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Abstract

Ariy awansaand Zhu [5] have recertly proposeda new classof optimization problemstermed
stochastic semide nite programs (SSDP's). SSDP'smay be viewed asan extension of two-stage
stochastic (linear) programswith recourse(SLP's). Zhao [25] has derived a decomposition algo-
rithm for SLP's basedon a logarithmic barrier and provedits polynomial complexity. Mehrotra
and Ozevin [17] have extendedthe work of Zhao [25] to the caseof SSDP'sto derive a polyno-
mial logarithmic barrier decomposition algorithm for SSDP's. An alternativ e to the logarithmic
barrier is the volumetric barrier of Vaidya [20]. It has beenobsened [9] that certain cutting
plane algorithms [15] for SLP's basedon the volumetric barrier perform better in practice than
similar algorithms basedon the logarithmic barrier. There is no work basedon the volumet-
ric barrier analogousto that of Zhao [25] for SLP's or to the work of Mehrotra and Ozevin
[17] for SSDP's. The purposeof this paper is to derive a classof volumetric barrier decomposi-
tion algorithms for SSDP's,and to prove polynomial complexity of certain members of the class.

AMS Subject Classications: 90C15,90C51,49M27

Keyw ords: Stochastic linear programming, semide nite programming, stochastic semide nite
programming, volumetric-barrier, self-concordancedecomposition

1 Intro duction

Ariy awansa and Zhu [5] have recertly proposed a new class of optimization problems termed
stochastic semide nite programs (SSDP's). SSDP's may be viewed as an extension of two-stage
stochastic (linear) programs with recourse(SLP's) [7, 8, 6, 16, 19]. Alternativ ely, SSDP'smay be
viewed as an extension of (deterministic) semide nite programs (SDP's) [1, 22, 23, 24]. See]5]
for details on theserelations and an application of SSDP's. Zhao [25] has derived a decomposition
algorithm for SLP's basedon a logarithmic barrier and provedits polynomial complexity. Mehrotra
and Ozevin [17] have extendedthe work of Zhao [25] to the caseof SSDP'sto derive a polynomial
logarithmic barrier decomposition algorithm for SSDP's. The work of Mehrotra and Ozevin [17]
takesthe viewpoint that SSDP's are extensionsof SLP's and utilizes the work of Zhao [25].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [20] (see also
[2, 3, 4]). It has beenobsened [9] that certain cutting plane algorithms for SLP's basedon the
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volumetric barrier perform better in practice than those basedon the logarithmic barrier. The
authors know of no work basedon volumetric barriers analogousto that of Zhao [25] for SLP's or
to the work of Mehrotra and Ozevin [17] for SSDP's.

The purposeof this paper is to derive a classof decomposition algorithms for SSDP's basedon
a volumetric barrier, and to prove polynomial complexity of short step [3, 12] and long step [3, 12
members of the class.

While there is no work basedon volumetric barriers for SLP's analogousto the work of Zhao[25],
Anstreicher [4] has proved important results on volumetric barriers for SDP's. The presen paper
utilizes the work of Zhao[25] for SLP's, the work of Anstreicher [4] for SDP's, and the relationship of
SSDP'sto SLP's and SDP's described in [5], to derive volumetric barrier decomposition algorithms
for SSDP's.

We begin by introducing our notation and then de ning a SSDP in primal and dual standard
forms. We let R* denote the set of positive real numbers. All vectors in this paper are column
vectors. We usesuperscript ‘T' to denote transposition. The i-th unit vector is denotedby e;. Let
R™ " and R"-" denotethe vector spacesof realm n matrices and real symmetric n  n matrices
respectively. For U;V 2 R"-" wewrite U 0 (U 0) to meanthat U is positive semide nite
(positive de nite), andweuseU V orV U tomeanthat U V 0. For U;V 2 R™ " we
write UV := trace(UTV) to denote the Frobeniusinner product betweenU and V.

Following [5], we de ne a SSDP with recoursein primal standard form basedon deterministic
data A; 2 R"-"t fori = 1;2;:::;mq, b2 R™ and C 2 R"-"1; and random data T; 2 R":-"t
and W; 2 R"2-"2 for j = 1;2;:::;mp, h 2 R™2, and D 2 R"2-"2 that depend on an underlying
outcome! in an ewernt space with a known probability function P. Given this data, a SSDP
with recoursein primal standard form is

minimize C X + E[Q(X;!)]
subjectto A; X = b; i=1,2:::;mq QD
X 0

where X 2 R"-"1 s the rst-stage decisionvariable, Q (X;! ) is the minimum of the problem

minimize D(') Y

subjectto T;(!) X + W;(') Y = h(), j=L2::m; (2)
Y 0
whereY 2 R"2-"2 js the second-stagevariable, and
Z
EQMX:H)I= Q(X;I)P(d!): 3)

Also following [5], we de ne a SSDP with recoursein dual standard form basedon deterministic
data A; 2 R™-" forj = 1;2;::::mq1, b2 R™ and C 2 R"-N: and random data d 2 RM2,
W; 2 R"2-"2 for i = 1;2;:::;mq, Tj 2 R"2-"2 for i = 1;2;:::;m,, and D 2 R"2-"2 that depend
on an underlying outcome! in an event space with a known probability function P. Given this
data, a SSDP with recoursein dual standard form is

maximize b’y -;@E [Q(y:!)]

subject to ViAi C 4)
i=1



wherey 2 R™! s the rst-stage variable, Q (y;! ) is the maximum of the problem

maximize  d(! )Tx
X1 X2 (5)
subject to viwi(t) + XiTi(!) D()
i=1 i=1
wherex 2 RM2 s the second-stagevariable, and
Z

EQ(y;!)I=  Q(y;t)P(dl): (6)

See[5] for a justi cation for referring to problem (1, 2, 3) and (4, 5, 6) asprimal and dual problems
respectively.
We now examine the SSDP (4, 5, 6) when the evert space is nite. Let f(d®;(w® :

i = 1;2;:::;m1);(Ti(k) cio= 1;2;:::my);D®) - k = 1;2;:::;K g be the possible values of
the random variables d(! );(W;(') : i = L2 :::0;me);(Ti(Y) i = 1;2,:::;my); D(!') and let
pe = P (A (Wi(t) i = L2inma); (Ti() 1 = L2img)iD()) = (dWsw i =
l;2;:::;m1);(Ti(k) ci = 1;2;::::my); DK))  be the assaiated probability for k = 1;2;::::K.

Then Problem (4, 5, 6) becomes

X
maximize b’y + P QM (y)

k=1
(7)
X1
subject to ViAi C;
i=1
wherey 2 R™ is the rst-stage variable, Q¥ (y) is the maximum of the problem
maximize (d®))Tx(k)
X1 X2 (8)
subject to yiw® 4 x (7 D (K-
i=1 i=1

where x(K) 2 R™M2 s the second-stagevariable, for k = 1;2;::::K..

In the rest of this paper our attention will be on Problem (7, 8), and from now on when we
usethe term stochastic semide nite program (SSDP) in this paper we mean Problem (7, 8) or the
equivalent form (9, 10) below.

The paper is organizedasfollows. In the next sectionwe state somemathematical preliminaries.
In x3 we intro duce a volumetric barrier for the SSDP (7, 8). In x4 we show that the set of barrier
functions for positive valuesof the barrier parameter comprisesa self-concordan family [18]. Based
on this property a class of volumetric barrier decomposition algorithms is preseried in x5. A
corvergenceand complexity analysis of this classof algorithms is preseried in x6.

2 Preliminaries

In this sectionwe intro duce somefurther notation, and in order to make this paper self-conained,
state some results from linear algebra and matrix calculus which we borrow from [4] (see also
[11, 13 14]).



Prop osition 1. Let A;B 2 R" ". Then
1. trace(AB) = trace(BA);
2. if A is symmetric, then trace(AB) = trace(AB T);
3. if A and B are positive semide nite, thenA B 0,andA B = 0if andonly if AB = 0;
4. if A OandB C,thenA B A C:

Let A2 R™ " and B 2 RK ! respectively. Then we de ne the Kronecker product A B 2
RMk nl of A and B asthe matrix whose(i; j) block isa; B fori = 1,2;:::;m; j = 1,2,:::;n: We
alsode ne 1

A sB = E(A B+B A):

For a matrix A 2 R™ ", we usevedA) 2 R™ to denote the vector formed by \stacking" the
columns of A one atop another in the natural order. We have

Prop osition 2. Let A;B;C;D 2 R" ". Then
1. (A B)(C D)= AC BD;
2. (A ¢B)(C D)= %(AC sBD+ AD ¢BC);
3. (A B)T=AT BT
4. if A and B are nonsingular, then A B is nonsingular,and (A B) 1= A ! B 1
5. vedABC) = (CT A)vedB);
6. if A and B are positive semide nite, then A B is positive semide nite.
We end this section by stating the following matrix calculus results.

Prop osition 3. Let X 2 R"™ " be nonsingular, and det(X ) be positive. Then

@—@?In det(X) = [X 1],-i;
and

@ 1 1. Ty 1
—X = X ge& X
@i 'l

fori;j = 1,2;:::;n.

3 A Volumetric Barrier for SSDP's

In this sectionwe formulate a volumetric barrier for SSDP'sand obtain expressiongor the deriva-
tivesrequired in the rest of the paper.



3.1 Formulation

Before we proceed, we notice that the constraints in (7, 8) are negative semide nite while the
commonpractice in the SDP literature isto usepositive semide nite constraints. Sofor corvenience
we rewrite the problem asfollows. First we rewrite (7, 8) in the form

X
minimize  b'y+  pQX(y)
k=1
X1
subject to ViA; C O
i=1
wherefor k = 1;2;:::: K, QK (y) is the minimum of

minimize  (d®))Tx®)

X1 X2
subject to yiw® + o x®Tk plo o
i=1 i=1
Then we multiply all the constraints by ( 1) and replace ead data vector and matrix in the
problem by its negative. We get

X
minimize by +  pQ®(y)
k=1

9
X1
subject to viAi C 0
i=1
wherefor k = 1;2;::::K; QX (y) is the minimum of
minimize (d®))Tx®)
X X2 (10)
subject to yiw® + o xrl ph g
i=1 i=1

In order to de ne the volumetric barrier problem for the SSDP (9, 10), we are going to make
someassumptions. First we de ne

X1
Fi = y 2 RM: S(y) = yviAi C 0 ;
i=1
X1 X2
F@y) = x®@2Rm:sP(y:x®) = yw+  x®W7l pk o,
i=1 i=1
Fo = y2Rm1:Fék)(y)6;;k:1;2;:::;K ;
T
Fo = Fl F2:



Then we make
Assumption 1. The set Fg is nonempty.

The set F1 is nonempty under Assumption 1. The logarithmic barrier [18] for F 1 is the function
f1:F1! R dened by
fa(y) == In det(Sai(y)); 8y 2 Fy;

and the volumetric barrier [20, 18] for F 1 is the function V1 : F1 ! R de ned by
Va(y) = :—;In det(r 2f1(y)); 8y 2 Fi:

Also under Assumption 1, F, is nonempty and fory 2 F», F,Sk) (y) isnonempty fork = 1;2;:::;K.
The logarithmic barrier [18] for F$¥(y) is the function f{ : F{(y) I R de ned by

t0ix®) = Indet(s (y:x®@)); 8x0 2 F(y)iy 2 Fa
and the volumetric barrier [20, 18] for Fék)(y) is the function Vz(k) : Fék)(y) ! R dened by
k 1 k
V2O yix®) = Sin det(r Zuo,00f3” (ixM)); 8x® 2 FI(y)iy 2 Fa:

Next we make

Assumption 2. Foreah y 2 Fg and for k = 1;2;:::;K, Problem (10) has a nonempty isolated
compact set of minimizers.

We now de ne the volumetric barrier problem for the SSDP (9, 10) as

X
minimize  (;y):=b'y+  pc k(5 y)+ cVa(y); (11)
k=1

wherefor k = 1;2;:::;K andy 2 Fg, «(; Y) isthe minimum of
minimize  (d®)Tx® + ¢ v (y; x®)y: (12)

Herec; > 0 and ¢, > 0 are constarts whosevalueswill be de ned more preciselyin the sequeland
> 0 is the barrier parameter.

We will now shaw that (12) has a unique minimizer for eachy 2 Fg and for k = 1;2;:::;K by
utilizing:

Theorem 1 (Fiacco and McCormic k [10, Theorem 8]). Consider the inequality constrained
problem

minimize f (x)
subjectto gi(x) O, i=1;2:::;m; (13)
whee the functions f;g:;:::;0n : R" ! R are continuous. Let | be a salar-valued function of
x with the following two properties: |(x) is continuous in the region R? := fx : gi(x) > 0;i =

6



1;2;:::;mg, which is assumel to be nonempty; if fx,g is any in nite sequen@ of points in R°
converging to xg suchthat gi(xg) = O for at least one i, then limy; 1(Xk) = +1: Letsbea
salar-valued function of the single variable r with the following two properties: if r1 > ro > 0O,
then s(r1) > s(rp) > 0O; if freg is an innite seuene of points such that limy; rkx = 0O, then
limyr s(rk) = 0. LetU : R® R* ! R bedened by U(x;r) := f(x)+ s(r)l(x). If (13)
has a nonempty, isolated compact set of local minimizers and fryg is a strictly decreasing in nite
saguen®, then the unconstrained local minimizers of U( ;ry) exist for ry small.

Lemma 1. If Assumptions 1 and 2 hold, then for eachy 2 Fg and k = 1;2;:::;K, the Problem
(12) has a unique minimizer for small.

Proof. For any giveny 2 Fo, V{(y;x®) is de ned on the nonempty set F{(y). The posi-
tive de nite matrix SY(y;x()) can be factored into the product of three matrices: a unit lower
triangular matrix L, a positive de nite diagonal matrix D, and the transpose of L, suc that
s{(y;x®) = LDLT. Let d; denote the j-th diagonal elemen of D viewed as a function of
x® 2 F(y), for j = 1;2;:::;n, Then d; is cortinuous for j = 1;2;:::;n, [21]. Then the
constraint SY(y;x®)) 0 can be replacedby the constraints: d; (x®)) > 0; j = 1;2;:::;n, [21].
S0 (10) can be rewritten in the form of (13). Therefore, by Theorem 1, local minimizers of (12)
existforeahy 2 Fpand k = 1;2;::: K for small. The uniqguenessof the minimizer follows from

the fact that Vz(k) is strictly corvex. O

By Lemma 1, the Problem (11) is well-de ned, and its feasiblesetis Fg.

3.2 Expressions for partial deriv atives of with respect to y

In order to compute the derivatives of we needthe derivativesof ; k = 1;2;:::;k, which in
turn require the derivatives of V2(k) and fz(k) for eah k = 1;2;:::; K. Someof these computations
are lengthy and it is corveniert to drop the superscript (k). We do so when it doesnot lead to
confusion.

Also we make

Assumption 3. Matrices Ti(k); i = 1;2;:::;m5 are linear independert for k = 1;2;:::;K.

Let T 2 R" M2 pe the matrix whosei-th column is veqTi) 2 R" for i = 1;2;::::m1. Then
the Hessianmatrix H := r 2 f,(y;x) can be represered in the form (Seealso [1].)

H:=r2f(y;x)=T'[S,t S,4T:
Note that by Proposition 2 and Assumption 3, H is positive de nite. We have (Seealso [4].):

@/(y; x)

& (TH TN (S,'Tis,t sS,h)
|

P (S, TS, s 1);

fori=1;2;:::;mp, and

@(y; x)

ﬁa—: (TH T (S,'wis,t <s,h

= P (S,PWis, P S

(14)



fori= 1;2;:::;mq, where
P=P(S)= (S, S, )TAT(S,! S,HT) TS, 5,9

is the orthogonal projection onto the range of (S, 1=2 S, 1=2)T;

[ 2Vo(yiX) = =—=Va(y;X) = 2Q9 + RV 2T%;

@@
where ) 1 1
Q.V— (TH 1TT) (S,'Ts, szz «S, )
x{/ =(TH T T) (82 1-|-I SZ s 82 1Wj Sz 1);
=(TH 1TT) (S;'TiS," sS;NTH TS, 'W; S, S, 7);
2 cvY — L '
ryxVa(y;x) = @@Vz(y,x) = 2Q¥ + RY*  2TY;
where
{(‘ (TH ITT) (S,'W;S,1Tis,t ¢S, Y);
=(TH ITT) (S, WiS, T S, TS, ),
T“y'x = (TH TT) (S;'WiS,t sS,)TH TT(S,'TiS, " 55, Y,
PRVl = g Valyix) = 200+ R 2T
where ) 1 l 1
Q¥ =(TH 'TT) (Sleisle,-s2 ) 5521);
R>f>< =(TH ITT) (S,'TiS,* sS,'TiS, )
T = (TH T (ST, S,HTH TS, TS, <8, Y,
ryValyix) = @@@Vz(y;x) = 2Q¥+RY 2TV, (15)
where

QY =(TH TT) (S,'w;S,'w;s,t s, b,
Ry{/—(TH T (S,'wis,t sS,'w; s, t);
TYV-(TH Ty (S,'Wis,t S, HTH ITT(Ss,tw;s,t S, Y):
Prop osition 4.
r2,Va(y;x) = [r 2,Va(y; x)]": (16)
Proof. First we shov Q/f = QY. We have
QY = (TH ) (S,'WiS,'TjS,t S, Y
= trace (TH TT)S,'W;S,!TiS,? S, N7
= trace (TH 1TT)(182 1Wi152 1le S, ! sls2 h
= (TH T (S,'T;S,'wis,t S,
e

By similar argumerts we can shaw that R = R and T* = T,?. Hence

r &y Va(yix) = [ G Va(y; x)]": O



Prop osition 5. Let (y;x) be suchthat Sy(y;x) 0. Then we have
0 QYW r2Va(y;x): 17)
Proof. (Seealso[4].) Let 2 R™:, 6 0. We have

X
QY = QY ij=TH 'T (5,'BS,'BS,' sS,)=P (B* 5l);
i

P - -
whereB :=B( ):= [ jW;,andB =S, =g S, 1= Similarly we have
TRYW =TH T (s,'BS,! ss,'Bs,})=P (B B);

and

TTYY TH T (S,'BS,' <S,HTH 1T(S,'BS,t <S,h

P (B sI)P(B lI):

Sincel, P and B2 are all positive semide nite, we immediately have Q¥YY 0 from Proposition
1 and Proposition 2. In addition, P is a projection implies that

(B sI)P(B sI) (B slI)B SI):%((B2 s)+ (B B)): (18)
We concludethat
P (B sI)P(B slI) %P (B2 1)+ (B B));
which is exactly TTYY % T(QY + RY) : Since is arbitrary, we have showvn that TYY
%(ny + RYY), which together with Q¥ 0 implies
0 QY 1 ZVa(y;x): O

iti m — 1=2 P mi 1=2 .
Prop osition 6. For any 2 R™M: let B = S, 7 °( ;27 iWi)S, . Let (y;x) be such that
So(y;x) 0. Then

1
T ini2.
QY —3IBI%
? (19)
i.e. |Bj ns2( TQW )2
Proof. Let 1; 2;:::; n, bethe eigervalues of B, with corresponding orthonormal eigervectors
V1;V2;:11;Vn,. Then B2 sl hasafull setof orthonormal eigervectors v; vj; with corresponding

eigenvalues (1=2)( 2+ 7) fori;j = 1,2;:::;n2. We have

T 1 X 2 2 T
Q = 5 (7+ Dvi vi)vi V)
ijj =1

(2+ BDvi V)P V)

p
1 X
2

]



Let 1; 2;:::; n3 bethe eigervaluesof P with corresponding orthonormal eigervectorsus; us;:::; Upz.

Then
&
P= uuy

=1

SinceP is a projection from an n? n3 spaceonto an n3 space,we have ;=
(rearrange indices if necessary).Consider ui for somek, we have

X2
Uk = G (Vi Vvj);
i;j =1

for someconstarts ¢, fori;j = 1;2;:::;n,, and

X2
1 = kugky =Kk cj (Vi Vvjko

ijj =1

X2

kej (Vi vj)ka
ijj =1
X2
= icij j:
i;j =1

Thus there exist iy, jk sud that

jub(vie Vi = icigd

S

Hence ,

Y2
TQ = S (#+ Hvi v)( (v V)
irj 1=1

= (2D (i v)Tu viv)
= 5 (f+ D jur (v v)i?
= 5 (P D jui w)if
irj k=1
2+ 2)iugvie  vi)id

1
1 1
2 2 2 2
(i * ) ﬁ( i k) F( W)
2 2

Now for the Problem (12) we have

k(; y) = dTx+ caVa(y; x);

10

(20)



where x is the optimal solution for (12). We notice that x is a function of y and the relationship

betweenx and y is de ned by

@@[oﬂx + ¢ aVo(y: X)Jixex = O

Lemma 2. Letf be a dier entiable function of x and y. Supmsethat x := x(y) satis es

fx(xy) = 0
Then
fxeypy (X y) = 0
Proof. fx(X;¥y)jx=x = 0 sincex satis es (23). Noting that
Fx(X;y) = £x(X V)ix=x;
the result follows.

Prop osition 7.

@@[dTH ¢ 2Va(y; X)] = O

Proof. By (21), x satis es

@@[de + CoVa(y;X)] = O

The result then follows from Lemma 2.

Prop osition 8.

@@Vg(y;x) =0

Proof. By (24)

@@Vz(y;x) = d0=(c,):

The result follows from the fact that d®), and ¢, are not functions of y.

(21)

(22)

(23)

(24)

(25)

O

Now we are ready to calculate the rst and secondorder derivatives of  with respect to y.

@

We have
ry k(G y) = ry(d™x+ caVa(y;x))
- @Gy @ @Gy
@ ((@E y) o
_ k\ s
= T a (by (24))
= Coar yVa(y;X);
and
r §y k(3 y) = ry(ry «(;y)

ry(coar yVa(y;x))

= 20 wyix) &+ e,

@

@
@

@

@(f yVa(y;x))

= C2@V2(y;x) % + Cz%vz(y;x)

= car 5, Va(y;x) (by (25)):

11



Theorem 2 (Clairaut's Theorem). Supmsef is a function of two variablesand it's de ned on
a disk D that contains the point (a;b). Let

-

Xy @@1
and

fo= O

yX @@/

If the functions f,, and fyy are both continuous on this disk, then
fyy(a;b) = fyx(a;b):

Theorem 3 (An extension of Clairaut's Theorem). Let

f :7@]: ;
XXy @@@(’
fyyx = of
Xy X @@@.
and &
fyxx—@@(@/-

If the functions fyyx, fyxx and fy,y are all continuous, then

faxy = Fxyx = Fyxx: (26)

Proof. If the third order derivativesare cortin uous then the secondorder onesare also cortin uous.
So by Clairaut's Theorem we have

faxy = (Fx)xy = (Fxdyx = Fxyx = (Fxy)x = (Fyx)x = fyxx: U

In general, we can extend Clairaut's Theorem to any order of mixed partial derivatives. The
only requiremert is that in ead derivative we di eren tiate with respect to ead variable the same
number of times.

Now we have

My k(5 Y) =ryuwk(y»
ry(Car 2, Va(y; X))

@ @
= 02@( ZyVa(y:x)) @@* C2 @( yVa(y: X))
= @%@Vz(y X) g @%@Vz(y }X)
= V2(y X) @ + Co Vz(y;X)

cﬂMWWM(waamMM)

In summary we have

ry k(G Y) = car gy x®);

r2,k(y) = cor Vv 9(yx®)y; (27)
3 . - V(k) e (K)Y-

r yyy k( ’ y) Cor yyy (y,X )1

12



and

ry (Gy) = b+ car i)+ car Wy x®);

X( k=1 (28)
r2, (y) = cur i)+  cor 3V y;x®);

k=1

wherer (V9 (y;x®), r §yV2(k)(y;x(k)), and r §ny2(k)(y;x(k)) are asin (14), (15) and (29) respec-
tiv ely.

4 Characteristics of : a self-concordan t family

4.1 Self-Concordance of (; )

De nition 1 (Nestero v and Nemiro vskii [18, De nition 2.1.1]). Let G bean opennonempty
corvex subsetof R", and let F be a C3, corvex mapping from G to R. Then F is called -self-
concordart on G with the parameter > 0 if for every x 2 G and 2 R", the following inequality
holds:

D3 F(L ;5 ] 2 DR D
An -self-concordam function F on G is called strongly -self-concordan if F tendsto in nit y for
any sequenceapproading a boundary point of G.

We note that in the de nition above the set G is assumedto be open. Howewer, relative
opennesswould be su cien t to apply the de nition. Seealso[18, Item A, Page57]. We now show
that (; )is -self-concordam on Fg, for k= 1;2;:::;K. It is clearthat Fg is open.

Theorem 4. For any xed > 0 andc; = 225n§=2, k(; ) is -self-ooncordant on Fq, for
k=12::::K.

In order to prove Theorem 4 we needsomeintermediate results which we now obtain. Let (y;x)
be such that Sy(y;x) 0,and 2 RM:: We immediately obtain
@ QY = 2TH T(S,'wis,t (S, HTH TT
i
(s,'Bs,'Bs,! ss,Y)

+TH T @(52135215521 sS 1)

— — P my .
whereB := B( ):= 2] iW;; and

@@i(s2 'Bs,'BS,' S,
= (S,'wis,'Bs,'Bs, '+ s,'BS,'w;s, 'BS, '+ S, !BS, 'BS, 'w;S, 1)
St S,'Bs,'BS,t sS,'wis,k:
We concludethat the rst directional derivative of TQYY with respectto vy, in the direction
, Is given by
X1

i—@_ QW

2 (B s)P(B? 1) P (B i1) P (B? 5B)

ryTny []

13



whereB := S ¥BS 172 and P is de ned asbefore. Similarly we obtain

ry TRY []
ry 7TV []

2P (B <I)P(B sB) 4P (B2 ¢B);
4P (B <I)P(B sI)P(B sl) 4P (B <I)P(B? «lI)
2P (B <I)P(B B):

Combining the previousresults, we obtain the third order directional derivative of V(y; x) with
respectto y as:

r?nyZ(y;X)[; ] = 1P (B s1)P(B? <)
6P (B3 1) 6P (B2 4B)

+6P (B sI)P(B B) (29)
8P (B sI)P(B s1)P(B sl):
In the proof of Theorem 4 we needto boundr §ny2(y;x)[ ;5 1. We now obtain such a bound.

- P ~

Prop ositon 9. For any 2 R™, let B = S, l‘2( -1 iW)S, 122 Let (y;x) be such that
Sy(y;x) 0. Then

jr f,’nyz(y;X)[ N 30Bj TQY : (30)

Proof. (Seealso[4].) Using the fact that
(B2 (I)(B s1)= 5(B° 1)+ (B <B));
(29) can be re-written as
rayVe(yix)[: ;] = P(B )P (12(B2 1)

+6(B sB) 8B sI)P(B 1) (31)
127 (B2 S1)B sl)):

From (18) we have
12B% s1)+6(B sB) 8B sI)P(B 1) 8B2 1)+ 2B sB):
Using the facts that (B2 1) (B B)and(B B) ( B2 ¢l), it follows that

6(B2 I) 12B2 1)+ 6(B s<B) 8B <I)P(B 1)

18B2 sI): (32)
Let 1; 2;:::; m, bethe eigervalues of B. Then the eigervaluesof (B 1) are of the form
(1=2)( i+ j), fori;j = 1,2;:::;m1: We have

i Bjl (B sl) jBjl;

and

j BjP  P(B slI)P jBjP: (33)
Using (32), (33), and the facethat (B2 1) 0, we obtain

jP(B 1) (12(B* s1)+6(B B) 8B sI)P(B sl))j (34)

12BjP (B2 1):

14



In addition, (B®> 1) and (B sI) have the sameeigervectors implies that
j Bj(B® s1) (B sI)B 1) jBj(B® sl):

Therefore we have
jiP (B% s1)B sl)i jBjP (B? sl): (35)

The conclusionfollows from (31), (34) and (35). O
We can now state the proof of Theorem 4.

Proof of Theorem 4. Combining the results of (17), (19) and (30), we obtain
ir Sy Va(yix) [ 5 1 3n372( Tr 2 Va(y;x) )37,
which combined with (27) givesus
I gy ks 510 30¢ n32(r 2 Va(y;X) [ 5 )32
= 2 e r 2 \Va(y;x)[ 5 D
= 2 i« ¥ O

Corollary 1. For any xed > 0, c; = 225pn_1 and ¢, ;= 225ﬂ§=2, (; )isa -self-oonocordant
function on Fg.

Proof. It is easyto verify that ¢ 1V, is -self-concordam on F;. The corollary follows from
[18, Proposition 2.1.1]. O

From here onwards we x the valuesof c; and ¢, asin Corollary 1.

4.2 Parameters of the Self-Concordan t Family (; )

De nition 2 (Nestero v and Nemiro vskii [18, De nition 3.1.1]). Let R** be the set of all
positive real numbers. Let G be an open nonempty corvex subsetof R". Let 2 R** and let
F :R*™ G! R bea family of functions indexedby . Let 1( ), 2(); 3(); 4( ) and

5( ) : R™ I R*™ be cortinuously di erentiable functions on . Then the family of functions
fF g ,r+ Iscalledstrongly self-concordan with the parameters 1, 2, 3, 4, s, if the following
conditions hold:

(i) F is cortinuouson R** G, and for xed 2 R**, F iscorvex on G. F has three
partial derivatives on G, which are cortinuous on R*™* G and cortinuously di erentiable
with respectto on R*™ .

(i) Forany 2 R*™, the function F isstrongly :( )-self-concordar.

(i) Forany (; x)2R*™™ Gandany 2 R",
if ) 0 o . : 12 . .1 3.
ifr xF X1 fin 30 )gt xF GG X)L aC) 10)2 r ik G X)05 T2

ift %F Gl 16 fin 2( )Y ZF G T 2 s( ) &F G X I

15



Theorem 5. The parametric function (; ) is a strongly self-mnoordant family with the following
parameters

()= 20)= a0)=1 a()= (Mie+ mee)d+ K)o )=

By Corollary 4, in order to prove Theorem 5, we only needto show that the two inequalities
in De nition 2 (iii) are satised by (; ): We rst show the validity of the secondinequality in
De nition 2 (iii).

Lemma 3. For any > 0andy 2 Fy, the following inequality holds:

. 1

rL NGyl Sry Gyl 8 2RM™:
Proof. Dierentiating (28) with respectto and using (25) and (26) we obtain

X
k k
3 Gy o= oardim el V0 @)+ v rix®) ()9
k=1
2 X 2 (K (k)
= Cr yyvl(y)+ Cor ny2 (y,X )1
k=1

2

which is exactly —r 3, (; y): The conclusionfollows sincer §y (; y) is positive semide nite. O

For xed (y;x) with Sp(y;x) O;letTi=S, =2 S, =2 i=12":::m,and
W, = S,7?W;s, "%, j = 1;,2::1;m;. We apply a Gram-Schmidt procedureto fTig to obtain
fUig with kUjk = 1 for all i and U; U; = O;i 6 j: Then the linear spanof fU;;i = 1,2;:::;m»g

is equal to the spanof fT;;i = 1;2;:::;myg. Let U bethe n% m, matrix whosei™ column is
veqU;) andlet = 3 UZ. Then P = P(S;) = UUT: We have
@/(y; x)

P (W, s1)= UUT (W, ¢I)=traceUT(W;, <I)U)
X2

@i

1
= 5 veqU)TIWi 1)+ (1 WilvedUy)

k=1

1 X2 (36)
= > vec(Uk)Tvec(UkWi + W;Uy)

k=1

1 X2 X2 ,
= 3 U (UWirWilg= Wi ( U)= W

k=1 k=1

16



Similarly we have

Qlyjy = P (WiW, SI):trace(UT(Win s1)U)

>

= 7 vedUOT(WW, 51 vedUy)

T
o
N

VEC(Uk)TVEC(UkWin + Win Uy)

bk
N =

37
Uc (UOWiW; + WiW; Uy) (37)

N =

NP NP Nl
bk

trace(Ux (Ux W, Wi + W W; Uy))
1

= trace(W; U2W; ) = trace(W; W;):
k=1

Prop osition 10. Let (y;x) be suchthat Sy(y;x) 0. Then
ryVa(y; x)T(r 2,Va(y;x)) r yVa(y;x) ma: (38)

Proof. (Seealso[4].) Let W bethe n3 mj matrix whosei" column is veqW;). Then from (37)
we have

>4
T

Q) = trace(W; W;) = veqWi) ved W;) = vedW)"(I v eqW,):

We can then write Q¥Y = WT(I ) W. Also it follows from (36) that r ,Vo(y;x)T =  WTved).
Hence

ryVa(y;)TIQY] r yVoly;x) = ved) TWWT(I ) W) 'WTved)
- ve(( 1:2)T(| 1:2)W(WT(| )W) 1wT
(| 122)Veq 122)
ved F)Tveq 72) = trace() = my;
since = P ks UZ and trace(U?) = U Uy = 1for eadh k. In addition, Q¥Y  r ZVa(y; x) implies
(r 2Va(y;x)) * (QY) . Sothe result follows. O

It can be easily veri ed that (38) is equivalent to the following inequality

q
ir yVa(y;x[ 1 mar 2Vo(y;x)[ ; 1 8 2 R™: (39)
Now we shaw the validity of the rst inequality in De nition 2 (iii).

Lemma 4. Forany > 0Oandy 2 Fo, we have
S

jr y O(; y)T[ ]J (m101+ m2c2)(1+ K)r Sy (; y)[ : ]; 8 2 RM::

Proof. From (28) and (24) we have

X
ry 5y) = aryvay+ et Va0 x©)+ 1 2 vy x®) (x0)9

k=1

X
k
ar yWa(y)+  cor gV (y;x®)
k=1

17



Anstreicher [4, Theorem4.4]has showvn that

FyVay) T (r GVay)) froyValy)  ma
which is equivalert to

q
ir yViwIl i mir Vi)l ; 1, 8 2 R™: (40)
Then we have for all 2 R™: that
iry G

X
jar i)+ cor W yix®) T
k=1

X
jer WAL+ jeor WAy x®)TL

k=1
q X q W
macZr 3, Vil ; 1+ macsr 2V, (yi x5 ]
k=1
q X q W
= (mc)er Vi)l ;s 1+ (macz)cor 3V, (y; xW)[ 5 ]
M k=1 X(
¢ ) . 2 () o W (KN -
(micy + macp)(1 + K)(ear Vi 5 1+ cor 3,V ' (y; x™)[ 5 1)
S k=1
_ (myc1 + macy)(1 + K)r iy Gyl 0

With Lemma 3 and Lemma 4 established,we have that Theorem 5 is true.

5 A Class of Volumetric Barrier Algorithms for Solving SSDP's

In x4 we have establishedthat the parametric functions (; ) is a strongly self-concordam family.
In this sectionwe introduce a classof volumetric barrier algorithms for solving (9, 10). This class,
indexed by a parameter 2 (0;1), is stated formally in Algorithm 1.

Our algorithm is initialized with a starting point y° 2 Fo and a starting value © > 0 for the
barrier parameter . We use asa measureof the proximity of the current point y to the certral
path, and asa threshold for that measure.If the current y is too far away from the certral path
in the sensethat > , we apply Newton's method to nd a point closeto the certral path. Then
we reducethe value of by afactor and repeat the whole precessuntil the value of is within
the tolerance .

6 Complexit y Analysis

For xed > 0, the function (; ) possessesnany nice properties. The following proposition
follows directly from the de nition of self-concordanceand [18, Theorem 2.1.1].

Prop,osition 11. For any > 0,y 2 Fpand vy, wedenote

= 1 yTr §y (;y) y. Thenfor < 1; 2][0;1]andany 2 R™2 we have
Tty Gyt oy @ )AL, Gy

18



Algorithm 1 Volumetric Barrier Algorithm for Solving SSDP (9, 10)
Require: >0, 2(0;1), >0, >0,y°2Fgand %> O
y:i=y0, = O
while do
for k=1;2;:::;K do
solve (12) to obtain x ()

end for
compute y := [rr§y (;y)] ry (;y) using(28)
compute (;y):= = yTr, (;y) yusing(28)
while > do

yi=y+ oy

for k=1;2;:::;K do
solve (12) to obtain x (k)

end for
compute y:= [r§ (i Y] 'ry (i y) using(28)
compute (;y):= = yTr, (;y) yusing(28)
end while
end while

We also have the following lemmathat describesthe behavior of the Newton method asapplied

to (; ). This lemma is essetially a restatemert of [18, Theorem 2.2.3] for the setting of the
presen paper.

Lemma 5. For any > Oandy 2 Fo, let y be the Newton direction dened by y :=
[r2, (;y)] ry (;y). We denote

1
= Gy = yrg Gy Yy
Then the following relations hold:
M If <2 pf%then
Gy+t y)  — 5
@iy If 2 pﬁthen
Gy Gy+ y) [ In(l+ )l
whee = (1+ ) L

Depending on the manner in which  in Algorithm 1 is chosen, we have two classesof algo-
rithms: short-step algorithms and long-step algorithms. In the next two subsectionswe presert the
complexity analysisfor thesetwo classesof algorithms.
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6.1 Complexit y of Short Step Algorithms

The i iteration of the short-step algorithms is performed as follows: at the beginning of the itera-
tion, wehave ( D andy( D onhandandy(l Y iscloseto the certer path, i.e. ( ( D;y(i 1)

. After we reducethe parameter from ( Dto ":= (D wehavethat ( ";y(0 D) 2:
Then afull Newton stepistakento nd anewpoint y' with ( ';y')  : Wewill show that in ead
iteration after we reducethe parameter , one Newton stepis su cien t to restorethe proximity to
the certral paHh. We assumethat we can solve all the subproblemsexactly and we x the value of

=1 01= (mic; + mac)(1 + K). We have the following lemma and the proof of the lemma
follows from [18, Theorem 3.1.1].

Lemma 6. Let =1 O:1=IO (micp + moc)(1+ K) and = (2 IO§)=2. it (;y , then
(;y) 2:

Proof. In order to apply [18, Theorem 3.1.1], we st write the metric de ned by (3.1.4) in [18] for
our problem asfollows: for any 0< * < ;

!
(mic + macy)(1 + K)

(;; )= 1+ In —
Let =2 =2 p§: Since (;y) =2,onecanverify that * := satis es
o 1 Gy
- = 1 :
o 7)) 5
So by virtue of [18, Theorem 3.1.1],we have ( *;y) . O

By inequality in Lemma 5(i) and lpemma 6 we have that in Algorithm 1, we can reduce the
parameter by the factor =1 0:1= (mici+ m»c)(1 + K) at ead iteration, and useonly one
Newton step for recenering if necessary Sowe have the following complexity result for short-step
algorithms.

Theorem 6. Let = (2 IO§):2 and =1 0:1:IO (micy + mocy)(1 + K) in Algorithm 1. If
( 2:y9) , then short-step algorithms terminate with at most
O( (micy + moc)(1 + K)In( %=)) iterations.

6.2 Complexit y of the Long Step Algorithms

In the long-stepversion of the algorithm, the factor 2 (0; 1) is arbitrarily chosen. It has potential
for larger decreaseon the objective function value, however, several damped Newton steps might
be neededfor recertering.

Supposeat the beginning of the i iteration of the algorithm we have a point y(' 1, which
is su cien tly closeto y( ( V), where ( 1 is the current value for the barrier parameter and
y( ( D) s the solution to (11) for := ( 1. We reducethe barrier parameter from ( b to

.= (@ D:where 2 (0;1), and we seart for a point y' that is su cien tly closeto y( '). We
want to determine an upper bound on the number of Newton iterations that are neededto nd the
point y'.

Webeginby dening ()= (;y) (;y(); 8 >0

The function standsfor the di erence betweenthe objectivevalue ( ';y{ 1) at the beginning
of i iteration and the minimum objective value ( ';y( ') at the end of i!" iteration. Then our
task isto nd an upperboundon ( ):

The next lemma givesus upper boundson ( ) and {4 ) respectively.
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Lemma 7. let > 0andy2 Fq; wedenote “y:=y y( ) anddene
r

1~ . ~\/
= =Ty g Gy)Ty:

If =< 1, then the following inequalities hold:
" #

+In(1 )

()

P )i @ ) (e me)@ T K):

Proof. Z,

()= 0CGy Gy():= Ofy(:y()+(1 )~y)" Tyd

Sincey( ) is the optimal solution, we have
ry Gy()) = G

Hence z,Z,

()

Tyrd, Gy()+@ )Ty Tydd

dd (by Proposition 11)

This proves(41).
Forany > 0,

q) Ciy) Gy r GynTyx)

iy A y):

From Lemma 4 we have that forany > Oandy 2 Fg

UYL G Gy (Mo maco)(d + K):

Applying the Mean-Value Theorem we obtain
Z,
F)N = f Cy()+ ~y)~ydj

Z,q

. Tyt g, Gy()+ TY) Ty

q

rGyC)+ TYTIr g, Gy)+ Tyl Gy )+

21
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(41)

(42)

(43)

(44)
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Using (45) and Proposition 11, and noting that y( )+ ~y=y (1 )7y, wehave

Z, p_ S
. . mic; + MmoC)(1 + K

o1l ~+ 7

= @ )’ e me)d + K):
This proves (42). O

Lemma 8. Let > Oandy 2 Fg be suchthat “< 1, where ~is asdened in Lemma 7. Let
t= with 2 (0;1): Then
("5y) Ty ™) O@I(mecy+ mac)(1+ K)] *:

Proof. We have
Cyvy= Ly Ly r @y)TYY):

Since (:y) is strictly concavein ,the rst term ©9¢: y) is negative. We only needto estimate
the other two terms.
First we di erentiate (43) with respectto to obtain

y )= Irgy Gy v Gy
Hencefrom Lemma 4 we have the following estimation

rGyNYX) = r Cy)Trdy Gyenl v 4 y()

L(mic + mac)(L + K): (46)

X
Now we want to estimate °¢; y) forany > Oandy 2 Fo. First weobsenethat 9°= R:y).
k=1
Di erentiating (; y) with respectto we obtain (k’(; y) = cVa(y; x). Dierentiating again we
obtain 2¢; y) = cor «Va(y;x)Tx% We di erentiate (24) to obtain

= 2Vo(y; X)] M« Va(y; x):

Hencewe have 1
X y) = Zear xVa(y;X) T 2Va(y; X)] 2 «Va(y; x):

1
By [4, Theorem 4.4]we have  ¢;y) =com,. Therefore

X X 1 1
; y() = %y Zomy = ImacK: (47)
k=1 k=1
Combining (46) and (47), we have
9y  L(micr+ 2mac)(d + K): (48)
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Using Lemma 7 and (48), we have

zZ Z
(") = (O)+(7 )°()++ % )dd
" #
_+n@ ) @ Y e meAF K Y )
zZ Z
+(mM1cy + 2mec)(1 + K) 'dd
" #
_+n@ ) @ Y e meAF K )
+(mgcy + 2myc)(1 + K)in - ( )
This provesthe lemmasince “and are constarts. O

In the previouslemmaswe require ~< 1. Howewer ~ cannot be evaluated explicitly. In the next
lemma we will seethat ~is actually proportional to , which can be evaluated.

Lemma 9. Forany > Oandy2 Fqg,let y:= [r §y (:y)] r y (v y)andlet Ty = (y y( )):
We denote r r

1
= = yri i Gy oy

1
=Ty g, (Y)Y

If < 1=6, then

wIN
l
N

Proof. Seethe proof of [4, Lemma 9]. O
Combining Lemmas5, 8, and 9, we have the following theorem.

Theorem 7. Let := 1=6 and 2 (0;1) be arbitrary in Algorithm 1. If ( %y°) , then
long-step algorithms terminate with at most O((myc1 + m2c)(1 + K)In( °=)) iterations.

7 Concluding Remarks

In this paper we have preseried a classof volumetric barrier decomposition algorithms for (two-
stage) stochastic semide nite programs (SSDP's) (with recourse). We have also shavn that certain
short-step and long-step menbers of the classhave ponan_iaI complexity in terms of the number
of iterations with the complexity bounds dependingon K and K respectively, where K is the
number of realizations. This is important given the fact K can be large in applications.

SSDP'sgeneralize(two-stage) stochastic linear programs (SLP's) (with recourse). Therefore, it
is possibleto specializethe classof algorithms preseried in this paper to SLP's. The specialization
is a new classof algorithms for SLP's. In a forthcoming paper we shav that we can go further by
shaving how appropriate modi cation of the techniques utilized on the presert paper leadsto a
class of new volumetric barrier decomposition algorithms for stochastic quadratic programs with
quadratic recourse.
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It would be interesting to assesghe computational performance of the algorithms dewveloped
in the presen paper. A forthcoming paper will report details of an implementation and results of
computational experiments performed with it.
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