our goal is to determine the center and radius of the initial disk, so that the expected total
cost is minimized. The �rst step is to determine �x 2 Rn and 
 2 R such that the disk C de�ned by

C := f x 2 Rn : xT x � 2�xT x + 
 � 0g

contains the disk C0. As indicated above this determination is made before the realizations of the
random variables becomeknown. Note that the center of C is �x and that the squareof the radius
of C is �xT �x � 
 . We introduce the two constraints

�
d1I �x
�xT d1

�
� 0 (18)

and �
I �x
�xT d2 + 


�
� 0: (19)

By Schur Complements (18) is equivalent to d1 � �xT (d1I )� 1 �x � 0 which in turn is equivalent to
d1 �

p
�xT �x. Constraint (19) is similarly equivalent to d2 + 
 � �xT I � 1 �x � 0 and to the constraint

d2 � �xT �x � 
 . Thus d1 is an upper bound on the distancebetweenthe center of the disk C and the
origin (sourcenode),

p
�xT �x. Similarly, d2 is an upper bound on squareof the radius of the disk C,

�xT �x � 
 .
When the realizations of the random variables becomeavailable, if necessary, we determine ~


so that the new disk
C � := f x 2 Rn : xT x � 2�xT x + ~
 � 0g

contains the realization of the random ellipsoid. This new disk C � has the samecenter �x as C but
a larger radius, ~r =

p
�xT �x � ~
 . We note that ~r 2 � r 2 = ( �xT �x � ~
 ) � ( �xT �x � 
 ) = 
 � ~
 , and thus

introduce the constraint
0 � 
 � �y � z
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where z is an upper bound of ~r 2 � r 2. Let �c > 0 denote the cost per unit of the Euclidean distance
between the center of the disk C and the origin (source node), � > 0 be the cost per unit of the
squareof the radius of C, and let � > 0 be the cost per unit increaseof the squareof the radius if
it becomesnecessaryafter the realizations of the random ellipsoid are available.

We de�ne the following decisionvariables

x :=
h
d1; d2; �xT ; 
 ; � T

i T
and y :=

h
z; �
 T ; � T

i T

where except for � 2 Rn1 and � 2 Rn2 other components are as speci�ed above. We also introduce
the following unit cost vectors

c := [ �c; �; 0 ; 0 ; 0 ]T and q := [ � ; 0; 0 ]T :

Then we get the model

minimize cT x + E [Q(x; k)]
subject to �

I � �x
� �xT 


�
� �

�
I L

L T (t1 � t0)v

�
;

0 � �

0 �
�

d1I �x
�xT d1

�

0 �
�

I �x
�xT d2 + 


�

(20)

where Q(x; k) is the minimum of the problem

minimize qT y
subject to �

I � �x
� �xT ~


�
� � k

�
H k gk

gT
k vk

�
;

0 � � k

0 � 
 � ~
 � z

(21)

and

E[Q(x; k)] =
KX

k=1

pkQ(x; k): (22)

Here we omit the notational reconciliation, since (20, 21, 22) is very similar to (12, 13, 14)
which has beenexaminedcarefully in Section 2.1.

3.3 Sto chastic LAR (SLAR)|A CCSDP Mo del

The randomnessin LAR can also be handled by our CCSDP model. Instead of trying to cover
all the realizations for the random ellipsoids, we determine a disk C such that C covers all the
outcome of the random ellipsoids with a prescribed probabilit y p 2 (0; 1): This CCSDP model is
more meaningful for handling extreme cases.For instance, one realization of the random ellipsoids
might appear far away from our initially guesseddisk, and our SSDPmodel will try to compensate
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this caseand introducea large cost. If this event happenswith a low probabilit y, our CCSDP model
can ignore this event and give a much lower expectedtotal cost. Sowhich model to choosedepends
on the requirements of the problem. If every single outcome of the random ellipsoids needsto be
considered,then we have to choosethe SSDP model. If the total cost is important and ignoring
someevents as long as they happen with low probabilit y is acceptable,then the CCSDP model is
more appropriate than the SSDP model.

Our CCSDP model is:

minimize cT x
subject to �

I � �x
� �xT 


�
� �

�
I L

L T (t1 � t0)v

�
;

0 � �

0 �
�

d1I �x
�xT d1

�

0 �
�

I �x
�xT d2 + 


�

P
� �

I � �x
� �xT 


�
� �

� ~H (! ) ~g(! )
gT (! ) v(! )

� �
� p;

0 � � :

(23)

Here we omit the notational reconciliation, since (23) is very similar to (17) which has been
examinedcarefully in Section 2.2.

4 An Application in RC Circuit Design

Considerthe linear resistor-capacitor(RC) circuit that can bedescribedby the di�eren tial equation
[17]

C
dv
dt

= � G(v(t) � u(t)) ; (24)

where v(t) 2 Rn is the vector of node voltages, u(t) 2 Rn is the vector of independent voltage
sources,C 2 Rn_ n is the capacitancematrix, and G 2 Rn_ n is the conductancematrix.

We assumethat the matrices C and G are a�ne functions of designparametersx 2 Rm , i.e.,

C(x) = C0 + x1C1 + � � � + xm Cm ; G(x) = G0 + x1G1 + � � � + xmGm ; (25)

where Ci 2 Rn_ n and Gi 2 Rn_ n for i = 1; 2; : : : ; m.
We refer to a circuit described by (24, 25) asa general RC circuit. When the generalRC circuit

is composedof two terminal resistors and capacitors, we will refer to it as a RC circuit. Linear
RC circuit are often used as approximation models for transistors and interconnect wires. When
the designparametersare the physical widths of conductors and transistors, the conductanceand
capacitancematrices are a�ne in theseparameters.

Studies have been conducted on how fast a change in the input propagates to the di�eren t
nodes in the circuit and how this propagation delay varies as a function of the resistancesand
capacitances.There have beenseveral measuresof this propagation delay: the threshold delay, the
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Elmore delay, and the dominant time constant. In [17], Vandenberghe and Boyd proposedusing
the dominant time constant of the RC circuit as a measureof the propagation delay.

Let � 1; : : : ; � n denote the eigenvaluesof the circuit, i.e., the eigenvaluesof � C � 1G. We assume
that they are sorted in decreasingorder [17], i.e.,

0 > � 1 � � � � � � n :

The largest eigenvalue, � 1, is called the dominant eigenvalue of the RC circuit and they de�ne the
(crucial) dominant time constant as

Tdom = � 1=� 1: (26)

The dominant time constant can also be expressedin another form [17]:

Tdom = min f T j TG � C � 0g:

We have:
Tdom(x) � Tmax ( ) Tmax G(x) � C(x) � 0 (27)

SoTmax is an upper bound on T dom if and only if Tmax G(x) � C(x) � 0. We will usethis result
in our application.

In RC circuit designwe may want also to consider the following factors:

� The area of the circuit: Supposethe lengths of transistors and conductors, say l i , are �xed
and the designvariables represent the widths of them, then the circuit area has the form

a0 + x1l1 + � � � + xm lm ;

where a0 is the area of the �xed part of the circuit. In this casethe area of the circuit is a
linear function of the designvariables x 2 Rm .

� The power dissipation: The total dissipated energy in the resistors from initial voltage �v to
�nal voltage 0 during a transition is the energy stored in the capacitors. It can expressed
as (1=2)�vT C�v. Therefore for �xed clock rate and �xed probabilit y of transition, the average
power dissipated is proportional to

�vT C(x)�v =
mX

i =1

x i (�vT Ci �v)

It is also a linear function of the designvariables x.

4.1 RC Circuit Design|An SSDP Mo del

Now consider a company that manufactures RC circuits for various customers. These customers
have di�eren t requirements on the propagation delay of these circuits. Customer requirements
could be quit uncertain, and we assumethat their requirements satisfy a probabilit y distribution.

We assumethe lengths of transistors and conductors are �xed, say l i , and we need to make
a decision on the design variables, say x 2 Rm , which represent the widths of transistors and
conductors. This decisionis subject to upper and lower boundson the widths and upper and lower
bound on averagepower dissipation.

This decision must be made before we know the requirements of customs on the propagation
delay. After the customersplace their orders and give their boundson the dominant time constant
(here we usethe dominant time constant asthe measureof the propagation delay of the RC circuit),
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the decisionwe madebeforemay or may not satisfy customers' requirements. If necessary, we take
somerecourseaction to modify the designparameters related to the capacitancematrices so that
the new RC circuit will satisfy the given bounds on the dominant time constant.

We assumethat there are costsassociated with the area of the RC circuit and costsassociated
with the modi�cation of the designparameters. We make a decisionin such a way that the expected
total costsare minimized.

The problem can be formulated as:

minimize
mX

i =1

ci (l i x i ) + E [Q(x; ! )]

subject to
xmin � x i � xmax ; i = 1; 2; : : : ; m

gmin �
mX

i =1

x i (�vT Ci �v) � gmax

(28)

where Q(x; ! ) is the minimum of the problem

minimize dt

subject to
T(! )G(x) � C(y) � 0

kx � yk � t

(29)

and

E[Q(x; ! )] =
Z



Q(x; ! )P(d! ): (30)

In the �rst stageproblem (28), the inequalities represent the constraints that our decisionare
subject to upper and lower bounds on the widths and average power dissipation. We assume
that a cost ci is associated with each unit of the area l i x i . In the secondstage problem (29),
T(! ) represents the customer requirement on the dominant time constant. It is a random variable
that dependson an underlying outcome ! in an event space
 with a known probabilit y function
P. The matrix inequality represents the constraint that the modi�ed RC circuit must have a
dominant time constant no greater than the given upper bound. We need to measurehow \big"
the modi�cation needsto be sincethis modi�cation involves costs. We usethe Euclidean norm to
de�ne the \di�erence" betweenx and y due to its simplicit y. Other norms can be usedas long as
they are meaningful in practice. We use the last inequality in (29) to de�ne an upper bound on
the norm of (x � y) and assignthe cost d to each unit of this bound.

We notice that in (28) there are only linear constraints and no matrix inequalities. In (29) the
last inequality is not even a linear constraint. In order to transform this problem into the form of
(4, 5, 6), we needthe following observations:

� A vector x 2 Rn is nonnegative if and only if the matrix diag(x) 2 Rn_ n is positive semide�-
nite.

� By Schur complement, the inequality

kx � yk � t
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is equivalent to the matrix inequality
�

tI (x � y)
(x � y)T t

�
� 0 (31)

Problem (28, 29, 30) is an SSDPasde�ned in Section1. We now indicate the assignments that
needto be made in (4, 5, 6 ) to obtain (28, 29, 30). First let n1 := 2m + 2, m1 := m, n2 := m + 1
and m2 := m + n + 1. Let ei be the i -th elementary vector in Rm , and I n be the identify matrix in
Rn_ n . We use0n to denote the zero vector in Rn , and �0n to denote the zero matrix in Rn_ n . Then
for i = 1; 2; : : : ; m, we de�ne matrix A i 2 R(2m+2) _ (2m+2) as

A i := diag
�

diag(ei ); diag(� ei ); �vT C�v; � �vT C�v
�

:

Next we de�ne C 2 R(2m+2) _ (2m+2) as

C := diag
�

xmax I m ; � xmin I m ; gmax ; � gmin

�
:

Now for i = 1; 2; : : : ; (m + 1), we de�ne matrix Ti (! ) 2 R(n+ m+1) _ (n+ m+1) as follows: for i =
1; 2; : : : ; m

Ti (! ) := diag
�

� Ci ;
� �0m � ei

� eT
i 0

� �
;

and
Tm+1 (! ) := diag

�
�0n ; I m+1

�
:

Now for i = 1; 2; : : : ; m, we de�ne matrix Wi (! ) 2 R(n+ m+1) _ (n+ m+1) as

Wi (! ) := diag
�

T(! )Gi ;
� �0m ei

eT
i 0

� �
:

Finally, we de�ne D(! ) 2 R(n+ m+1) _ (n+ m+1) as

D(! ) := �0(n+ m+1) :

With theseassignments in (4, 5, 6 ) we seethat (28, 29, 30) is an SSDP in dual standard form.

4.2 RC Circuit Design|A CCSDP Mo del

Now we model the problem as a CCSDP. Consider again the company that manufactures RC
circuits for various customers that we consideredin Section 4.1. These customershave di�eren t
requirements on the propagation delay of these circuits. Customers requirements could be quit
uncertain, and we assumethat their requirements satisfy a probabilit y distribution.

As in Section 4.1 we assumethat the lengths of transistors and conductors are �xed, say l i ,
and we needto make a decisionon the designvariables, say x 2 Rm , which represent the widths of
transistors and conductors. This decisionis subject to upper and lower bounds on the widths and
upper and lower bound on averagepower dissipation.

This decisionmust be madebeforewe know the requirements of the customson the propagation
delay. Sincethe requirements of the customersare random, the decisionwe make may or may not
satisfy the requirements of all the customers. Recall that the SSDP model in Section 4.1 resulted
from an initial decision x followed by a recoursedecision y. As an alternative the company may
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�nd it acceptableto make decisionx on the designparametersso that this decisionwill satisfy the
requirements of all the customerswith a prescribed probabilit y p 2 (0; 1):

We assumethat there are costs associated with the area of the RC circuit and we make a
decisionin such a way that the total costsare minimized.

The problem can be formulated as:

minimize
mX

i =1

ci (l i x i )

subject to
xmin � x i � xmax ; i = 1; 2; : : : ; m

gmin �
mX

i =1

x i (�vT Ci �v) � gmax

P
�

T(! )G(x) � C(x) � 0
�

� p

(32)

where p 2 (0; 1) is a prescribed probabilit y.
In (32), the �rst two inequalities represent the constraints that our decision is subject to the

upper and lower bounds on the widths and the averagepower dissipation. And we assumethat a
cost ci is associated with each unit of the area (l i x i ). T(! ) represents the customer requirement on
the dominant time constant. It's a random variable that dependson an underlying outcome ! in
an event space
 with a known probabilit y function P. The probabilit y constraint says that the
RC circuit we designwill satisfy the customersrequirements on the dominant time constant with
a probabilit y at least p.

Problem (32) is a CCSDP as de�ned in Section 1. We now indicate the assignments that
need to be made in (9) to obtain (32). First let n1 := 2m + 2 and n2 := n. Let ei be the i -th
elementary vector in Rm , and I n be the identify matrix in Rn_ n . We use 0n to denote the zero
vector in Rn , and �0n to denote the zero matrix in Rn_ n . Then for i = 1; 2; : : : ; m, we de�ne matrix
A i 2 R(2m+2) _ (2m+2) as

A i := diag
�

diag(ei ); diag(� ei ); �vT C�v; � �vT C�v
�

:

Next we de�ne C 2 R(2m+2) _ (2m+2) as

C := diag
�

xmax I m ; � xmin I m ; gmax ; � gmin

�
:

Now for i = 1; 2; : : : ; m, we de�ne matrix Wi (! ) 2 Rn_ n as

Wi (! ) := T(! )Gi � Ci :

Finally, we de�ne D(! ) 2 Rn_ n as
D(! ) := �0n :

With theseassignments in (9) we get (32) and so (32) is a CCSDP.

5 An Application in Structural Optimization

In structural optimization, one is often interested in �nding the sti�est truss consisting of bars of a
given total volume, carrying given external loads. Ben-Tal and Bends�e [4] consideredthe following
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problem: a structure contains k linear elastic bars connectedat a set of p nodes. They assume
that the geometry and the material are �xed. The goal is to determine appropriate cross-sectional
areas for the bars. In the simplest version of the problem they consider a �xed set of externally
applied nodal forcesf i ; i = 1; 2; : : : ; p, and they denote the node displacements resulting from the
load f := [ f 1; f 2; : : : ; f p ]T 2 Rp by the vector d 2 Rp. Then the elastic stored energy " within the
structure will be given by

" = f Td; (33)

which is a measureof the inverseof the sti�ness of the structure. They try to �nd the sti�est truss
by minimizing " subject to constraints on the total volume and upper and lower bounds on the
cross-sectionalarea of each bar.

Let x i be the cross-sectionalareaof the i -th bar for i = 1; 2; : : : ; k, and let x := [x 1; x2; : : : ; xk ]T .
They de�ne the sti�ness matrix G(x) 2 Rp_ p by

G(x) :=
kX

i =1

x i Gi ;

where matrices Gi 2 Rp_ p; i = 1; 2; : : : ; k depend only on �xed parameters (such as lengths of the
bars, geometry and material). Then the relationship betweenf and d is f = G(x)d.

Let v be the maximum volume, l i be the length of the i -th bar, and x i , x i be the lower and
upper bounds on the cross-sectionalarea of the i -th bar, respectively, for i = 1; 2; : : : ; k. Let
x := [x1; x2; : : : ; xk ], �x := [�x1; �x2; : : : ; �xk ], and l := [l1; l2; : : : ; lk ]. For simplicit y they assumethat
x > 0 and G(x) � 0 for all positive valuesof x. Then G(x) � 1 exists and (33) becomes

" = f T G(x) � 1f :

The optimization problem they consider is

minimize f TG(x) � 1f
subject to

x � x � x;

lT x � v:

(34)

By using Schur complements (see[16]) to expressf T G(x) � 1f � t asa linear matrix inequality, (34)
is equivalent to the DSDP

minimize t
subject to

x � x � x;

lT x � v:

�
t f T

f G(x)

�
� 0:

(35)

5.1 Structural Optimization|An SSDP Mo del

We will now supposethat the external forcesapplied to the nodesare random variableswith known
distributions. We believe this assumption is much closer to the reality since the environmental
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conditions (such as temperature and wind speed) around the structure change frequently. So the
external forcesapplied to the nodesof the structure vary accordingly. We usethe vector f (! ) 2 Rp

to denotethe random external forcesapplied to the nodesof the structure. The vector f (! ) depends
on an underlying outcome ! in an event space
 with a known probabilit y function P. The vector
of node displacements resulting from the load f (! ) will be denoted by d(! ), which is also random.
Then the elastic stored energywithin the structure will be

"(! ) = f (! )T d(! ); (36)

and it is a measureof the inverseof the sti�ness of the structure.
Let x 2 Rk be the designvariables,which represent the cross-sectionalareasof the bars and we

de�ne the sti�ness matrix

G(x) :=
kX

i =1

x i Gi ;

where matrices Gi 2 Rp_ p; i = 1; 2; : : : ; k depend only on �xed parameters. Then we have the
following relationship

f (! ) = G(x)d(! ):

Let v be the maximum volume, l i be the length of the i -th bar and x i , x i be the lower and
upper bounds on the cross-sectionalareas of the i -th bar, respectively, for i = 1; 2; : : : ; k. Let
x := [x1; x2; : : : ; xk ], �x := [�x1; �x2; : : : ; �xk ], and l := [l1; l2; : : : ; lk ]. For simplicit y we alsoassumethat
x > 0 and G(x) � 0 for all positive valuesof x. Then G(x) � 1 exits and (36) becomes

"(! ) = f (! )T G(x) � 1f (! ):

For a given sti�ness lower bound, say 1=t, t is an upper bound of "(! ) since "(! ) is a measureof
the inverseof the sti�ness of the structure. So the constraint that the sti�ness of the structure is
no lessthan 1=t is equivalent to

f (! )T G(x) � 1f (! ) � t: (37)

By Schur complement, (37) is equivalent to
�

t f T (! )
f (! ) G(x)

�
� 0

Suppose we design a structure for a customer. The structure will be installed in an open
windy environment. From past experiencethe customer can provide us with su�cien t information
so that we can model the external forces that will be applied to the nodes of the structure as
random variables with known distribution functions. The customer requires that our product
must be sti� enough to survive most of the windy days and they will tolerate doing necessary
(small) reinforcement on the structure under extreme situations (for example,a hurricane). When
the weather information becomesavailable, the customer wants to know how much reinforcement
needsto be doneand requestsus to provide instructions on how to do it. There are costsassociated
with the construction of the structure and costsassociated with the reinforcement of the structure
under extreme conditions.

The model we construct below will accomplish the following:

� This model will give us a set of designparametersfor the structure. The structure with this
set of parameterswill satisfy the constraints on the total volume of the structure and upper
and lower bounds on the cross-sectionalarea of each bar.
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� The structure will achieve up to a certain level of sti�ness (given) under various wind condi-
tions.

� For each given sti�ness level bound the model will give the most economicaldesign of the
structure (taking both the construction costsand the costsfor doing necessaryreinforcement
under extreme conditions into account).

� The model can be usedto give a tradeo� curve betweencostsand sti�ness of the structure.

Our model is:
minimize cT x + E[Q(x; ! )]
subject to

x i � x i � x i ; i = 1; 2; : : : ; k

kX

i =1

x i l i � v

(38)

where Q(x; ! ) is the minimum of the problem

minimize qy

subject to �
t f T (! )

f (! ) G(z)

�
� 0

kx � zk � y

(39)

and

E[Q(x; ! )] =
Z



Q(x; ! )P(d! ): (40)

In the �rst stage problem (38) the decision variables are subject to upper and lower bound
on the cross-sectionalareasof the bars and the upper bound on the total volume. In the second
stage problem (39) we check whether the decision we made in the �st stage satis�es the sti�ness
constraint. If not, necessarymodi�cation is made and the cost q is assignedto each unit of this
modi�cation. For a set of given sti�ness bounds, solving this SSDP will give us a set of solutions
on the cross-sectionalareas of the bars and consequently we can draw a tradeo� curve between
costs and sti�ness. In practice a meaningful value for the sti�ness bound, say �t, could be found
and we can use it to �nd the optimal solution of the problem (38), say �x. For each realization of
the random variable f (! ), say �f , solving (39) using �t, �x and �f will give us an optimal solution, say
�z, and the di�erence between �x and �z will tell us how much modi�cation needsto be done under
the current wind condition and how to do it.

Problem (38, 39, 40) is an SSDPasde�ned in Section1. We now indicate the assignments that
needto be made in (4, 5,6) to obtain (38, 39, 40). First let n1 := 2k + 1, m1 := k, n2 := p + k + 2
and m2 := p+ 1. Let ei be the i -th elementary vector in Rk , and I n be the identify matrix in Rn_ n .
We use 0n to denote the zero vector in Rn , and �0n to denote the zero matrix in Rn_ n . Then for
i = 1; 2; : : : ; k, we de�ne matrix A i 2 R(2k+1) _ (2k+1) as

A i := diag
�

diag(ei ); diag(� ei ); l i
�

:
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Next we de�ne C 2 R(2k+1) _ (2k+1) as

C := diag
�

�xI k ; � xI k ; v
�

:

Now for i = 1; 2; : : : ; (k+ 1), we de�ne matrix Ti (! ) 2 R(p+ k+2) _ (p+ k+2) asfollows: for i = 1; 2; : : : ; k

Ti (! ) := diag
�

0; Gi ;
� �0k � ei

� eT
i 0

� �
;

and
Tk+1 (! ) := diag

�
�0(p+1) ; I k+1

�
:

Now for i = 1; 2; : : : ; k + 1, we de�ne matrix Wi (! ) 2 R(p+ k+2) _ (p+ k+2) as

Wi (! ) := diag
�

�0(p+1) ;
� �0k ei

eT
i 0

� �
:

Finally, we de�ne D(! ) 2 R(p+ k+2) _ (p+ k+2) as

D(! ) := diag
� �

0 f (! )T

f (! ) �0p

�
; �0(k+1)

�
:

With theseassignments in (4, 5,6) we get (38, 39, 40).

5.2 Structural Optimization|A CCSDP Mo del

Now we model the problem asa CCSDP. Consideragain that we designa structure for a customer.
As in Section5.1 the structure will beinstalled in an openwindy environment. From past experience
the customer can provide us with su�cien t information so that we can model the external forces
that will be applied to the nodes of the structure as random variables with known distribution
functions. The customer requires that our product will survive all the windy days with a desired
probabilit y p 2 (0; 1).

Our CCSDP model is:

minimize cT x
subject to

x i � x i � x i ; i = 1; 2; : : : ; k

kX

i =1

x i l i � v

�
t f T (! )

f (! ) G(x)

�
� 0

(41)

In (41) the decisionvariables are subject to upper and lower bound on the cross-sectionalareas
of the bars and the upper bound on the total volume. For a given sti�ness bound, our product will
survive all of the windy days with a desiredprobabilit y p 2 (0; 1).

Problem (41) is a CCSDP as de�ned in Section 1. We now indicate the assignments that need
to be made in (9) to obtain (41). First let m := k, n1 := k + 1 and n2 := p + 1. Let ei be the
i -th elementary vector in Rk , and I n be the identify matrix in Rn_ n . We use0n to denote the zero
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vector in Rn , and �0n to denote the zero matrix in Rn_ n . Then for i = 1; 2; : : : ; m, we de�ne matrix
A i 2 R(2k+1) _ (2k+1) as

A i := diag
�

diag(ei ); diag(� ei ); l i
�

:

Next we de�ne C 2 R(2k+1) _ (2k+1) as

C := diag
�

�xI k ; � xI k ; v
�

:

Now for i = 1; 2; : : : ; k, we de�ne matrix Wi (! ) 2 R(p+1) _ (p+1) as

Wi (! ) := diag
�

0; Gi
�
:

Finally, we de�ne D(! ) 2 R(p+1) _ (p+1) as

D(! ) := �
�

t f T (! )
f (! ) �0p

�
:

With theseassignments in (9) we get (41), and so (41) is a CCSDP.

6 Concluding Remarks

SSDPsand CCSDPs were introduced in [2] and [3] respectively as optimization models to handle
uncertainty in data de�ning DSDPs. DSDPs enjoy wide applicabilit y, and since uncertainty is
naturally present in applications, SSDPsand CCSDPs can be expected to enjoy even wider appli-
cability than DSDPs. In this paper, we have presented four application areasthat lead to DSDPs
under assumptionsimplying deterministic data, and shown that when such assumptionsare relaxed
to include random data one gets SSDPsand CCSDPs. The new models presented in the paper
imply that SSDP and CCSDP may indeed be useful new paradigms for stochastic optimization.
We conclude the paper with the hope that models presented in the paper would encouragethe
construction of SSDP and CCSDP models in other areas.
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