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A Class of Polynomial Volumetric Barrier
Decomp osition Algorithms for Sto chastic Semide�nite

Programming

K. A. Ariy awansa� and Yuntao Zhuy

Abstract

Ariy awansaand Zhu [5] have recently proposeda new classof optimization problemstermed
stochastic semide�nite programs (SSDP's). SSDP'smay be viewed asan extensionof two-stage
stochastic (linear) programswith recourse(SLP's). Zhao [25] hasderived a decomposition algo-
rithm for SLP's basedon a logarithmic barrier and proved its polynomial complexity. Mehrotra
and •Ozevin [17] have extendedthe work of Zhao [25] to the caseof SSDP's to derive a polyno-
mial logarithmic barrier decomposition algorithm for SSDP's. An alternativ e to the logarithmic
barrier is the volumetric barrier of Vaidya [20]. It has been observed [9] that certain cutting
plane algorithms [15] for SLP's basedon the volumetric barrier perform better in practice than
similar algorithms basedon the logarithmic barrier. There is no work basedon the volumet-
ric barrier analogousto that of Zhao [25] for SLP's or to the work of Mehrotra and •Ozevin
[17] for SSDP's. The purposeof this paper is to derive a classof volumetric barrier decomposi-
tion algorithms for SSDP's,and to provepolynomial complexity of certain membersof the class.

AMS Sub ject Classi�cations: 90C15,90C51,49M27

Keyw ords: Stochastic linear programming, semide�nite programming, stochastic semide�nite
programming, volumetric-barrier, self-concordance,decomposition

1 In tro duction

Ariy awansa and Zhu [5] have recently proposed a new class of optimization problems termed
stochastic semide�nite programs (SSDP's). SSDP's may be viewed as an extension of two-stage
stochastic (linear) programs with recourse(SLP's) [7, 8, 6, 16, 19]. Alternativ ely, SSDP's may be
viewed as an extension of (deterministic) semide�nite programs (SDP's) [1, 22, 23, 24]. See[5]
for details on theserelations and an application of SSDP's. Zhao [25] has derived a decomposition
algorithm for SLP's basedon a logarithmic barrier and proved its polynomial complexity. Mehrotra
and •Ozevin [17] have extendedthe work of Zhao [25] to the caseof SSDP's to derive a polynomial
logarithmic barrier decomposition algorithm for SSDP's. The work of Mehrotra and •Ozevin [17]
takes the viewpoint that SSDP's are extensionsof SLP's and utilizes the work of Zhao [25].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [20] (see also
[2, 3, 4]). It has been observed [9] that certain cutting plane algorithms for SLP's basedon the
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volumetric barrier perform better in practice than those based on the logarithmic barrier. The
authors know of no work basedon volumetric barriers analogousto that of Zhao [25] for SLP's or
to the work of Mehrotra and •Ozevin [17] for SSDP's.

The purposeof this paper is to derive a classof decomposition algorithms for SSDP'sbasedon
a volumetric barrier, and to prove polynomial complexity of short step [3, 12] and long step [3, 12]
members of the class.

While there is no work basedon volumetric barriers for SLP's analogousto the work of Zhao [25],
Anstreicher [4] has proved important results on volumetric barriers for SDP's. The present paper
utilizes the work of Zhao [25] for SLP's, the work of Anstreicher [4] for SDP's, and the relationship of
SSDP'sto SLP's and SDP's described in [5], to derive volumetric barrier decomposition algorithms
for SSDP's.

We begin by introducing our notation and then de�ning a SSDP in primal and dual standard
forms. We let R+ denote the set of positive real numbers. All vectors in this paper are column
vectors. We usesuperscript `T' to denote transposition. The i -th unit vector is denoted by ei . Let
Rm� n and Rn_ n denote the vector spacesof real m � n matrices and real symmetric n � n matrices
respectively. For U;V 2 Rn_ n we write U � 0 (U � 0) to mean that U is positive semide�nite
(positive de�nite), and we use U � V or V � U to mean that U � V � 0. For U;V 2 Rm� n we
write U � V := trace(UT V ) to denote the Frobenius inner product betweenU and V .

Following [5], we de�ne a SSDP with recoursein primal standard form basedon deterministic
data A i 2 Rn1_ n1 for i = 1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data Tj 2 Rn1_ n1

and Wj 2 Rn2_ n2 for j = 1; 2; : : : ; m2, h 2 Rm2 , and D 2 Rn2_ n2 that depend on an underlying
outcome ! in an event space
 with a known probabilit y function P. Given this data, a SSDP
with recoursein primal standard form is

minimize C � X + E [Q (X ; ! )]
subject to A i � X = bi ; i = 1; 2; : : : ; m1

X � 0
(1)

where X 2 Rn1_ n1 is the �rst-stage decisionvariable, Q (X ; ! ) is the minimum of the problem

minimize D(! ) � Y
subject to Tj (! ) � X + Wj (! ) � Y = hj (! ); j = 1; 2; : : : ; m2

Y � 0
(2)

where Y 2 Rn2_ n2 is the second-stagevariable, and

E [Q (X ; ! )] =
Z



Q (X ; ! ) P(d! ): (3)

Also following [5], we de�ne a SSDPwith recoursein dual standard form basedon deterministic
data A i 2 Rn1_ n1 for i = 1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data d 2 Rm2 ,
Wi 2 Rn2_ n2 for i = 1; 2; : : : ; m1, Ti 2 Rn2_ n2 for i = 1; 2; : : : ; m2, and D 2 Rn2_ n2 that depend
on an underlying outcome ! in an event space
 with a known probabilit y function P. Given this
data, a SSDP with recoursein dual standard form is

maximize bT y + E [Q (y; ! )]

subject to
m1X

i =1

yi A i � C (4)
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where y 2 Rm1 is the �rst-stage variable, Q (y; ! ) is the maximum of the problem

maximize d(! )T x

subject to
m1X

i =1

yi Wi (! ) +
m2X

i =1

x i Ti (! ) � D (! ) (5)

where x 2 Rm2 is the second-stagevariable, and

E [Q (y; ! )] =
Z



Q (y; ! ) P(d! ): (6)

See[5] for a justi�cation for referring to problem (1, 2, 3) and (4, 5, 6) asprimal and dual problems
respectively.

We now examine the SSDP (4, 5, 6) when the event space 
 is �nite. Let f (d(k) ; (W (k)
i :

i = 1; 2; : : : ; m1); (T (k)
i : i = 1; 2; : : : ; m2); D (k) ) : k = 1; 2; : : : ; K g be the possible values of

the random variables
�
d(! ); (Wi (! ) : i = 1; 2; : : : ; m1); (Ti (! ) : i = 1; 2; : : : ; m2); D (! )

�
and let

pk := P
�
( d(! ); (Wi (! ) : i = 1; 2; : : : ; m1); (Ti (! ) : i = 1; 2; : : : ; m2); D (! ) ) = ( d(k) ; (W (k)

i : i =

1; 2; : : : ; m1); (T (k)
i : i = 1; 2; : : : ; m2); D (k) )

�
be the associated probabilit y for k = 1; 2; : : : ; K .

Then Problem (4, 5, 6) becomes

maximize bT y +
KX

k=1

pkQ(k)(y)

subject to
m1X

i =1

yi A i � C;

(7)

where y 2 Rm1 is the �rst-stage variable, Q(k) (y) is the maximum of the problem

maximize (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) ;
(8)

where x (k) 2 Rm2 is the second-stagevariable, for k = 1; 2; : : : ; K .
In the rest of this paper our attention will be on Problem (7, 8), and from now on when we

usethe term stochastic semide�nite program (SSDP) in this paper we mean Problem (7, 8) or the
equivalent form (9, 10) below.

The paper is organizedasfollows. In the next sectionwestate somemathematical preliminaries.
In x3 we introduce a volumetric barrier for the SSDP (7, 8). In x4 we show that the set of barrier
functions for positive valuesof the barrier parameter comprisesa self-concordant family [18]. Based
on this property a class of volumetric barrier decomposition algorithms is presented in x5. A
convergenceand complexity analysis of this classof algorithms is presented in x6.

2 Preliminaries

In this section we introduce somefurther notation, and in order to make this paper self-contained,
state some results from linear algebra and matrix calculus which we borrow from [4] (see also
[11, 13, 14]).
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Prop osition 1. Let A; B 2 Rn� n . Then

1. trace(AB ) = trace(B A);

2. if A is symmetric, then trace(AB ) = trace(AB T );

3. if A and B are positive semide�nite, then A � B � 0, and A � B = 0 if and only if AB = 0;

4. if A � 0 and B � C, then A � B � A � C:

Let A 2 Rm� n and B 2 Rk� l respectively. Then we de�ne the Kronecker product A 
 B 2
Rmk � nl of A and B as the matrix whose(i; j ) block is aij B for i = 1; 2; : : : ; m; j = 1; 2; : : : ; n: We
also de�ne

A 
 s B :=
1
2

(A 
 B + B 
 A):

For a matrix A 2 Rm� n , we use vec(A) 2 Rmn to denote the vector formed by \stacking" the
columns of A one atop another in the natural order. We have

Prop osition 2. Let A; B ; C; D 2 Rn� n . Then

1. (A 
 B )(C 
 D ) = AC 
 B D;

2. (A 
 s B )(C 
 s D) =
1
2

(AC 
 s B D + AD 
 s B C);

3. (A 
 B )T = AT 
 B T ;

4. if A and B are nonsingular, then A 
 B is nonsingular, and (A 
 B ) � 1 = A � 1 
 B � 1;

5. vec(AB C) = (CT 
 A)vec(B );

6. if A and B are positive semide�nite, then A 
 B is positive semide�nite.

We end this section by stating the following matrix calculus results.

Prop osition 3. Let X 2 Rn� n be nonsingular, and det(X ) be positive. Then

@
@x ij

ln det(X ) = [X � 1]j i ;

and
@

@x ij
X � 1 = � X � 1ei eT

j X � 1;

for i; j = 1; 2; : : : ; n.

3 A Volumetric Barrier for SSDP's

In this section we formulate a volumetric barrier for SSDP'sand obtain expressionsfor the deriva-
tiv es required in the rest of the paper.
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3.1 Form ulation

Before we proceed, we notice that the constraints in (7, 8) are negative semide�nite while the
commonpractice in the SDP literature is to usepositivesemide�nite constraints. Sofor convenience
we rewrite the problem as follows. First we rewrite (7, 8) in the form

minimize � bT y +
KX

k=1

pkQ(k) (y)

subject to
m1X

i =1

yi A i � C � 0;

where for k = 1; 2; : : : ; K , Q(k) (y) is the minimum of

minimize � (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0:

Then we multiply all the constraints by (� 1) and replace each data vector and matrix in the
problem by its negative. We get

minimize bT y +
KX

k=1

pkQ(k)(y)

subject to
m1X

i =1

yi A i � C � 0;

(9)

where for k = 1; 2; : : : ; K ; Q(k) (y) is the minimum of

minimize (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0:
(10)

In order to de�ne the volumetric barrier problem for the SSDP (9, 10), we are going to make
someassumptions. First we de�ne

F1 :=
�

y 2 Rm1 : S1(y) :=
m1X

i =1

yi A i � C � 0
	

;

F (k)
p (y) :=

�
x(k) 2 Rm2 : S(k)

2 (y; x (k) ) :=
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0
	

;

F2 :=
�

y 2 Rm1 : F (k)
p (y) 6= ; ; k = 1; 2; : : : ; K

	
;

F0 := F1
T

F2:

5



Then we make

Assumption 1. The set F 0 is nonempty.

The set F1 is nonempty under Assumption 1. The logarithmic barrier [18] for F 1 is the function
f 1 : F1 ! R de�ned by

f 1(y) := � ln det(S1(y)) ; 8 y 2 F1;

and the volumetric barrier [20, 18] for F 1 is the function V1 : F1 ! R de�ned by

V1(y) :=
1
2

ln det(r 2f 1(y)) ; 8 y 2 F1:

Also under Assumption 1, F 2 is nonempty and for y 2 F 2, F (k)
p (y) is nonempty for k = 1; 2; : : : ; K .

The logarithmic barrier [18] for F (k)
p (y) is the function f (k)

2 : F (k)
p (y) ! R de�ned by

f (k)
2 (y; x (k) ) := � ln det(S(k)

2 (y; x (k) )) ; 8 x (k) 2 F (k)
p (y); y 2 F2;

and the volumetric barrier [20, 18] for F (k)
p (y) is the function V (k)

2 : F (k)
p (y) ! R de�ned by

V (k)
2 (y; x (k) ) :=

1
2

ln det(r 2
x ( k ) x ( k ) f

(k)
2 (y; x (k) )) ; 8 x (k) 2 F (k)

p (y); y 2 F2:

Next we make

Assumption 2. For each y 2 F 0 and for k = 1; 2; : : : ; K , Problem (10) has a nonempty isolated
compact set of minimizers.

We now de�ne the volumetric barrier problem for the SSDP (9, 10) as

minimize � (�; y) : = bT y +
KX

k=1

pk � k (�; y) + �c 1V1(y); (11)

where for k = 1; 2; : : : ; K and y 2 F 0, � k (�; y) is the minimum of

minimize (d(k) )T x(k) + �c 2V (k)
2 (y; x (k) ): (12)

Here c1 > 0 and c2 > 0 are constants whosevalueswill be de�ned more precisely in the sequeland
� > 0 is the barrier parameter.

We will now show that (12) has a unique minimizer for each y 2 F 0 and for k = 1; 2; : : : ; K by
utilizing:

Theorem 1 (Fiacco and McCormic k [10, Theorem 8]). Consider the inequality constrained
problem

minimize f (x)
subject to gi (x) � 0; i = 1; 2; : : : ; m;

(13)

where the functions f ; g1; : : : ; gm : Rn ! R are continuous. Let I be a scalar-valued function of
x with the following two properties: I (x) is continuous in the region R0 := f x : gi (x) > 0; i =

6



1; 2; : : : ; mg, which is assumed to be nonempty; if f x kg is any in�nite sequence of points in R0

converging to xB such that gi (xB ) = 0 for at least one i , then lim k!1 I (xk ) = + 1 : Let s be a
scalar-valued function of the single variable r with the following two properties: if r 1 > r2 > 0,
then s(r 1) > s(r 2) > 0; if f r kg is an in�nite sequence of points such that lim k!1 r k = 0, then
lim k!1 s(r k) = 0. Let U : R0 � R+ ! R be de�ned by U(x; r ) := f (x) + s(r )I (x). If (13)
has a nonempty, isolated compact set of local minimizers and f r kg is a strictly decreasing in�nite
sequence, then the unconstrained local minimizers of U(�; r k ) exist for r k small.

Lemma 1. If Assumptions 1 and 2 hold, then for each y 2 F 0 and k = 1; 2; : : : ; K , the Problem
(12) has a unique minimizer for � small.

Proof. For any given y 2 F 0, V (k)
2 (y; x (k) ) is de�ned on the nonempty set F (k)

p (y). The posi-

tiv e de�nite matrix S(k)
2 (y; x (k) ) can be factored into the product of three matrices: a unit lower

triangular matrix L , a positive de�nite diagonal matrix D , and the transpose of L , such that
S(k)

2 (y; x (k) ) = LD L T . Let dj denote the j -th diagonal element of D viewed as a function of

x(k) 2 F (k)
p (y), for j = 1; 2; : : : ; n2. Then dj is continuous for j = 1; 2; : : : ; n2 [21]. Then the

constraint S(k)
2 (y; x (k) ) � 0 can be replacedby the constraints: dj (x (k) ) > 0; j = 1; 2; : : : ; n2 [21].

So (10) can be rewritten in the form of (13). Therefore, by Theorem 1, local minimizers of (12)
exist for each y 2 F0 and k = 1; 2; : : : K for � small. The uniquenessof the minimizer follows from
the fact that V (k)

2 is strictly convex.

By Lemma 1, the Problem (11) is well-de�ned, and its feasibleset is F 0.

3.2 Expressions for partial deriv ativ es of � with respect to y

In order to compute the derivatives of � we need the derivatives of � k ; k = 1; 2; : : : ; k, which in
turn require the derivativesof V (k)

2 and f (k)
2 for each k = 1; 2; : : : ; K . Someof thesecomputations

are lengthy and it is convenient to drop the superscript (k). We do so when it does not lead to
confusion.

Also we make

Assumption 3. Matrices T (k)
i ; i = 1; 2; : : : ; m2 are linear independent for k = 1; 2; : : : ; K .

Let T 2 Rn2
1 � m2 be the matrix whosei -th column is vec(Ti ) 2 Rn2

1 for i = 1; 2; : : : ; m1. Then
the Hessianmatrix H := r 2

xx f 2(y; x) can be represented in the form (Seealso [1].)

H := r 2
xx f 2(y; x) = T T [S� 1

2 
 S� 1
2 ]T :

Note that by Proposition 2 and Assumption 3, H is positive de�nite. We have (Seealso [4].):

@V2(y; x)
@x i

= � (T H � 1T T ) � (S� 1
2 Ti S� 1

2 
 s S� 1
2 )

= � P � (S� 1=2
2 Ti S

� 1=2
2 
 s I );

for i = 1; 2; : : : ; m2, and

@V2(y; x)
@yi

= � (T H � 1T T ) � (S� 1
2 Wi S

� 1
2 
 s S� 1

2 )

= � P � (S� 1=2
2 Wi S

� 1=2
2 
 s I );

(14)

7



for i = 1; 2; : : : ; m1, where

P = P(S2) = (S� 1=2
2 
 S� 1=2

2 )T (T T (S� 1
2 
 S� 1

2 )T )� 1T T (S� 1=2
2 
 S� 1=2

2 )

is the orthogonal projection onto the range of (S� 1=2
2 
 S� 1=2

2 )T ;

r 2
xy V2(y; x) =

@2

@y@x
V2(y; x) = 2Qxy + Rxy � 2T xy ;

where
Qxy

i;j = (T H � 1T T ) � (S� 1
2 Ti S� 1

2 Wj S� 1
2 
 s S� 1

2 );
Rxy

i;j = (T H � 1T T ) � (S� 1
2 Ti S� 1

2 
 s S� 1
2 Wj S� 1

2 );
T xy

i;j = (T H � 1T T ) � (S� 1
2 Ti S

� 1
2 
 s S� 1

2 )T H � 1T T (S� 1
2 Wj S

� 1
2 
 s S� 1

2 );

r 2
yxV2(y; x) =

@2

@x@y
V2(y; x) = 2Qyx + Ryx � 2T yx ;

where
Qyx

i;j = (T H � 1T T ) � (S� 1
2 Wi S

� 1
2 Tj S

� 1
2 
 s S� 1

2 );
Ryx

i;j = (T H � 1T T ) � (S� 1
2 Wi S� 1

2 
 s S� 1
2 Tj S� 1

2 );
T yx

i;j = (T H � 1T T ) � (S� 1
2 Wi S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 Tj S� 1
2 
 s S� 1

2 );

r 2
xx V2(y; x) =

@2

@x@x
V2(y; x) = 2Qxx + Rxx � 2T xx ;

where
Qxx

i;j = (T H � 1T T ) � (S� 1
2 Ti S� 1

2 Tj S� 1
2 
 s S� 1

2 );
Rxx

i;j = (T H � 1T T ) � (S� 1
2 Ti S� 1

2 
 s S� 1
2 Tj S� 1

2 );
T xx

i;j = (T H � 1T T ) � (S� 1
2 Ti S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 Tj S� 1
2 
 s S� 1

2 );

r 2
yyV2(y; x) =

@2

@y@y
V2(y; x) = 2Qyy + Ryy � 2T yy ; (15)

where
Qyy

i;j = (T H � 1T T ) � (S� 1
2 Wi S

� 1
2 Wj S

� 1
2 
 s S� 1

2 );
Ryy

i;j = (T H � 1T T ) � (S� 1
2 Wi S� 1

2 
 s S� 1
2 Wj S� 1

2 );
T yy

i;j = (T H � 1T T ) � (S� 1
2 Wi S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 Wj S� 1
2 
 s S� 1

2 ):

Prop osition 4.
r 2

xy V2(y; x) = [r 2
yxV2(y; x)]T : (16)

Proof. First we show Qyx
i;j = Qxy

j;i . We have

Qyx
i;j = (T H � 1T T ) � (S� 1

2 Wi S
� 1
2 Tj S

� 1
2 
 s S� 1

2 )
= trace

�
(T H � 1T T )(S� 1

2 Wi S� 1
2 Tj S� 1

2 
 s S� 1
2 )T

�

= trace
�
(T H � 1T T )(S� 1

2 Wi S
� 1
2 Tj S

� 1
2 
 s S� 1

2 )
�

= (T H � 1T T ) � (S� 1
2 Wi S

� 1
2 Tj S

� 1
2 
 s S� 1

2 )T

= (T H � 1T T ) � (S� 1
2 Tj S� 1

2 Wi S� 1
2 
 s S� 1

2 )
= Qxy

j;i :

By similar arguments we can show that Ryx
i;j = Rxy

j;i and T yx
i;j = T xy

j;i . Hence

r 2
xy V2(y; x) = [r 2

yxV2(y; x)]T :
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Prop osition 5. Let (y; x) be such that S2(y; x) � 0. Then we have

0 � Qyy � r 2
yyV2(y; x): (17)

Proof. (Seealso [4].) Let � 2 Rm1 , � 6= 0: We have

� T Qyy � =
X

i;j

Qyy
ij � i � j = T H � 1T � (S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 ) = P � ( �B 2 
 s I );

where B := B (� ) :=
P m1

i =1 � i Wi , and �B := S� 1=2
2 B S� 1=2

2 : Similarly we have

� T Ryy � = T H � 1T � (S� 1
2 B S� 1

2 
 s S� 1
2 B S� 1

2 ) = P � ( �B 
 �B );

and
� T T yy � = T H � 1T � (S� 1

2 B S� 1
2 
 s S� 1

2 )T H � 1T (S� 1
2 B S� 1

2 
 s S� 1
2 )

= P � ( �B 
 s I )P( �B 
 s I ):

SinceI , P and �B 2 are all positive semide�nite, we immediately have Qyy � 0 from Proposition
1 and Proposition 2. In addition, P is a projection implies that

( �B 
 s I )P( �B 
 s I ) � ( �B 
 s I )( �B 
 s I ) =
1
2

(( �B 2 
 s I ) + ( �B 
 �B )) : (18)

We concludethat

P � ( �B 
 s I )P( �B 
 s I ) �
1
2

P � (( �B 2 
 s I ) + ( �B 
 �B )) ;

which is exactly � T T yy � �
1
2

� T (Qyy + Ryy)� : Since � is arbitrary , we have shown that T yy �
1
2

(Qyy + Ryy), which together with Qyy � 0 implies

0 � Qyy � r 2
yyV2(y; x):

Prop osition 6. For any � 2 Rm1 , let �B := S� 1=2
2 (

P m1
i =1 � i Wi )S

� 1=2
2 . Let (y; x) be such that

S2(y; x) � 0. Then

� T Qyy � �
1
n3

2
j �B j2;

i.e. j �B j � n3=2
2 (� T Qyy � )1=2:

(19)

Proof. Let � 1; � 2; : : : ; � n2 be the eigenvalues of �B , with corresponding orthonormal eigenvectors
v1; v2; : : : ; vn2 . Then �B 2 
 s I has a full set of orthonormal eigenvectors vi 
 vj ; with corresponding
eigenvalues (1=2)(� 2

i + � 2
j ) for i; j = 1; 2; : : : ; n2. We have

� T Q� = P �
1
2

n2X

i;j =1

(� 2
i + � 2

j )(vi 
 vj )(vi 
 vj )T

=
1
2

X

i;j

(� 2
i + � 2

j )(vi 
 vj )T P(vi 
 vj ):

9



Let � 1; � 2; : : : ; � n2
2

bethe eigenvaluesof P with corresponding orthonormal eigenvectorsu1; u2; : : : ; un2
2
.

Then

P =
n2

2X

l=1

� l ul u
T
l :

SinceP is a projection from an n2
2 � n2

2 spaceonto an n2
2 space,we have � 1 = � 2 = : : : = � n2 = 1

(rearrange indices if necessary).Consider uk for somek, we have

uk =
n2X

i;j =1

cij (vi 
 vj );

for someconstants cij , for i; j = 1; 2; : : : ; n2, and

1 = kukk2 = k
n2X

i;j =1

cij (vi 
 vj )k2

�
n2X

i;j =1

kcij (vi 
 vj )k2

=
n2X

i;j =1

jcij j:

Thus there exist i k , j k such that

juT
k (vi k 
 vj k )j = jci k j k j �

1
n2

2
:

Hence

� T Q� =
1
2

X

i;j

(� 2
i + � 2

j )(vi 
 vj )T (
n2

2X

l=1

� l ul uT
l )(vi 
 vj )

=
1
2

X

i;j

(� 2
i + � 2

j )
n2

2X

l=1

� l ((vi 
 vj )T ul )(uT
l (vi 
 vj ))

=
1
2

X

i;j

(� 2
i + � 2

j )
n2

2X

l=1

� l juT
l (vi 
 vj )j2

=
1
2

X

i;j

(� 2
i + � 2

j )
n2X

k=1

juT
k (vi 
 vj )j2

�
1
2

n2X

k=1

(( � 2
i k

+ � 2
j k

)juT
k (vi k 
 vj k )j2)

�
1

2n3
2
(� 2

i k
+ � 2

j k
) �

1
n3

2
(� i k � j k ) �

1
n3

2
(� 2

i k
� 2

j k
)

�
1
n3

2

n2Y

i =1

(� 2
i ) =

1
n3

2
j �B j2:

Now for the Problem (12) we have

� k(�; y) = dT �x + �c 2V2(y; �x); (20)
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where �x is the optimal solution for (12). We notice that �x is a function of y and the relationship
between �x and y is de�ned by

@
@x

[dT x + �c 2V2(y; x)]jx= �x = 0: (21)

Lemma 2. Let f be a di�er entiable function of x and y. Suppose that x := �x(y) satis�es

f x (x; y) = 0: (22)

Then

f �x(y) ( �x; y) = 0: (23)

Proof. f x (x; y)jx= �x = 0 since �x satis�es (23). Noting that

f �x ( �x; y) = f x (x; y)jx= �x ;

the result follows.

Prop osition 7.
@

@�x
[dT �x + �c 2V2(y; �x)] = 0: (24)

Proof. By (21), �x satis�es
@

@x
[dT x + �c 2V2(y; x)] = 0:

The result then follows from Lemma 2.

Prop osition 8.
@2

@y@�x
V2(y; �x) = 0: (25)

Proof. By (24)
@

@�x
V2(y; �x) = � d(k)=(�c 2):

The result follows from the fact that d(k) , � and c2 are not functions of y.

Now we are ready to calculate the �rst and secondorder derivatives of � k with respect to y.
We have

r y � k(�; y) = r y(dT �x + �c 2V2(y; �x))

=
@� k (�; y)

@�x
�

@�x
@y

+
@� k (�; y)

@y

=
@� k (�; y)

@y
(by (24))

= �c 2r yV2(y; �x);

and
r 2

yy � k (�; y) = r y(r y � k (�; y))
= r y(�c 2r yV2(y; �x))

= �c 2
@

@�x
(r yV2(y; �x)) �

@�x
@y

+ �c 2
@
@y

(r yV2(y; �x))

= �c 2
@2

@�x@y
V2(y; �x) �

@�x
@y

+ �c 2
@2

@y@y
V2(y; �x)

= �c 2r 2
yyV2(y; �x) (by (25)) :
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Theorem 2 (Clairaut's Theorem). Supposef is a function of two variablesand it's de�ned on
a disk D that contains the point (a;b). Let

f xy =
@2f

@y@x
;

and

f yx =
@2f

@x@y
:

If the functions f xy and f yx are both continuous on this disk, then

f xy (a;b) = f yx (a;b):

Theorem 3 (An extension of Clairaut's Theorem). Let

f xxy =
@3f

@y@x@x
;

f xy x =
@3f

@x@y@x
;

and

f yxx =
@3f

@x@x@y
:

If the functions f xy x , f yxx and f xxy are all continuous, then

f xxy = f xy x = f yxx : (26)

Proof. If the third order derivativesare continuous then the secondorder onesare alsocontinuous.
So by Clairaut's Theorem we have

f xxy = (f x )xy = (f x )yx = f xy x = (f xy )x = (f yx )x = f yxx :

In general, we can extend Clairaut's Theorem to any order of mixed partial derivatives. The
only requirement is that in each derivative we di�eren tiate with respect to each variable the same
number of times.

Now we have

r 3
yyy � k (�; y) = r y(r 2

yy � k(�; y))
= r y(�c 2r 2

yyV2(y; �x))

= �c 2
@

@�x
(r 2

yyV2(y; �x)) �
@�x
@y

+ �c 2
@
@y

(r 2
yyV2(y; �x))

= �c 2
@3

@�x@y@y
V2(y; �x) �

@�x
@y

+ �c 2
@3

@y@y@y
V2(y; �x)

= �c 2
@3

@y@y@�x
V2(y; �x) �

@�x
@y

+ �c 2
@3

@y@y@y
V2(y; �x)

= �c 2r 3
yyyV2(y; �x) (by (25) and (26)) :

In summary we have

r y � k (�; y) = �c 2r yV (k)
2 (y; �x (k) );

r 2
yy � k (�; y) = �c 2r 2

yyV (k)
2 (y; �x (k) );

r 3
yyy � k(�; y) = �c 2r 3

yyyV (k)
2 (y; �x (k) );

(27)
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and

r y � (�; y) = b+ �c 1r yV1(y) +
KX

k=1

�c 2r yV (k)
2 (y; �x (k) );

r 2
yy � (�; y) = �c 1r 2

yV1(y) +
KX

k=1

�c 2r 2
yyV (k)

2 (y; �x (k) );

(28)

where r yV (k)
2 (y; �x (k) ), r 2

yyV (k)
2 (y; �x (k) ), and r 3

yyyV (k)
2 (y; �x (k) ) are as in (14), (15) and (29) respec-

tiv ely.

4 Characteristics of � : a self-concordan t family

4.1 Self-Concordance of � (�; �)

De�nition 1 (Nestero v and Nemiro vskii [18, De�nition 2.1.1]). Let G bean opennonempty
convex subset of Rn , and let F be a C3, convex mapping from G to R. Then F is called � -self-
concordant on G with the parameter � > 0 if for every x 2 G and � 2 Rn , the following inequality
holds:

jD 3F (x)[� ; � ; � ]j � 2� � 1=2(D 2F (x)[� ; � ])3=2 :

An � -self-concordant function F on G is called strongly � -self-concordant if F tends to in�nit y for
any sequenceapproaching a boundary point of G.

We note that in the de�nition above the set G is assumedto be open. However, relative
opennesswould be su�cien t to apply the de�nition. Seealso [18, Item A, Page57]. We now show
that � k (�; �) is � -self-concordant on F 0, for k = 1; 2; : : : ; K . It is clear that F 0 is open.

Theorem 4. For any �xed � > 0 and c2 := 225n3=2
2 , � k(�; �) is � -self-concordant on F 0, for

k = 1; 2; : : : ; K .

In order to prove Theorem 4 we needsomeintermediate results which we now obtain. Let (y; x)
be such that S2(y; x) � 0, and � 2 Rm1 : We immediately obtain

@
@yi

� T Qyy � = 2T H � 1T T (S� 1
2 Wi S� 1

2 
 s S� 1
2 )T H � 1T T

�(S� 1
2 B S� 1

2 B S� 1
2 
 s S� 1

2 )

+ T H � 1T �
@

@yi
(S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 );

where B := B (� ) :=
P m1

i =1 � i Wi ; and

@
@yi

(S� 1
2 B S� 1

2 B S� 1
2 
 s S� 1

2 )

= � (S� 1
2 Wi S� 1

2 B S� 1
2 B S� 1

2 + S� 1
2 B S� 1

2 Wi S� 1
2 B S� 1

2 + S� 1
2 B S� 1

2 B S� 1
2 Wi S� 1

2 )

 sS

� 1
2 � S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 Wi S

� 1
2 :

We conclude that the �rst directional derivative of � T Qyy � with respect to y, in the direction
� , is given by

r y � T Qyy � [� ] =
m1X

i =1

� i
@

@yi
� T Qyy �

= 2P � ( �B 
 s I )P( �B 2 
 s I ) � 3P � ( �B 3 
 s I ) � P � ( �B 2 
 s �B );
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where �B := S� 1=2B S� 1=2, and P is de�ned as before. Similarly we obtain

r y � T Ryy � [� ] = 2P � ( �B 
 s I )P( �B 
 s �B ) � 4P � ( �B 2 
 s �B );
r y � T T yy � [� ] = 4P � ( �B 
 s I )P( �B 
 s I )P( �B 
 s I ) � 4P � ( �B 
 s I )P( �B 2 
 s I )

� 2P � ( �B 
 s I )P( �B 
 �B ):

Combining the previous results, we obtain the third order directional derivative of V2(y; x) with
respect to y as:

r 3
yyyV2(y; x) [� ; � ; � ] = 12P � ( �B 
 s I )P( �B 2 
 s I )

� 6P � ( �B 3 
 s I ) � 6P � ( �B 2 
 s �B )
+6P � ( �B 
 s I )P( �B 
 �B )
� 8P � ( �B 
 s I )P( �B 
 s I )P( �B 
 s I ):

(29)

In the proof of Theorem 4 we needto bound r 3
yyyV2(y; x) [� ; � ; � ]. We now obtain such a bound.

Prop osition 9. For any � 2 Rm1 , let �B := S� 1=2
2 (

P m1
i =1 � i Wi )S

� 1=2
2 . Let (y; x) be such that

S2(y; x) � 0. Then
jr 3

yyyV2(y; x) [� ; � ; � ] j � 30j �B j� T Qyy � : (30)

Proof. (Seealso [4].) Using the fact that

( �B 2 
 s I )( �B 
 s I ) =
1
2

(( �B 3 
 s I ) + ( �B 2 
 s �B )) ;

(29) can be re-written as

r 3
yyyV2(y; x) [� ; � ; � ] = P( �B 
 s I )P � (12( �B 2 
 s I )

+6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I )
� 12P � ( �B 2 
 s I )( �B 
 s I )) :

(31)

From (18) we have

12( �B 2 
 s I ) + 6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I ) � 8( �B 2 
 s I ) + 2( �B 
 s �B ):

Using the facts that ( �B 2 
 s I ) � ( �B 
 �B ) and ( �B 
 �B ) � (� �B 2 
 s I ), it follows that

6( �B 2 
 s I ) � 12( �B 2 
 s I ) + 6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I )
� 18( �B 2 
 s I ):

(32)

Let � 1; � 2; : : : ; � m1 be the eigenvalues of �B . Then the eigenvalues of ( �B 
 s I ) are of the form
(1=2)(� i + � j ), for i; j = 1; 2; : : : ; m1: We have

�j �B jI � ( �B 
 s I ) � j �B jI ;

and
�j �B jP � P( �B 
 s I )P � j �B jP: (33)

Using (32), (33), and the face that ( �B 2 
 s I ) � 0, we obtain

jP( �B 
 s I ) � (12( �B 2 
 s I ) + 6( �B 
 �B ) � 8( �B 
 s I )P( �B 
 s I )) j
� 12j �B jP � ( �B 2 
 s I ):

(34)
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In addition, ( �B 2 
 s I ) and ( �B 
 s I ) have the sameeigenvectors implies that

�j �B j( �B 2 
 s I ) � ( �B 2 
 s I )( �B 
 s I ) � j �B j( �B 2 
 s I ):

Therefore we have
jP � ( �B 2 
 s I )( �B 
 s I )j � j �B jP � ( �B 2 
 s I ): (35)

The conclusionfollows from (31), (34) and (35).

We can now state the proof of Theorem 4.

Proof of Theorem 4. Combining the results of (17), (19) and (30), we obtain

jr 3
yyyV2(y; �x) [� ; � ; � ] j � 30n3=2

2 (� T r 2
yyV2(y; �x)� )3=2;

which combined with (27) givesus

jr 3
yyy � k (y) [� ; � ; � ] j � 30�c 2n3=2

2 (r 2
yyV2(y; �x) [� ; � ])3=2

= 2� � 1=2(c2� r 2
yyV2(y; x) [� ; � ])3=2

= 2� � 1=2(r 2
yy � k (y) [� ; � ])3=2:

Corollary 1. For any �xed � > 0, c1 := 225
p

n1 and c2 := 225n3=2
2 , � (�; �) is a � -self-concordant

function on F0.

Proof. It is easyto verify that �c 1V1 is � -self-concordant on F 1. The corollary follows from
[18, Proposition 2.1.1].

From here onwards we �x the valuesof c1 and c2 as in Corollary 1.

4.2 Parameters of the Self-Concordan t Family � (�; �)

De�nition 2 (Nestero v and Nemiro vskii [18, De�nition 3.1.1]). Let R++ be the set of all
positive real numbers. Let G be an open nonempty convex subset of Rn . Let � 2 R++ and let
F� : R++ � G ! R be a family of functions indexed by � . Let � 1(� ), � 2(� ); � 3(� ); � 4(� ) and
� 5(� ) : R++ ! R++ be continuously di�eren tiable functions on � . Then the family of functions
f F� g� 2 R++ is called strongly self-concordant with the parameters� 1, � 2, � 3, � 4, � 5, if the following
conditions hold:

(i) F� is continuous on R++ � G, and for �xed � 2 R++ , F� is convex on G. F� has three
partial derivatives on G, which are continuous on R++ � G and continuously di�eren tiable
with respect to � on R++ .

(ii) For any � 2 R++ , the function F� is strongly � 1(� )-self-concordant.

(iii) For any (�; x) 2 R++ � G and any � 2 Rn ,

jfr x F� (�; x)[� ]g0 � f ln� 3(� )g0r xF� (�; x)[� ]j � � 4(� )� 1(� )
1
2
�
r 2

xx F� (�; x)[� ; � ]
� 1

2 ;

jfr 2
xx F� (�; x)[� ; � ]g0 � f ln� 2(� )g0r 2

xx F� (�; x)[� ; � ]j � 2� 5(� )r 2
xx F� (�; x)[� ; � ]:
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Theorem 5. The parametric function � (�; �) is a strongly self-concordant family with the following
parameters

� 1(� ) = �; � 2(� ) = � 3(� ) = 1; � 4(� ) = � � 1((m1c1 + m2c2)(1 + K ))1=2; � 5(� ) =
1
�

:

By Corollary 4, in order to prove Theorem 5, we only need to show that the two inequalities
in De�nition 2 (iii) are satis�ed by � (�; �): We �rst show the validit y of the secondinequality in
De�nition 2 (iii).

Lemma 3. For any � > 0 and y 2 F 0, the following inequality holds:

jr 2
yy � 0(�; y)[� ; � ]j �

1
�

r 2
yy � (�; y)[� ; � ]; 8 � 2 Rm1 :

Proof. Di�eren tiating (28) with respect to � and using (25) and (26) we obtain

r 2
yy � 0(�; y) = c1r 2

yV1(y) +
KX

k=1

c2(r 2
yyV (k)

2 (y; �x (k) ) + � r 3
yy �x V (k)

2 (y; �x (k) ) � ( �x (k) )0)

= c1r 2
yyV1(y) +

KX

k=1

c2r 2
yyV (k)

2 (y; �x (k) );

which is exactly
1
�

r 2
yy � (�; y): The conclusionfollows sincer 2

yy � (�; y) is positive semide�nite.

For �xed (y; �x) with S2(y; �x) � 0; let �Ti = S� 1=2
2 Ti S

� 1=2
2 , i = 1; 2; : : : ; m2 and

�Wj = S� 1=2
2 Wj S

� 1=2
2 , j = 1; 2; : : : ; m1. We apply a Gram-Schmidt procedure to f �Ti g to obtain

f Ui g with kUi k = 1 for all i and Ui � Uj = 0; i 6= j: Then the linear span of f Ui ; i = 1; 2; : : : ; m2g
is equal to the span of f �Ti ; i = 1; 2; : : : ; m2g. Let U be the n2

2 � m2 matrix whose i th column is
vec(Ui ) and let � =

P m2
k=1 U2

k . Then P = P(S2) = UUT : We have

@V2(y; �x)
@yi

= � P � ( �Wi 
 s I ) = � UUT � ( �Wi 
 s I ) = trace(UT ( �Wi 
 s I )U)

= �
1
2

m2X

k=1

vec(Uk )T [( �Wi 
 I ) + (I 
 �Wi )]vec(Uk )

= �
1
2

m2X

k=1

vec(Uk )T vec(Uk �Wi + �Wi Uk )

= �
1
2

m2X

k=1

Uk � (Uk �Wi + �Wi Uk ) = � �Wi � (
m2X

k=1

U2
k ) = � �Wi � � :

(36)
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Similarly we have

Qyy
i;j = P � ( �Wi �Wj 
 s I ) = trace(UT ( �Wi �Wj 
 s I )U)

=
m2X

k=1

vec(Uk )T ( �Wi �Wj 
 s I )vec(Uk )

=
1
2

m2X

k=1

vec(Uk )T vec(Uk �Wi �Wj + �Wi �Wj Uk )

=
1
2

m2X

k=1

Uk � (Uk �Wi �Wj + �Wi �Wj Uk )

=
1
2

m2X

k=1

trace(Uk (Uk �Wj �Wi + �Wj �Wi Uk ))

=
m2X

k=1

trace( �Wi U2
k

�Wj ) = trace( �Wi � �Wj ):

(37)

Prop osition 10. Let (y; �x) be such that S2(y; �x) � 0. Then

r yV2(y; �x)T (r 2
yyV2(y; �x)) � 1r yV2(y; �x) � m2: (38)

Proof. (Seealso [4].) Let W be the n2
2 � m1 matrix whosei th column is vec( �Wi ). Then from (37)

we have

Qyy
i;j = trace( �Wi � �Wj ) = vec( �Wi )T vec(� �Wj ) = vec( �Wi )T (I 
 �)v ec( �Wj ):

We can then write Qyy = WT (I 
 �) W. Also it follows from (36) that r yV2(y; �x)T = � WT vec(�).
Hence

r yV2(y; �x)T [Qyy ]� 1r yV2(y; �x) = vec(�) T W(WT (I 
 �) W) � 1WT vec(�)
= vec(� 1=2)T (I 
 � 1=2)W(WT (I 
 �) W) � 1WT

(I 
 � 1=2)vec(� 1=2)
� vec(� 1=2)T vec(� 1=2) = trace(�) = m2;

since� =
P m2

k=1 U2
k ; and trace(U2

k ) = Uk � Uk = 1 for each k. In addition, Qyy � r 2
yV2(y; �x) implies

(r 2
yV2(y; �x)) � 1 � (Qyy)� 1. So the result follows.

It can be easily veri�ed that (38) is equivalent to the following inequality

jr yV2(y; �x)[� ]j �
q

m2r 2
yyV2(y; �x)[� ; � ]; 8 � 2 Rm1 : (39)

Now we show the validit y of the �rst inequality in De�nition 2 (iii).

Lemma 4. For any � > 0 and y 2 F 0, we have

jr y � 0(�; y)T [� ]j �

s
(m1c1 + m2c2)(1 + K )

�
r 2

yy � (�; y)[� ; � ]; 8 � 2 Rm1 :

Proof. From (28) and (24) we have

r y � 0(�; y) = c1r yV1(y) +
KX

k=1

c2(r yV (k)
2 (y; �x (k) ) + � r 2

y �xV (k)
2 (y; �x (k) ) � ( �x (k) )0)

= c1r yV1(y) +
KX

k=1

c2r yV (k)
2 (y; �x (k) ) :
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Anstreicher [4, Theorem4.4]has shown that

r yV1(y)T (r 2
yyV1(y)) � 1r yV1(y) � m1;

which is equivalent to

jr yV1(y)[� ]j �
q

m1r 2
yyV1(y)[� ; � ]; 8 � 2 Rm1 : (40)

Then we have for all � 2 Rm1 that

jr y � 0(�; y)T [� ]j

= j
�
c1r yV1(y) +

KX

k=1

c2r yV (k)
2 (y; �x (k) )

� T [� ]j

� jc1r yV1(y)T [� ]j +
KX

k=1

jc2r yV (k)
2 (y; �x (k) )T [� ]j

�
q

m1c2
1r 2

yyV1(y)[� ; � ] +
KX

k=1

q
m2c2

2r 2
yyV (k)

2 (y; �x (k) )[� ; � ]

=
q

(m1c1)c1r 2
yyV1(y)[� ; � ] +

KX

k=1

q
(m2c2)c2r 2

yyV (k)
2 (y; �x (k) )[� ; � ]

�

vu
u
t (m1c1 + m2c2)(1 + K )(c1r 2

yyV1(y)[� ; � ] +
KX

k=1

c2r 2
yyV (k)

2 (y; �x (k) )[� ; � ])

=

s
(m1c1 + m2c2)(1 + K )

�
r 2

yy � (�; y)[� ; � ]:

With Lemma 3 and Lemma 4 established,we have that Theorem 5 is true.

5 A Class of Volumetric Barrier Algorithms for Solving SSDP's

In x4 we have establishedthat the parametric functions � (�; �) is a strongly self-concordant family.
In this section we introduce a classof volumetric barrier algorithms for solving (9, 10). This class,
indexed by a parameter 
 2 (0; 1), is stated formally in Algorithm 1.

Our algorithm is initialized with a starting point y0 2 F0 and a starting value � 0 > 0 for the
barrier parameter � . We use � as a measureof the proximit y of the current point y to the central
path, and � as a threshold for that measure. If the current y is too far away from the central path
in the sensethat � > � , we apply Newton's method to �nd a point closeto the central path. Then
we reduce the value of � by a factor 
 and repeat the whole precessuntil the value of � is within
the tolerance � .

6 Complexit y Analysis

For �xed � > 0, the function � (�; �) possessesmany nice properties. The following proposition
follows directly from the de�nition of self-concordanceand [18, Theorem 2.1.1].

Prop osition 11. For any � > 0, y 2 F 0 and � y, we denote

� :=

r
1
�

� yT r 2
yy � (�; y)� y. Then for � < 1; � 2 [0; 1] and any � 2 Rm2 we have

� T r 2
yy � (�; y + � � y)� � (1 � � � ) � 2� T r 2

yy � (�; y)� :
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Algorithm 1 Volumetric Barrier Algorithm for Solving SSDP (9, 10)

Require: � > 0, 
 2 (0; 1), � > 0, � > 0, y0 2 F0 and � 0 > 0:
y := y0, � := � 0

while � � � do
for k = 1; 2; : : : ; K do

solve (12) to obtain �x (k)

end for
compute � y := � [r 2

yy � (�; y)]� 1r y � (�; y) using (28)

compute � (�; y) :=

r
1
�

� yT r 2
yy � (�; y)� y using (28)

while � > � do
y := y + � � y
for k = 1; 2; : : : ; K do

solve (12) to obtain �x (k)

end for
compute � y := � [r 2

yy � (�; y)]� 1r y � (�; y) using (28)

compute � (�; y) :=

r
1
�

� yT r 2
yy � (�; y)� y using (28)

end while
� := 
 �

end while

We alsohave the following lemma that describesthe behavior of the Newton method asapplied
to � (�; �). This lemma is essentially a restatement of [18, Theorem 2.2.3] for the setting of the
present paper.

Lemma 5. For any � > 0 and y 2 F 0, let � y be the Newton direction de�ned by � y :=
� [r 2

yy � (�; y)]� 1r y � (�; y). We denote

� := � (�; y) =

r
1
�

� yT r 2
yy � (�; y)� y:

Then the following relations hold:

(i) If � < 2 �
p

3 then

� (�; y + � y) �
�

�
1 � �

� 2

�
�
2

:

(ii) If � � 2 �
p

3 then
� (�; y) � � (�; y + �� � y) � � [� � ln(1 + � )];

where �� = (1 + � ) � 1:

Depending on the manner in which 
 in Algorithm 1 is chosen, we have two classesof algo-
rithms: short-step algorithms and long-stepalgorithms. In the next two subsectionswe present the
complexity analysis for thesetwo classesof algorithms.
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6.1 Complexit y of Short Step Algorithms

The i th iteration of the short-step algorithms is performed as follows: at the beginning of the itera-
tion, we have � (i � 1) and y(i � 1) on hand and y(i � 1) is closeto the center path, i.e. � (� (i � 1) ; y(i � 1)) �
� . After we reduce the parameter � from � (i � 1) to � i := 
 � (i � 1) , we have that � (� i ; y(i � 1)) � 2� :
Then a full Newton step is taken to �nd a new point y i with � (� i ; yi ) � � : We will show that in each
iteration after we reducethe parameter � , oneNewton step is su�cien t to restore the proximit y to
the central path. We assumethat we can solve all the subproblemsexactly and we �x the value of

 := 1 � 0:1=

p
(m1c1 + m2c2)(1 + K ). We have the following lemma and the proof of the lemma

follows from [18, Theorem 3.1.1].

Lemma 6. Let 
 := 1 � 0:1=
p

(m1c1 + m2c2)(1 + K ) and � := (2 �
p

3)=2. If � (�; y) � � , then
� (
 �; y) � 2� :

Proof. In order to apply [18, Theorem 3.1.1], we �st write the metric de�ned by (3.1.4) in [18] for
our problem as follows: for any 0 < � + < �;

� � (� ; �; � + ) :=

 

1 +

p
(m1c1 + m2c2)(1 + K )

�

!

ln
�

�
� +

�
:

Let � := 2� := 2 �
p

3: Since� (�; y) � �= 2, one can verify that � + := 
 � satis�es

� � (� ; �; � + ) �
1
2

� 1 �
� (�; y)

�
:

So by virtue of [18, Theorem 3.1.1], we have � (� + ; y) � � .

By inequality in Lemma 5(i) and Lemma 6 we have that in Algorithm 1, we can reduce the
parameter � by the factor 
 := 1� 0:1=

p
(m1c1 + m2c2)(1 + K ) at each iteration, and useonly one

Newton step for recentering if necessary. So we have the following complexity result for short-step
algorithms.

Theorem 6. Let � := (2 �
p

3)=2 and 
 := 1 � 0:1=
p

(m1c1 + m2c2)(1 + K ) in Algorithm 1. If
� (� 0; y0) � � , then short-step algorithms terminate with at most
O(

p
(m1c1 + m2c2)(1 + K )ln( � 0=�)) iterations.

6.2 Complexit y of the Long Step Algorithms

In the long-stepversion of the algorithm, the factor 
 2 (0; 1) is arbitrarily chosen. It haspotential
for larger decreaseon the objective function value, however, several damped Newton steps might
be neededfor recentering.

Supposeat the beginning of the i th iteration of the algorithm we have a point y(i � 1) , which
is su�cien tly closeto y(� (i � 1)), where � (i � 1) is the current value for the barrier parameter � and
y(� (i � 1)) is the solution to (11) for � := � (i � 1) . We reduce the barrier parameter from � (i � 1) to
� i := 
 � (i � 1) ; where 
 2 (0; 1), and we search for a point y i that is su�cien tly closeto y(� i ). We
want to determine an upper bound on the number of Newton iterations that are neededto �nd the
point yi .

We begin by de�ning � (� ) := � (�; y) � � (�; y(� )) ; 8� > 0.
The function � standsfor the di�erence betweenthe objectivevalue � (� i ; y(i � 1)) at the beginning

of i th iteration and the minimum objective value � (� i ; y(� i )) at the end of i th iteration. Then our
task is to �nd an upper bound on � (� ):

The next lemma givesus upper bounds on � (� ) and � 0(� ) respectively.
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Lemma 7. let � > 0 and y 2 F 0; we denote ~� y := y � y(� ) and de�ne

~� :=

r
1
�

~� yT r 2
yy � (�; y) ~� y:

If ~� < 1, then the following inequalities hold:

� (� ) �

"
~�

1 � ~�
+ ln(1 � ~� )

#

�; (41)

j� 0(� )j � � ln(1 � ~� )
p

(m1c1 + m2c2)(1 + K ): (42)

Proof.

� (� ) := � (�; y) � � (�; y(� )) :=
Z 1

0
r y � (�; y(� ) + (1 � � ) ~� y)T ~� yd� :

Sincey(� ) is the optimal solution, we have

r y � (�; y(� )) = 0: (43)

Hence

� (� ) =
Z 1

0

Z 1

0

~� yT r 2
yy � (�; y(� ) + (1 � � ) ~� y) ~� yd�d�

�
Z 1

0

Z 1

0

� ~� 2

(1 � ~� + � ~� )2
d�d� (by Proposition 11)

=

"
~�

1 � ~�
+ ln(1 � ~� )

#

�:

This proves(41).
For any � > 0,

� 0(� ) = � 0(�; y) � � 0(�; y(� )) � r � (�; y(� )) T y0(� )
= � 0(�; y) � � 0(�; y(� )) :

(44)

From Lemma 4 we have that for any � > 0 and y 2 F 0

r � 0(�; y)T [r 2
yy � (�; y)]� 1r � 0(�; y) �

1
�

(m1c1 + m2c2)(1 + K ): (45)

Applying the Mean-Value Theorem we obtain

j� 0(� )j = j
Z 1

0
r � 0(�; y(� ) + � ~� y)T ~� yd� j

�
Z 1

0

q
~� yT r 2

yy � (�; y(� ) + � ~� y) ~� y�

q
r � 0(�; y(� ) + � ~� y)T [r 2

yy � (�; y(� ) + � ~� y]� 1r � 0(�; y(� ) + � ~� y)d� :
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Using (45) and Proposition 11, and noting that y(� ) + � ~� y = y � (1 � � ) ~� y, we have

j� 0(� )j �
Z 1

0

~�
p

�

1 � ~� + � ~�

s
(m1c1 + m2c2)(1 + K )

�
d�

= � ln(1 � ~� )
p

(m1c1 + m2c2)(1 + K ):

This proves(42).

Lemma 8. Let � > 0 and y 2 F 0 be such that ~� < 1, where ~� is as de�ned in Lemma 7. Let
� + := 
 � with 
 2 (0; 1): Then

� (� + ; y) � � (� + ; y(� + )) � O(1)[(m1c1 + m2c2)(1 + K )]� + :

Proof. We have
� 00(�; y) = � 00(�; y) � � 00(�; y(� )) � r � 0(�; y(� )) T y0(� ):

Since � (�; y) is strictly concave in � , the �rst term � 00(�; y) is negative. We only need to estimate
the other two terms.

First we di�eren tiate (43) with respect to � to obtain

y0(� ) = � [r 2
yy � (�; y(� ))] � 1r � 0(�; y(� )) :

Hencefrom Lemma 4 we have the following estimation

�r � 0(�; y(� ))T y0(� ) = r � 0(�; y(� ))T [r 2
yy � (�; y(� ))] � 1r � 0(�; y(� ))

�
1
�

(m1c1 + m2c2)(1 + K ):
(46)

Now wewant to estimate � 00(�; y) for any � > 0 and y 2 F 0. First we observe that � 00=
KX

k=1

� 00
k(�; y).

Di�eren tiating � k(�; y) with respect to � we obtain � 0
k(�; y) = c2V2(y; �x). Di�eren tiating again we

obtain � 00
k (�; y) = c2r �xV2(y; �x)T �x0. We di�eren tiate (24) to obtain

�x0 = �
1
�

[r 2
�xV2(y; �x)]� 1r �xV2(y; �x):

Hencewe have
� 00

k (�; y) = �
1
�

c2r �xV2(y; �x)T [r 2
�xV2(y; �x)]� 1r �xV2(y; �x):

By [4, Theorem 4.4] we have � � 00
k(�; y) �

1
�

c2m2. Therefore

� � 00(�; y(� )) = �
KX

k=1

� 00
k (�; y) �

KX

k=1

1
�

c2m2 =
1
�

m2c2K : (47)

Combining (46) and (47), we have

� 00(� ) �
1
�

(m1c1 + 2m2c2)(1 + K ): (48)
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Using Lemma 7 and (48), we have

� (� + ) = � (� ) + (� + � � )� 0(� ) +
Z �

� +

Z �

�
� 00(� )d�d�

�

"
~�

1 � ~�
+ ln(1 � ~� )

#

� � ln(1 � ~� )
p

(m1c1 + m2c2)(1 + K )( � + � � )

+( m1c1 + 2m2c2)(1 + K )
Z �

� +

Z �

�
� � 1d�d�

�

"
~�

1 � ~�
+ ln(1 � ~� )

#

� � ln(1 � ~� )
p

(m1c1 + m2c2)(1 + K )( � + � � )

+( m1c1 + 2m2c2)(1 + K )ln 
 � 1(� � � + ):

This proves the lemma since ~� and 
 are constants.

In the previous lemmaswe require ~� < 1. However ~� cannot be evaluated explicitly . In the next
lemma we will seethat ~� is actually proportional to � , which can be evaluated.

Lemma 9. For any � > 0 and y 2 F 0, let � y := � [r 2
yy � (�; y)]� 1r y � (�; y) and let ~� y := (y� y(� )) :

We denote

� :=

r
1
�

� yT r 2
yy � (�; y)� y; ~� :=

r
1
�

~� yT r 2
yy � (�; y) ~� y:

If � < 1=6, then
2
3

� � ~� � 2� :

Proof. Seethe proof of [4, Lemma 9].

Combining Lemmas5, 8, and 9, we have the following theorem.

Theorem 7. Let � := 1=6 and 
 2 (0; 1) be arbitrary in Algorithm 1. If � (� 0; y0) � � , then
long-stepalgorithms terminate with at most O((m1c1 + m2c2)(1 + K )ln(� 0=�)) iterations.

7 Concluding Remarks

In this paper we have presented a classof volumetric barrier decomposition algorithms for (two-
stage)stochastic semide�nite programs(SSDP's) (with recourse). We have alsoshown that certain
short-step and long-step members of the classhave polynomial complexity in terms of the number
of iterations with the complexity bounds depending on

p
K and K respectively, where K is the

number of realizations. This is important given the fact K can be large in applications.
SSDP'sgeneralize(two-stage)stochastic linear programs(SLP's) (with recourse). Therefore, it

is possibleto specializethe classof algorithms presented in this paper to SLP's. The specialization
is a new classof algorithms for SLP's. In a forthcoming paper we show that we can go further by
showing how appropriate modi�cation of the techniques utilized on the present paper leads to a
classof new volumetric barrier decomposition algorithms for stochastic quadratic programs with
quadratic recourse.
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It would be interesting to assessthe computational performanceof the algorithms developed
in the present paper. A forthcoming paper will report details of an implementation and results of
computational experiments performed with it.
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