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Abstract

Semide nite programs are a classof optimization problemsthat have beenthe focus of in-
tense researt during the past fteen years. Semide nite programs extend linear programs,
and both are de ned using deterministic data. However, uncertainty is naturally presert in
applications leading to optimization problems. Stochastic linear programs with recourse have
been studied since the fties as a way to deal with uncertainty in data de ning linear pro-
grams. Recerly, the authors have de ned an analogousextension of semide nite programs
termed stochastic semide nite programs with recourseto deal with uncertainty in data de ning
semide nite programs. A prominent alternativ e for handling uncertainty in data de ning linear
programs is chan@-mnstrained linear programming. In this paper we introduce an analogous
extension of semide nite programs termed chane-onstrained semide nite programs for han-
dling uncertainty in data de ning semide nite programs.

AMS Subject Classications: 90C15,90C22,90C05,90C51

Keyw ords: Linear programming, stochastic programming, semide nite programming, chance-
constraints

1 Intro duction

Semide nite programs [1, 16, 18, 14] are a class of optimization problems that have been stud-
ied extensively during the past fteen years. Semide nite programs extend linear programs, and
sinceboth are de ned using deterministic data we shall refer to them as deterministic semide nite
programs (DSDP's)! and deterministic linear programs (DLP's) respectively.

Uncertainty is naturally preser in applications leading to optimization problems. (Tw o-stage)
stochastic linear programs (with recourse)(SLP's) [6, 17, 7, 3, 8, 11] have beenstudied since the
fties as a way to deal with uncertainty in data de ning DLP's. Indeed, the incorporation of
uncertainty preseri in applications into models is so important that stochastic programming is
currently one of the most active researt sub elds of optimization.
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1 As is customary in mathematical programming and optimization literature, we usethe term deterministic semidef-
inite program to mean the generic form of a problem, and the term deterministic semide nite programming to mean
the eld of activities basedon that problem. Both will be denoted by the acronym DSDP, while the acronym DSDP's

will denote the plural of the rst usage. Acronyms DLP, SLP, SSDP, CCLP and CCSDP are de ned and usedin the
same sense.



In a recent paper [2] (seealso[9]), the authors have de ned a classof optimization problems
termed (two-stage) stochastic semide nite programs (with recourse) (SSDP's) to deal with uncer-
tainty in data de ning DSDP's. SSDP's are related to DSDP's in the sameway that SLP's are
related to DLP's.

Chanee-mnstrained linear programming (CCLP) [4, 5, 10, 11, 12] is a prominent alternative
to SLP for handling uncertainty in data de ning DLP's. In this paper, we introduce a class of
apparertly new optimization problemsthat we referto aschane-oonstrained semide nite programs
(CCSDP's). CCSDP's are related to DSDP's in the sameway that CCLP's are related to DLP's,
and CCSDP is an alternative to SSDP for handling uncertainty in data de ning DSDP's.

The rest of this paper is structured as follows. In x2, we indicate our notation and some
preliminaries setting the stagefor our de nition of a CCSDP given in x3. The main reasonthat
semide nite programming and stochastic programming are two of the most vibrant researt elds
of optimization is their applicability. In order to demonstrate the applicability of SSDP, in [2], the
authors indicated how an SSDP may be formulated for dealing with uncertainty in data de ning
the minimum-volume covering ellipsoid problem [16, 13] which is often cited as an example DSDP.
In x4, we shov how CCSDP as de ned in x3 of this paper provides an alternative way to handle
uncertainty in data de ning the minimum-volume covering ellipsoid problem. We conclude the
paper briey in x5 commerting on how the de nitions in this paper and [2] indicate the usefulness
of possiblejoint activities by researdersin semide nite programming and stochastic programming.

2 Preliminaries

Our notation on DSDP's follows that of Todd [14]. Let R™ " and R"-" denote the vector spaces

of realm n matrices and real symmetric N n matrices respectively. For U;V 2 R"-", we write

U O0(U 0)to meanthat U is positive semide nite (positive de nite), andU V orV U to

meanthat U V 0. ForU;V 2 R™ " wewrite U V := trace(UTV) to denote the Frobenius

inner product betweenU gnd V. Given U; 2 R" N fori= 1;2;:::;n, weusediag(Uy; Us;:::;Up)

to denotethe matrix in RC =2 M) € - M) with Uy;Up;:::; U, onthe diagonal and zeroselsewhere.

A DSDP in primal standad form is
minimize C X
subjectto A; X = D i=212:::;m D)
X 0;

whereAj 2 R"-"fori = 1;2;:::;m, b2 R™ and C 2 R"-" constitute given data, and X 2 R"-"
is the variable. A DSDP in dual standad form is

maximize b"
o Py 2)
ject to i-1 YiAj C

where Aj 2 R"-" fori = 1;2;:::;m, b2 R™ and C 2 R"-" constitute given data, andy 2 R™ is
the variable.
It is possibleto convert a problem in the form of (2) to an equivalernt problem in the form of
(1) and vice versa(see[18, 16]). Also, it is appropriate to refer to (1) and (2) asthe primal form
and the dual form respectively due to the duality theory that exists betweenthem (see[14, x4]).
A DLP in primal standard form

minimize c¢'x
subjectto Ax =

b 3)
X 0



and its dual
maximize by
subjectto ATy c

where A 2 R™ "' b2 R™ and ¢ 2 R" constitute given data, x 2 R" is the primal variable,
and y 2 R™ is the dual variable are special casesof (1) and (2) respectively. This follows from
the assaiations C := diag(cy;C;:::;¢Ch), Aj = diag(Ai1; Ai2;:::;Aip) fori = 1;2;:::;m, and

Now considerthe DLP
maximize b’y
subjectto ATy c (4)
TTy
where A2 R™ "1 T2 RM "2 p2 RM ¢c2 R", and 2 R"2 are deterministic data, andy 2 R™
is the decisionvariable. Clearly, (4) is a DLP in dual standard form.

A CCLP basedon (4) is de ned as follows. Supposethat the vector and the matrix T are
both random depending on an underlying outcome! in an event space with a known probability
function P. Let the symbol P denote probability. Then it is meaningful to require that the
probability of the constraints TT(! )x (') being satis ed is at least some prescribed value
p 2 (0;1), rather than requiring that they hold for all outcomes! 2 . This leadsto the problem

maximize bly
subject to ATy c (5)
PTI()y (1) p

which is termed a CCLP [4, 5, 10, 11, 12].

Constraints in the form of the last constraint of (5) arise naturally in various applications and
are called chance-constrairis (or probabilistic-constraints). Sud constraints can be viewed as a
relaxation of the requiremert that constraints are enforcedfor all possiblevaluesof uncertain data,
which could be prohibitiv e or even impossible. In practice, p 2 (0;1) may be chosencloseto 1.

3 Denition of a CCSDP

We de ne a CCSDP basedon deterministic data A; 2 R"-"t fori = 1;2;:::;m, b2 R™, and
C 2 R"-N1: and random data W; 2 R"2-"2 for i = 1;2;:::;m, and D 2 R"2-"2 whoserealizations
depend on an underlying outcome ! in an event space with a known probability function P.
Given this data, we de ne a CCSDP asthe problem

maximize b'y
xn
subject to ViAi C
i=1 (6)
xn
P ywi(') D() p

i=1

wherey 2 R™ is the variable, and p 2 (0; 1) is someprescribed value.

4 An application

In this section we describe an application and its formulation as a CCSDP. Our application is a
stochastic version of the minimum-volume covering ellipsoid problem (see[16, 13]) often cited as
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an example DSDP. In [2] we formulated an alternativ e stochastic version of the minimum-volume
covering ellipsoid problem as an SSDP.

4.1 Preliminaries

Supposethat we are given ellipsoidsE R", i = 1;2 de ned by
E:=fx2R":x"Hix+2g'x+v; Og;

whereH; 2 R"-",H; 0,g 2 R"andv; 2 R fori = 1;2. Then E; cortains E; if and only if there
is a 0 such that matrix inequality

Hi o H o
QI Vi 9; \%)

holds [15]. Now considerthe ball B R" represened by
B:=fx2R":x"x 2x'x+ 0g:

The cegter of B is x and its radiusis  xTx . The distance from the origin to the certer of the
ball is xTx.
The ball B cortains the ellipsoids E; and E, if and only if there exist 1 Oand , 0 suc

that
I X o Hig .
xT ! QiT vi e

4.2 The Application

We describe the application in genericterms rst. Supposethat we are given ny xed ellipsoids
E:=fx2R":x"Hix+2g'x+vi 0g R",i=12::;n;. HereH; 2 R"™-", H; 0,g 2 R"
andv; 2 R fori = 1;2;:::;n¢ are deterministic data. We are also given n, random ellipsoids
E():=fx2R":x"Hi()x+26( ) x+w() O0gi=12::;n. Herefori=1,2;:::;n,,
Hi()2R™-" Hj(!) 0,g(')2R", %() 2 R arerandom data whoserealizations depend on an
underlying outcome! in an event space with a known probability function P.

Supposethat we needto determine a ball subject to two types of constraints: the ball must
contain all ny xed ellipsoids; and it must contain the n, random ellipsoids with probability at
leastp 2 (0;1). We assumethat the cost of choosing the ball has two componerts: the cost of the
certer is proportional to the Euclidean distance to the certer from the origin, and the cost of the
radius is proportional to the squareof the radius. The secondtype of constraint mertioned above
can be viewed as a relaxation of the requiremert that the ball contains all the realizations of the
n, random ellipsoids, which could be prohibitiv e or even impossible. The certer and the radius are
to be determined sothat the total costis minimized.

Before proceedingto formulate a model for this genericapplication, we indicate a more concrete
versionof it. Let n ;= 2. The xed ellipsoids contain targets that needto be destroyed, and the
random ellipsoids cortain targets that also needto be destroyed but are moving. Fighter aircrafts
take o from the origin to destroy both types of targets with a planned disk of coverage having
the following properties: the disk contains all the xed ellipsoids; and it cortains the realizations
of the random ellipsoids with probability at leastp 2 (0;1). Our model determinesthe certer and
the radius of the disk of coveragesothat the total costis minimized.



4.3 Formulation of the Mo del

Our goalis to determinex 2 R" and 2 R sud that the ball B de ned by

B:=fx2R":x"x 2x'x+ 0g

contains the xed ellipsoids E for i = 1;2;:::;n¢, and the realizations of the random ellipsoids
E(') fori = 1;2;:::;n, with probability at leastp 2 (0;1). Note that the certer of B is x and that
the squareof the radius of B is xTx . We introduce the two constraints
dil X
XT dl 0 (7)
and
I X )
xT d, + O (8)
By Sgur Complemerts (7) is equivalert to d; xT(dil) 1x 0 which in turn is equivalert to
dy xTx. Constraint (8) is similarly equivalert to d, + xTl Ix 0and to the constraint
dr  xT . Thusds is an upper bound on the distance betweenthe certer of the ball B and the

origin, xTx. Similarly, d is an upper bound on squareof the radius of the ball B, xTx
Let ¢ 0 denote the cost per unit of the Euclidean distance betweenthe certer of the ball B

and the origin, and 0 be the cost per unit of the squareof the radius of B.
We de ne the decisionvariable x 2 R("f ¥ N +n+3) zg
h i T
x= dydyx’; T

where exceptfor the auxiliary variables 2 R"f and 2 R"r, other variablesare asspeci ed above.
We alsointroduce the unit costvector ¢ 2 R(Mt #Nr+n+3) ag
h .

It
ci= ¢ ; 0;0;0";0" :
Then we get the model
minimize c’x
subject to
| X - Hi g 1o,
XT | gIT V| ’ I = 11 21- 1nf!
0 ;
d1| X .
0 T dy 9)
I X .
0 xT d + '
I X Hil) &t) .. _ ..., .
P ; c1=1:2000n ;
XT CgT() i) P
0



Problem (9) is a CCSDP as de ned in x3. We now indicate the assignmeits that needto be
madein (6) to obtain (9). First letny:=ns +n,+3(n+ 1), m:=nf+n,+n+3,andny:= n+ 1.

Thenlety:= x andb:= c. WeuseO0, to denotethe zerovector in R", and 0, to denotethe zero
matrix in R"-". Let g bethe i-th elemerary vector in R", and |, be the identify matrix in R"-".
Then fori = 1;2;:::;(nf + n; + n+ 3), we de ne matrix A; 2 R +nr+3(n+D) _(ns +nr+3(n+1)) g
follows:
A1 = diag(On+1); Onis T(n+nys Omsay s On, )
. Ohn O
A, = diag Opn+1); Ong; Oty ; 0? 1” ; O,
n
fori=34;:::;(n+ 2)
, On &i 2 On &i 2 On &i 2
A; = diag T i On s T ; T ; On,
: & 2 0 ni & 2 0 & 2 0 n
o O On ., . S0 O L,

A(n+3) (i dlag O'rr|]1 ]l:] ) Onf ) 0(n+1) ’ O'rr|]1 nl ) Onr )

fori=(n+4);(n+5);:::;(nf + n+ 3)
o Hin3 9inaz . . . . .
Ai = diag T _ ;diag( e n 3)); On+1); On+1); On,
9% n 3 Yin 3

andfori=(nf +n+ 4);(nf +n+5);:::;(Nng + np+ n+ 3)

A = diag 0(n+1);o(nf); 0(n+1);o(n+1);diag( e(i ng n 3)) :

Next we de ne C 2 R(Nr*+nr+3(n+1)) _(n¢+nr+3(n+l)) zg

. In On In On
C := dia » Ong 5 Onsy s : On,
9 o o thetensognog o

Then fori = 1;2;:::;(ns + n, + n+ 3), we de ne matrix W;(!) 2 R _(1*1) asfollows:

Wq(!) = 0(n+:|.) ;
Wao(!) = On+1y 3

fori=34:::;(n+ 2)
On &i 2)
! ea 2 0
0, O
Wiz (1) = T
(n+3) o 1
fori=(n+4);(n+5);:::;(nf + n+ 3)
Wi(l) = On+1y s
andfori=(nf +n+4);(nf +n+5);:::;(ng + np+ n+ 3)
" #
Wil ) = Hi ne n 9(") 8 ne no3)(!)

ga N n 3)(!) V'(i ng n 3)(!)
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Finally, we de ne D(! ) 2 R(MD _(n+1) a5

D('):=

With theseassignmets in (6) we get (9), and so(9) is a CCSDP asde ned in x3.

5 Concluding Remarks

In this paper, we have de ned an apparertly new paradigm for stochastic optimization that weterm
chance-constrainedsemide nite programming (CCSDP). CCSDP is an alternative to (two-stage)
stochastic semide nite programming (with recourse)(SSDP) de ned in [2] for handling uncertainty
in data de ning semide nite programs. Our developmeris of CCSDP in this paper, and of SSDPin
[2] are such that they parallel the corresponding developmerts leading to chance-constrainedlinear
programs (CCLP's) and (two-stage) stochastic linear programs (with recourse)(SLP's) as ways of
handling uncertainty in data de ning linear programs. As a consequencefeseart problems on
applications, algorithms and theory pertinent to CCSDP and SSDP, and possibleways for their
solution essetally suggestthemselhes. For example, it readily becomesapparert that an SSDP
and a CCSDP can be conbined into a single model similar to the way an SLP and a CCLP is
conmbined in [17].

Semide nite programming and stochastic programming are two of the most vibrant researt
sub elds of optimization. This paper and [2] suggestexciting new possibilities for joint work by
researtersin the two elds.
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