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Bounds on the Size of Branc h-and-Bound Pro ofs
for In teger Knapsac ks

Bala Krishnamoorthy�

Department of Mathematics
P.O. Box 643113,WashingtonState University

Pullman, WA 99164

Abstract

Using a direct counting argument, we derive lower and upper bounds for the number of nodes
enumeratedby linear programming-basedbranch-and-bound (B&B) method to provethe infeasibility
of an integer knapsack problem. We prove by example that the size of the B&B tree could be
exponential in the worst case.
Keyw ords : integer programming, knapsack problem, branch-and-bound proofs.

1 In tro duction

Linear programming-basedbranch-and-bound (B&B) methods and cutting plane methods are the stan-
dard techniquesusedto solve integer programming (IP) problems. Most commercialsolvers usecutting
planesin conjunction with B&B (termed branch-and-cut methods). The feasibility versionof the integer
programming problem, as is the 0{1 integer programming problem, is known to be NP-complete [10,
Chap. 15]. It is highly unlikely that there exists a polynomial-time algorithm that usesbranch-and-cut
methods to solve integer programs. In fact, someclassesof branch-and-bound algorithms have been
shown to have worst-caseexponential time complexity for solving 0{1 integer programs. Jeroslow [7]
studied the problem max f x1j2x1 + � � � + 2xn = n; x1; : : : ; xn 2 f 0; 1gg. For odd n, he proved that
any B&B procedure, independent of the order in which the variables are �xed and the method for
choosing the nodes,must expand out at least 2dn=2e nodesbefore it discovers that the above system is
inconsistent. Chv�atal [4] consideredthe performanceof a classof recursive algorithms that combined
the powers of B&B, dynamic programming, and rudimentary divisibilit y arguments for solving the 0{1
knapsack problem. He identi�ed a classof 0{1 knapsack instancesfor which the running time of every
recursive algorithm studied is boundedbelow by 2n=10 for an overwhelming majorit y of theseproblems,
when the number of variables, n, is su�cien tly large.

Even though exponential lower bounds have beenderived for the worst casecomplexity of several
branch-and-cut algorithms applied to 0{1 integer programs, similar results are found lacking when it
comesto general(or pure) integer programming problems. One reasonfor not studying them separately
might be the fact that an instance of pure integer programming problem can be transformed in poly-
nomial time to an instance of a 0{1 integer programming problem [9, p126]. In this paper, we provide
a lower bound for the number of nodesexaminedby B&B to prove the infeasibility of a general integer
knapsack problem that could be exponential in the number of variables for a classof these problems.
The method used to derive this bound is fundamentally di�eren t from those usedby Jeroslow [7] and
Chv�atal [4]. In the problems studied by these authors, unlessa su�cien tly large number of variables
are �xed to integer valuesby the B&B algorithm considered,the LP-relaxation at the node would be
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feasible,and hencethe node cannot be pruned. Following this idea, it is shown that there could exist an
exponential number of such nodes. In contrast to theseapproaches,we try to enumerate the total num-
ber of B&B nodesthat needto beexaminedfor the proof of infeasibility of an integer knapsack problem,
and derive lower and upper boundsfor the same. For a classof decomposableinstancesof the knapsack
problem where the coe�cien ts have the form ai = pi M + r i ; for i = 1; : : : ; n, with pi ; M ; r i 2 Z and
M su�cien tly large, we show that this lower bound varies as M n� 1. Hencewe provide a unique and
direct method for showing the exponential sizeof a branch-and-bound proof of infeasibility of a general
integer program, without consideringthe equivalent 0{1 integer program.

Weorganizethis paper asfollows. In Section2, weformally describethe branch-and-bound algorithm
applied to integer feasibility problems. In Section3, we de�ne the infeasibleknapsack problem on which
the B&B algorithm is applied. The lower and upper boundson the number of B&B nodesexaminedto
prove the infeasibility of this knapsack problem are derived in Section 4. The main goal of this paper
is proving the exponential sizeof branch-and-bound proofs for general integer programs, and we show
this result by considering a decomposableinstance of the knapsack problem in Section 5. We further
analyze the lower and upper bounds on the number of B&B nodes for certain casesof the knapsack
problem in Section 6. Finally, we give our conclusive remarks in Section 7.

2 Linear programming-based branc h-and-b ound

The branch-and-bound algorithm usedin most commercialsolvers is usually described for the optimiza-
tion version of the integer programming problem [15, seeChap. 7]. We describe the branch-and-bound
algorithm for the feasibility version,wherewe try to answer the following questionwith a YES or a NO.

P = f x 2 Rn j Ax � bg; Is P \ Zn = ; ? (1)

Here, A is an m � n matrix and b is an m-vector. The aim is to �nd an integral x that is in P, or else
prove that no such x exists. We formally describe the binary branching version of the B&B algorithm
below. Here, S is the set of sub-problems(nodes)maintained throughout the executionof the algorithm
and P is as de�ned in Equation (1).

B&B for IP-feasibilit y

Step1: Initialization P 0 = P; S = f P0g; ans = fg ; goto Step2:
Step2: Examine node if S = ; ; ans = YES, STOP;

elsechooseP k 2 S; S = S n f P kg
if P k = ; ; goto Step2:
elsef ind xk 2 P k ; goto Step3:

Step3: Termination if xk 2 Zn ; ans = NO; STOP;
elsegoto Step4:

Step4: Binary branching choosexk
i 62Z; let P k+1 = P k \ f x 2 Rn j x i � bxk

i cg;
P k+2 = P k \ f x 2 Rn j x i � dxk

i eg;
S = S [ f P k+1 ; P k+2 g; goto Step2:

(2)
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An alternative, and arguably smarter, method for creating the sub-problemswas suggestedby Aardal
et al. in [1]. They modi�ed the branching step as follows.

Step4: In teger branching choosexk
i 62Z; f ind � i = minf x i j x 2 P kg and


 i = maxf x i j x 2 P kg:
for j = 1 to b
 i c � d� i e+ 1

P k+ j = P k \ f x 2 Rn j x i = d� i e+ j � 1g;
S = S [ f P k+ j g;

end for
goto Step2:

(3)

The sizeof the B&B tree createdby this algorithm is givenby the number of times Step2 is executed. We
prune nodesonly basedon infeasibility [15, seep.94], asgiven in Step2 (when if P k = ; is TRUE). Since
the algorithm will terminate when the �rst integer solution is found (if there exists an integer solution),
pruning by optimality doesnot apply here. Again, sincewe are not working with a particular objective
function, pruning by bound doesnot apply either. In order to analyzethe worst-caseperformanceof this
B&B algorithm, we concentrate on IP feasibility problemsthat are known to be infeasibleto start with.
In order to prove the infeasibility, the algorithm 2 will have to examineall possiblenodes,and have to
branch on all the fractional variables at each node that is LP-feasible. Hence,the sizeof the B&B tree
is independent of the order in which the nodesare examined and the order in which the variables are
branched on.

3 An infeasible, equalit y-constrained knapsack problem

In order to analyzethe performanceof the B&B algorithm (2) using both binary and integer branching,
we study a special caseof the problem 1, where A has only one row (m = 1). Let a1; a2; : : : ; an be
positive integers with gcd(a1; : : : ; an ) = 1. Without loss of generality, we assumea1 � a2 � � � � � an .
Thus A = (a1; : : : ; an )T , and for easeof notation, we set a = (a1; : : : ; an )T . Also, let a0 be a positive
integer such that ai � a0 and gcd(ai ; a0) = 1 for i = 1; : : : ; n. The feasibility IP in Equation (1) becomes

P = f x 2 Rn j aT x = a0; x � 0g; Is P \ Zn = ; ? (4)

We concentrate on instances for which the answer to the above question is YES. Hence the task in
hand is to prove that P doesnot contain any integer vectors. We say that P is integer-infeasible if P
does not contain any integer vectors. When P is integer-infeasible, the branch-and-bound algorithm
(2) could not possibly get \luc ky" by identifying any integer vectors early on (for example,by using an
appropriate objective function). The largest a0 such that P is integer-infeasiblefor a given instance of
a is called the Frobenius number of a1; : : : ; an and is denoted by F (a) or F (a1; : : : ; an ). Problem 4 is
directly related to the problem of Frobenius which aims to �nd the largest natural number that cannot
be expressedasa positive integer linear combination of a given set of natural numbers[12, pg.376]. The
Frobeniusproblem is known to be NP-hard. For n = 2, it is known that F (a1; a2) = a1a2 � a1 � a2. For
n = 3, F (a) can be computed in polynomial time - for example,see[14, 6, 11]. Kannan [8] developed a
polynomial time algorithm to compute the Frobenius number for every �xed n. Further referenceson
the generalFrobenius problem are available from [6, 13].

Certain upper bounds on F (a) are known for the general case. Brauer [3] showed that F (a) �
a1an � a1 � an . Other upper bounds are derived in [5, 13]. We are interested in the Frobenius problem
becausean instanceof problem (4) could be hard to solve by branch-and-bound if it is integer-infeasible,
and the value of the right-hand-side constant a0 is large. The B&B algorithm (2) will have to examine
most of the possiblecombinations of x1; : : : ; xn with 0 � x i � a0=ai . In this sense,the hardest instance
of problem (4) for a given a is obtained when we set a0 = F (a). Hencewe could use the bounds on
F (a) mentioned above when trying to analyze the performanceof the B&B algorithm (2) on infeasible
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instancesof the problem (4). Aardal and Lenstra [2] derived a lower bound on F (a) for the classof
problems where the numbers ai decomposeas pi M + r i ; f or i = 1; : : : ; n, where pi ; M 2 Z> 0 and
r i 2 Z. This lower bound will be used in our proof to show the exponential size of the B&B tree
generatedto prove the infeasibility of an instance of problem (4).

4 Branc h-and-b ound on the knapsack problem

We derive lower and upper bounds on the total number of branch-and-bound nodes (sub-problems)
that the B&B algorithm (2) will examinewhen applied to an integer-infeasibleinstance of the equality-
constrained knapsack feasibility problem (4). We provide an inductiv e argument. The instance of this
problem for n = 2 is

P = f x1; x2 2 R j a1x1 + a2x2 = a0; x1 � 0; x2 � 0g; Is P \ Z2 = ; ? (5)

Figure 1 illustrates the performance of B&B using binary branching on an infeasible instance with
n = 2. Starting from the point on the vertical axis, the B&B algorithm examinesall the points marked.
Also, at each of these marked points, one node would be pruned due to infeasibility. Hencethe total
number of B&B nodesthat are examined for proving infeasibility would be 2da0=a1e+ 2da0=a2e. Note
that the total number of sub-problemsremains the sameirrespective of which marked point on the line
(representing the LP-feasible set of points) is examined to start with. All the marked points (or the
corresponding nodes) are examined.

x1

x2

a0
a2

a0
a1

Figure 1: B&B on the infeasible 2D instance. Marked points represent
all the nodes that are examined. The arrows at the points indicate the
direction of rounding that givesan infeasible node in each case.

We generalizethis idea of counting the number of nodesexaminedto higher dimensions. Let N(ar ; k)
denotethe number of B&B nodesthat needto beexaminedwhen k of the integervariablesare fractional
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(i.e. available for branching on) and the remaining unusedcapacity of the knapsack equality is ar . In
other words, ar is obtained by subtracting from the original capacity a0 the contributions corresponding
to all the n � k x i 's that have been�xed to integral values. We derive a relation betweenN(ar ; k + 1)
and N(ar ; k) by counting the branchescreatedwhen xk+1 is branched on. Given the unusedcapacity of
ar , we needto considerthe possibleinteger valuesthat x k+1 can take in the range 0 � xk+1 � ar =ak+1 .
Similar to the caseof (say) x1 in the 2D instance, branching on xk+1 would create 2da0=ak+1 e B&B
nodes,half of which are pruned due to infeasibility and the other half of the nodeshave to be branched
on further. We obtain the following recursion.

N(ar ; k + 1) = 2
�

ar

ak+1

�
+

�
ar

ak +1

�

X

i =0

N(ar � iak+1 ; k) (6)

In the caseof integer branching on xk+1 , we obtain da0=ak+1 e sub-problemsby �xing xk+1 to each of
the integers0; 1; : : : ; ba0=ak+1 c, and each of thesesub-problemsneedto be examinedfurther. Hencewe
get

N(ar ; k + 1) =
�

ar

ak+1

�
+

�
ar

ak +1

�

X

i =0

N(ar � iak+1 ; k) (7)

For the two-dimensional case,we create da0=a2e branches by branching on x2 (as we assumea1 � a2,
it is bene�cial to branch on x2 �rst), and each of thesebrancheswill be pruned by infeasibility. Hence,
the total number of B&B nodesexaminedis only da0=a2e. Working with the recursions(6) and (7), we
can use inductiv e arguments to derive lower and upper bounds on N(ar ; k). Of course,our goal is to
derive these bounds for N(a0; n). We state and prove the following theorem that provides the bounds
in question.

Theorem 4.1. The following statementsare true for k � 2.

1. Under binary branching N(a0; k) satis�es

4
(k � 1)!

a(k� 1)
0

(a2a3 � � � ak )
� N(a0; k) � 4

a0

ak
+

4(2)k(k+1) =2

k!
ak

0

(a1a2 � � � ak )
(8)

2. Under integer branching N(a0; k) satis�es

1
(k � 1)!

a(k� 1)
0

(a2a3 � � � ak )
� N(a0; k) �

a0

ak
+

(2)k(k+1) =2

k!
ak

0

(a1a2 � � � ak )
(9)

Pr oof of Statement 1: We useinduction on k. First, for k = 2, we gave the exact value for N(a0; 2)
in Section 4. Using that result, we obtain

N(a0; 2) = 2
�

a0

a1

�
+ 2

�
a0

a2

�
� 4

�
a0

a2

�
� 4

�
a0

a2

�

sincea1 � a2 � � � � � an . It is also straightforward to check the upper bound for k = 2.

N(a0; 2) = 2
�

a0

a1

�
+ 2

�
a0

a2

�
� 4

�
a0

a1

�
� 4

�
a0

a1
+ 1

�
� 4

�
a0

a1

� �
4

a0

a2

�
+ 4

�
a0

a2

�

To prove the induction step for generalk � 2, we will usethe following lemma.
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Lemma 4.2.

For 0 < � � 1;
1

k�
�

j
1
�

k

X

i =0

(1 � i� )k� 1 �
(1 + � )k

k�
(10)

Pr oof : Let m =
j

1
�

k
. We can write m = 1

� � � for some0 � � < 1. Hence,the above sum becomes

j
1
�

k

X

i =0

(1 � i� )k� 1 =
mX

i =0

�
1 � i

1
m + �

� k� 1

=
1

(m + � )k� 1

mX

i =0

(m � i + � )k� 1 =
1

(m + � )k� 1

mX

i =0

(i + � )k� 1

We note that
Rm

0 (x + � )k� 1dx is a lower bound for
mP

i =0
(i + � )k� 1. Similarly,

Rm+1
0 (x + � )k� 1dx is an

upper bound for the samesum. The value of the �rst integral is the area under the curve (x + � ) k� 1

from x = 0 to x = m, and that of the secondintegral is the area under the samecurve from x = 0 to
x = m + 1. The sum, on the other hand, can be consideredasthe addition of the areasof the unit-width
rectanglesthat rise above (or below) the curve at each unit interval. Theserelationships are illustrated
in Figure 2.

x2

x1
0 2 m + 1m1 i i + 1

Figure 2: The area under the curve is a lower bound for the sum of the areasof the m
unit-width rectanglesrising above the curve (the right edgesof theserectanglesare located
at x = 1; 2 : : : ; m). The area under the curve is also an upper bound if we consider the
areasof the m + 1 rectanglesbelow the curve (the left edgesof theserectanglesare located
at x = 0; 1; : : : ; m + 1). The top edgesof the secondset of m + 1 rectanglesare drawn as
thicker lines.
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Thus, we obtain

mX

i =0

(i + � )k� 1 � � k� 1 +
Z m

0
(x + � )k� 1dx = � k� 1 +

(m + � )k

k
�

� k

k
�

(m + � )k

k
;

and
mX

i =0

(i + � )k� 1 �
Z m+1

0
(x + � )k� 1dx =

(m + 1 + � )k

k
�

� k

k
�

(m + 1 + � )k

k
.

Hence,we have
m + �

k
�

1
(m + � )k� 1

mX

i =0

(i + � )k� 1 �
m + �

k

�
1 +

1
m + �

� k

:

The lemma follows directly from the above set of inequalities.
Returning to the proof of Theorem 4.1, let us assumethat the result holds for N(a0; k). To prove the
lower bound for N(a0; k + 1), we ignore the �rst term on the right hand sideof the recursionin Equation
(6).

N(a0; k + 1) �

�
a0

ak +1

�

X

i =0

4
(k � 1)!

(a0 � iak+1 )k� 1

(a2a3 � � � ak)
=

4ak� 1
0

(k � 1)!a2 � � � ak

�
a0

ak +1

�

X

i =0

�
1 � i

ak+1

a0

� k� 1

Applying the lower bound given in lemma 4.2 to the above sum, we obtain

N(a0; k + 1) �
4ak� 1

0

(k � 1)!a2 � � � ak

�
1
k

a0

ak+1

�
=

4ak
0

k!a2 � � � ak+1

which is the desiredresult for k + 1.
To prove the upper bound, we again start with Equation (6).

N(a0; k + 1) � 4
a0

ak+1
+

�
a0

ak +1

�

X

i =0

4
�

a0 � i ak+1

ak

�
+

�
a0

ak +1

�

X

i =0

4(2)k(k+1) =2

k!
(a0 � i ak+1 )k

(a1a2 : : : ak )

Applying the upper bound given in lemma 4.2 to the sumsin the above expressiongives

N(a0; k + 1) � 4
a0

ak+1
+ 4

(a0 + ak+1 )2

2 akak+1
+

4(2)k(k+1) =2

k!(a1a2 : : : ak)
(a0 + ak+1 )k+1

(k + 1)ak+1

=) N(a0; k + 1) � 4
a0

ak+1
+

4(2)
k ( k +1)

2 (2)k+1 ak+1
0

(k + 1)!(a1a2 : : : ak+1 )

which is the upper bound for k + 1. �

The last step in the proof might demand someexplanation. We replace the ak+1 in the term (a0 +
ak+1 )k+1 by a0 (and a0 � ak+1 by assumption). By rewriting (a0+ a0)k+1 as(a0+ ak+1 + (a0� ak+1 ) )k+1

and consideringthe binomial expansionof the same,one could seethat the quadratic term in the right

hand side of the inequality
�

4
(a0 + ak+1 )2

2 akak+1

�
would be dominated by the terms added on.

The proof for statement 2 (integer branching case)is similar to the one given above.
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5 A decomp osable knapsack problem
Aardal and Lenstra [2] studied a classof the equality-constrained knapsack problem (4) in which the
coe�cien ts decompose as ai = pi M + r i for i = 1; : : : ; n; where pi 's and M are natural numbers
and r i 's are integers. For this class of problems, they derived a lower bound on F (a) in which the
dominating term was quadratic in M . The authors also calculated the upper bound on F (a) using the
formula provided by Brauer (seeSection3). We reproducethe expressionfor the lower bound (denoted
by f (p;M ; r )) from their paper.

f (p;M ; r ) =
(M 2pj pk + M (pj r k + pk r j ) + r j r k )

�
1 �

2
M + (r j =pj )

�

pkr j � pj r k
� 1 (11)

In this expression,r j =pj = maxi =1 ;:::;n f r i =pi g and r k=pk = min i =1 ;:::;n f r i =pi g. We already noted that the
hardest instancesof the problem (4) for the B&B algorithm to solve are the onesin which a0 = F (a).
The authors demonstrated by a computational study that the lower bound on F (a) given in Equation
(11) is very closeto the actual value when the vectors p and r are chosento be short comparedto M .
At the same time, these integer-infeasibleinstances (with huge M values) prove to be very hard for
branch-and-bound to solve (prove integer infeasibility).

In order to study the worst casecomplexity of the B&B algorithm (2), we consider an integer-
infeasible instance of the knapsack problem (4) with a0 = F (a). We assumethat the coe�cien ts
decomposeas a = pM + r , with M chosensu�cien tly large so that the lower bound on F (a) is valid
(speci�cally , we require M � maxf (r j =pj ) � 2(r k=pk ); 2 � (r j =pj );

P n
i=1 jr i j=2 g - see[2]). In fact, we

assumeM � pi ; r i for all i = 1; : : : ; n. We analyze the lower bound on the number of B&B nodes for
this problem given by Theorem 4.1, N(a0; n), by using the lower bound f (p;M ; r ) on F (a). Noting the
fact that f (p;M ; r ) is quadratic in M , one can guessthat the dominating term in the expressionfor
the lower bound for N(a0; n) in Equation (8) is M n� 1. We derive an expressionfor a lower bound on
N(a0; n) that contains precisely this dominating term. For easeof calculation, we work with a lower
bound on F (a) that is slightly di�eren t from the one given in Equation (11), as expressedbelow.

f 1(p;M ; r ) =
(M + r j =pj )(M + r k=pk � 2)

(r j =pj � r k=pk)
(12)

One can verify that f 1(p;M ; r ) = f (p;M ; r ) � 1. Hence,F (a) � f 1(p;M ; r ). Using this lower bound in
Equation (8) gives

N(a0; n) �
4

(n � 1)!
[f 1(p;M ; r )]n� 1

(a2a3 � � � an )
=

4
(n � 1)!

�
M +

r j

pj

� n� 1 �
M +

r k

pk
� 2

� n� 1

�
r j

pj
�

r k

pk

� n� 1

(p2M + r2) � � � (pnM + rn )

=
4

(n � 1)!
1

�
r j

pj
�

r k

pk

� n� 1

(p2 � � � pn )

�
M +

r j

pj

� n� 1 �
M +

r k

pk
� 2

� n� 1

�
M + r 2

p2

�
� � �

�
M + r n

pn

�

� C(n)
�

M +
r k

pk
� 2

� n� 1

where C(n) is independent of M :

Under the assumption that M � pi ; r i for i = 1; : : : ; n, the above expressionfor the lower bound on
N(a0; n) directly leadsto the main result of this paper.

Theorem 5.1. The number of B&B nodes examined by the LP-based branch-and-bound algorithm 2
applied to an integer feasibility problem is exponential in the number of variables in the worst case.
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6 Analysis of the bounds

For the two-dimensional case,the number of nodes examined by the B&B algorithm (2), denoted by
N(a0; 2), is known exactly (seeSection4). Examining the form of the lower bound on N(a0; n) as given
in Theorem 4.1 for n � 3, onecan seethat its value will be large if a0 is large comparedto the individual
coe�cien ts ai . For example, consider the n = 3 instance of the decomposableknapsack problem given
by Aardal and Lenstra (Example 1 in [2]).

P = f x 2 R3 j 12223x1 + 12224x2 + 36672x3 = 149389505; x � 0g; Is P \ Z3 = ; ? (13)

The coe�cien ts decompose as pM + r , with M = 12223, p = (1; 1; 3)T , and r = (0; 1; 3)T . The
Frobenius number for this instance is 149389505,which is also the capacity of the knapsack constraint.
Using this value of a0 in the bounds in inequalities (8) and (9) gives the lower bound on N(a0; 3) as
99; 568; 562 and the upper bound as 2:5961� 1013 B&B nodesusing binary branching, and 24; 892; 140
and 6:4902� 1012 B&B nodesusing integer branching. If this problem is solved using CPLEX 8.0 under
the default settings, the number of B&B nodes examined to prove infeasibility is 23; 481; 314. With
all cutting planes and presolve options in CPLEX 8.0 turned o�, the number of B&B nodes goes up
to 24; 900; 061. The reader should note that the branch-and-bound algorithm employed by CPLEX is
somewhatdi�eren t from the basicB&B algorithm (2). The di�erence is quite striking even for the case
of n = 2. Consider the knapsack instance with a1 = 26; a2 = 49 and a0 = 391 (which is the Frobenius
number for this instance). We obtain N(391; 2) = 48 using binary branching and N(391; 2) = 12 using
integer branching. On the other hand, CPLEX 8.0 proves the infeasibility of this instance in a single
B&B node, even with all the cutting planes and presolve turned o�. Still, the number of B&B nodes
examined by CPLEX without the use of cutting plane generation and presolve routines gives a fair
idea of the actual number of sub-problemsenumerated by the branch-and-bound algorithm (2) for the
decomposableknapsack problems studied. Consider another example of this problem for n = 4 where
the coe�cien ts are given by a = (322; 323; 645; 968)T . The lower bound on the Frobenius number is
103361. Using this value for a0 actually creates an integer-infeasible instance. The lower bound on
N(a0; 4) is 3; 600; 171 B&B nodes using binary branching (900; 043 under integer branching). When
solved using CPLEX 8.0 (with no cutting planesor presolve), 507; 111 nodesare examined.

The lower bound on N(a0; n) is small when a0 is of the sameorder of magnitude as the ai 's. For the
classof instanceswhere the knapsack coe�cien ts do not necessarilydecomposeas described in Section
5, the Frobenius number is usually not much larger than the coe�cien ts themselves (seethe problem
instancesof this kind reported in [2] { theseare the instancesnamed prob11 to prob20 given in Table
1 of this paper). Consider the instance prob11 as an example. n = 10 in this case,and the coe�cien ts
rangefrom 11615to 130204,but do not decomposeinto two component vectors. The Frobeniusnumber
for this instanceis reported as577134.Using this value for a0, the lower and upper boundson N(a0; 10)
become7623and 1:3645� 1021 (under binary branching). At the sametime, CPLEX 8.0 enumerates
41633 nodes, even if we allow the use of cutting planes and presolve. With the cutting planes and
presolve options turned o�, CPLEX 8.0 examines88860B&B nodes. Hence,onecould surmisethat the
lower bound on N(a0; n) could underestimate the actual number of B&B nodesenumerated when the
coe�cien ts are not decomposable.

The upper bound on N(a0; n) provided by Theorem 4.1 appearsto be a highly conservative estimate
of the actual number of B&B nodesenumerated. Irrespective of the relative magnitudes of a0 and the
ai 's, the dominating factor turns out to be the 2n(n+1) =2 term in the expressionfor this upper bound.
This factor was introduced mainly for the easeof proving the induction step in proof of Theorem 4.1.

7 Conclusions and Remarks

We study the performanceof linear programming-basedbranch-and-bound algorithms applied to integer
programming feasibility problems.We derive lower and upper boundson the number of nodesthat need
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to be examinedby linear programming-basedB&B to prove the infeasibility of an equality-constrained
knapsack problem. A classof integer-infeasibleknapsack problems where the coe�cien ts decomposeas
a = pM + r; with pi ; M 2 Z> 0 for i = 1; : : : ; n and r i 2 Z with M � pi ; r i yields an expressionfor
the lower bound on the number of nodesexaminedby B&B that varies as M n� 1. This result provides
a direct and unique proof for the worst-caseexponential sizeof branch-and-bound proofs (using binary
or integer branching) for integer feasibility problems.

The results in this paper could beextendedto the caseof an infeasiblesystemof knapsack inequalities
of the form � � aT x � 
 . The line in Figure (1) will bereplacedby a thin band createdby the two parallel
lines aT x = � and aT x = 
 , still avoiding all the integer points. A couple of other key observations
are in order as well. First, cutting planes are not consideredin our analysis at all. At this point, it
is not very clear how we could incorporate one or more classesof cutting planes into the framework
used to explicitly count the number of nodesexamined by the B&B algorithm. A direct proof for the
exponential sizeof a cutting plane proof for a general integer program (as compared to that for a 0{1
program) would be interesting in its own sense.Secondly, we show in another paper that the classof
decomposableknapsack problems that give rise to the exponential size of the B&B tree are trivial to
solve if we branch on hyperplanes(or on integer linear combinations of the variables) rather than on
the individual variables themselves. A column basis reduction-basedreformulation easily identi�es the
favorable hyperplanesthat should be branched on. In fact, we show that the infeasibility of the system
in question could be proved by branching on a single hyperplane.
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