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Self-Concordanad a VolumetricBarrier Suitablefor Deriving
Decompsition Algorithmsfor StochasticSemide nitePrograms

K. A. Ariyawansa and Yuntao ZhuY

Abstract

Ariy awansaand Zhu [3] have recertly proposeda new classof optimization problemstermed
stochastic semide nite programs (SSDP's). SSDP'smay be viewed asan extension of two-stage
stochastic (linear) programswith recourse(SLP's). Zhao [16] has derived a decomposition algo-
rithm for SLP's basedon a logarithmic barrier and provedits polynomial complexity. Mehrotra
and Ozevin [9] have extendedthe work of Zhao [16] to the caseof SSDP'sto derive a polyno-
mial logarithmic barrier decomposition algorithm for SSDP's. An alternativ e to the logarithmic
barrier is the volumetric barrier of Vaidya [12]. The volumetric barrier is technically more
complicated than the logarithmic barrier, and there is no work basedon the volumetric barrier
analogousto that of Zhao [16] for SLP's or to the work of Mehrotra and Ozevin [9] for SSDP's.
The purpose of this paper is to prove self-concordance[10] of a volumetric barrier suitable
deriving decomposition algorithms for SSDP's. Self-concordanceis an important preliminary
result usually establishedas part of proving polynomial complexity of interior point algorithms.
The results in this paper can be usedto derive polynomial volumetric barrier decomposition
algorithms for SLP's as well SSDP's. Two forthcoming papers will presert the details of such
algorithms for SLP's and SSDP's.

Keywor ds: stochastic linear programming; semide nite programming; stochastic semide nite
programming; volumetric-barrier; self-concordance

1 Intro duction

Ariy awansa and Zhu [3] have recerily proposed a new class of optimization problems termed
stochastic semide nite programs (SSDP's). SSDP's may be viewed as an extension of two-stage
stochastic (linear) programs with recourse(SLP's) [5, 6, 4, 8, 11]. Alternativ ely, SSDP's may be
viewed as an extension of (deterministic) semide nite programs (SDP's) [1, 13, 14, 15]. Zhao [16]
has derived a decomposition algorithm for SLP's basedon a logarithmic barrier and proved its
polynomial complexity. Mehrotra and Ozevin [9] have extended the work of Zhao [16] to the case
of SSDP'sto derive a polynomial logarithmic barrier decomposition algorithm for SSDP's. The
work of Mehrotra and and Ozevin [9] utilizes the viewpoint that SSDP's are extensionsof SLP's
and the work of Zhao [16].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [12]. It has been
obsened|[7] that certain cutting plane algorithms for SLP's basedon the volumetric barrier perform
better in practice than those basedon the logarithmic barrier. The authors know of no work based

Department of Mathematics, Washington State Univ ersity, Pullman, WA 99164-3113,USA. (ari@wsu.edu). The
work of this author was supported in part by the U.S. Army Researh O ce under Grant DAAD 19-00-1-0465.

YDepartment of Mathematics, Washington State Univ ersity, Pullman, WA 99164-3113,USA. (zhuyt@wsu.edJ.
The material in this note is part of the doctoral dissertation of this author in preparation at Washington State
Univ ersity.



on volumetric barriers analogousto that of Zhao [16] for SLP's or to the work of Mehrotra and
Ozevin [9] for SSDP's.

The purposeof this paper is to proposea volumetric barrier suitable for deriving decomposi-
tion algorithms for SSDP's, and to prove its self-concordance. Self-concordanceis an important
preliminary result usually establishedas part of proving polynomial complexity of interior point
algorithms. The volumetric barrier is technically more complicated than the logarithmic barrier,
and moreover, there are no volumetric barrier algorithms analogousto that of Zhao [16] for SLP's.
Therefore, our task is more complicated than that of Mehrotra and Ozevin [9] in extending the
work of Zhao [16] for SLP's to the caseSSDP's. Howewer, Anstreicher [2] has deweloped a volu-
metric barrier for SDP's, and proved its self-concordance.The presen paper utilizes the work of
Anstreicher [2] and the viewpoint that SSDP'sare an extensionof SDP's. The results in this paper
can be usedto derive polynomial volumetric barrier decomposition algorithms for SLP's as well
SSDP's. Two forthcoming paperswill preser details of such algorithms for SLP's and SSDP's.

We begin by introducing our notation and then de ning a SSDP in primal and dual standard
forms. Let R™ " and R"-" denote the vector spacesof real m n matrices and real symmetric
n n matrices respectively. For U;V 2 R"-" wewrite U 0 (U 0) to meanthat U is positive
semide nite (positive de nite), and we use U V orV U to meanthat U V 0. For
U;V 2 R™ "wewrite U V := trace(UTV) to denotethe Frobeniusinner product betweenU and
V.

We now de ne a SSDP with recoursein primal standard form basedon deterministic data
Aj 2 RM-"M fori = 1;2:::;mq, b2 R™ and C 2 R"™-"1; and random data T; 2 R"*-"* and
W; 2 R"™-"2forj = 1;2;:::;mp, h 2 R™2, and D 2 R"2-"2 that depend on an underlying outcome
I in anewert space with a known probability function P. Given this data, a SSDPwith recourse
in primal standard form is

minimize C X + E[Q(X;!)]
subjectto A; X = b; i=1;2:::;,mq D)
X 0

where X 2 R"1-" s the rst-stage decisionvariable, Q (X;!) is the minimum of the problem

minimize D(') Y

subjectto T;(!) X + W;(') Y = h(), j=L2::m; 2)
Y 0
whereY 2 R"2-"2 js the second-stagevariable, and
Z
E[Q(X;1)]= Q((X;!)P(d!): ()

Also we de ne a SSDP with recoursein dual standard form basedon deterministic data A; 2
RM-M forj= 1;2;:::;mq, b2 R™ and C 2 R"-"t; and random data d 2 R™M2, W; 2 R"2-"2 for
i=1;2:::;mq, T; 2 R"2-"2 fori = 1;2;:::;m5, and D 2 R"2-"2 that depend on an underlying
outcome! in an event space with a known probability function P. Given this data, a SSDP
with recoursein dual standard form is

maximize b'y +X‘E [Q(y;!)]

subject to ViAi C (4)
i=1



wherey 2 R™ s the rst-stage variable, Q (y;! ) is the maximum of the problem

maximize  d(! )Tx

X1 X2 (5)
subject to viwi(t) + XiTi(!) D()

i=1 i=1

wherex 2 R™M2 s the second-stagevariable, and

Z
E[Q(y;!1)]=  Q(y;!)P(d!): (6)
We now examinethe SSDP(4,5,6) in dual form whenthe evert space is nite. Let f(d®); (W,"
i= 1,2:00m) (TN i = 1,2:0;my);D®) 1 k = 1;2;:::;K g be the possible values of
the random variables (d(! ); (Wi(!) : i = L2:::;m);(Ti(Y) i = 1;2;:::;my);D(V)) and let

P = P (A" );(W;(M) ii=L2:00,m); (Ti(M) :i=21;2:::;mp);D(Y)) =
(d®; W™ = 1200 my) (TN 1= 1,2::1;mp); D) bethe assaiated probability for
k=1;2:::;K. Then problem (4,5,6) becomes

ke K
maximize b’y + P QM (y)
k=1
(7)
X1
subject to ViAi C;
i=1

wherey 2 R™ is the rst-stage variable, Q¥ (y) is the maximum of the problem
maximize (d®))Txk)

X1 2 (8)
subject to yiw® 4 x 8 T0 D (K-

i=1 i=1

x

where x(K) 2 R™M2 s the second-stagevariable, for k = 1;2;::::K..

In the next sectionwe introduce a volumetric barrier suitable for deriving decomposition algo-
rithms for the SSDP (7,8). x3 cortains the main results of this paper. In that sectionwe show that
the volumetric barrier introducedin x2 is self-concordan.

2 A Volumetric Barrier for SSDP (7,8)

Before we proceed, we notice that the constraints in (7,8) are negative semide nite while the
commonpractice in the SDP literature isto usepositive semide nite constraints. Sofor corvenience
we rewrite the problem asfollows. First we rewrite (7,8) in the form

ke K
maximize b’y + P QM (y)
k=1
X1
subject to yiAi C G
i=1



wherefor k = 1;2;:::; K
QK (y) : = maximize (dK))Tx®)
X1 x

2
subject to yiw® 4+ xkgkpo o
i=1 i=1

Then we multiply all the constraints by (1) and replace eath data matrix in the constraints by
its negative. We get

ke K
maximize b’y + P QM) (y)
k=1
9)
X1
subject to ViAi C 0
i=1
wherefor k = 1;2;:::; K
QK (y) : = maximize (d®))Tx®)
) X2 (10)
subject to yiw® + o x®W1kplo o
i=1 i=1
We de ne the following feasibility sets
X1
Fi=fy:Suy):= vyiAi C 0g
i=1 o1 02
FOW =fx:s¥yx) = yw®+ x01® po og k=12:5K;

i=1 i=1
Fo=fy :y2F; st Fék)(y) 6;; k=12:;Kg;

T
F = Fl FQZ
We make the following assumption

Al F 6 ;:

Under Assumption Al, the logarithmic barrier for F 1 is the function
fa(y) = Indet(Si(y)); y2Fy;

and the logarithmic barrier for Fék) (y) is the function
f9) = Indet(Si(y;x);  x2 F(y); k= 12K

The volumetric barriers for S;(y) and Sék)(y;x); k= 1,2::;K ; asde ned by Vaidya (Seealso
Nesterosr and Nemirovskii [10]) are the functions

Vi(y) = gin det(r 2F4(y))
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v (x) = %m det(r 2f$9(x))

respectively.

We now de ne the volumetric barrier SSDP relative to the SSDP (9,10) as

ke K
maximize (;y):=b'y+  pck(;y)+ Va(y)
k=1
(11)
X1
s.t. yiAi C 0
i=1
wherefor k = 1;2;:::; K
(5 y) 1= maximize (d®)Tx® + v M(x)
X1 X2 (12)
st. yw® 0+ x97 pk o
i=1 i=1

From here onwards we drop the superscript (k) when that doesnot lead to confusion. Also,
when in (12) is held constart, we abusethe notation for the sake of corvenienceby writing ¢ (y)

in place (; v).
Let T bethe matrix whosei" columnis Vec(Ti(k)) fori = 1;2;::;;m1. Then the Hessianmatrix
H := r 2f,(y;x) can be represerted in the form
H:=r2f,(x))=TT[S,' S,HT:
We now make the following assumption:

A2 The columnsof T are linearly independert.

Note that by A2 and (12), H is positive de nite. We have the following:

@/zéi’iix) = (TH 7Ty (Slei(k)Szl $S, 1)
= P (5,71, )
7@/2&”‘) = (TH TT) (5,'w¥s,t s,
= P (5,7WYs, ™ g1y,
where
P=P(S)= (S, S, )TAT(S,! S,HT) TS, 5,9 (13)

is the orthogonal projection onto the range of (S, > S, '™)T;

3y Valyix) = @@@Vz(y;X) = 2Q¥ + RY 2T,




where
ley = (TH 1TT) (S lT(k)S 1Wj(k)82 1 SSZ l)

Xy — (TH 1TT) (S 1T(k)s 1 SSZ le(k)82 1)

T = (TH 1TT) (5,1TWs,t (s, HTH TT(s,'w¥s,t ¢s, by,

r )Z’XVZ(y;X) = Vo(y;X) = ZQVX + RYX 2TV

@@
where
Q= (TH 1TT) (5,'wls,i1¥s,t ¢s,Y)
R = (TH 1TT) (5,'ws,! ¢s,1T0s, )
T = (TH 1TT) (S5,'wls,t ¢85, )TH 1TT(s,1TWs,t ¢s, by,
@
r )Z(XVz(y;X) = @2V2(y X) - ZQXX + R 2TXX;
where
Q¥ =(TH ) (5,'1¥s, 118, 55,
Rl)fjx = (T H 1T T) (82 1Ti(k)82 1 s 82 1Tj(k)82 l)
Tif = (TH 1TT) (S T8, (8, HTH 1TT(s, 1Tj(k)sz Lssh;
@
VAl = GaVelyix) = 2Q7 + RW 2T,
where

ny = (TH 1TT) (S, 1Wi(k)82 1Wj(k)82 1 .S, 1)
k k
Ri)ij = (TH 1T T) (S, 1Wi( )52 1 .S, 1Wj( )52 1)

k k
T = (TH 1TTT) (S,'wls,t ¢S5, H)TH 1TTT(S, 'wls,t s, Y):

Prop osition 1
r iy Va(y;x) = [r §Va(y:x)]T (14)



Proof: First weshav QY = QY : Consider

Q¥ = (TH TN (5,'w¥s,11Ws,t ¢s,h
= trace (TH TT)(S,'w¥s,1T®s, 1 5,17
k k
= trace (TH T7)(s,'w s, 1TWs,1 ¢s,1)
- (TH 1TT) (S2 1Wi(k)82 1Tj(k)821 SS2 1)T
= (TH TN (5,1¥s,tw s, (s,
I
X

By similar argumerts we can shaw that R = R and T* = T, ; hence

r 2 Va(y;x) = [r 2 Valy; x)]":

Prop osition 2 For any (y;x) suchthat Sy(y;x) Owehavethat 0 QYY r §yV2(y;x).
Proof: Let 2 R™M:, 6 0O: Then
X
QY = QY i;=TH T (5,'BS,'BS,' sS,1)=P (B? sl);

8]
P

whereB = B( )= 2™ W, andB = S, BS, ™ Similarly

TRY =TH T (5,'BS,' $S,'BS,)=P (B B);

W =TH T (S,'BS,! sS,)TH '1(S,'BS,! sS,))=P (B sI)P(B l):

Sincel, P and B2 are all positive semide nite, we immediately have Q¥YY  0: In addition, the
fact that P is a projection implies that

(B sHP(B sl) (B sI)(B sl):%((B2 sl)+ (B B)): (15)

We concludethat

P B sPB s1) P (B2 s+ (@ B):

L 1 . . .
which is exactly TTYY > T(QY + RY) : Since is arbitrary, we have shavn that TYY

%(Qyy + RYY); which together with QYY 0 implies that

0 QY 1 ZVa(y;x):
2

- P
Prop osition 3 Let (y;x) haveSy(y;x) 0, 2 R™,andB =S, l‘2(

QY i ie. jBj ni%(TQY )2
2

:z{nl iWi)Sz 1:2. Then



Proof: Let 1; 2;:::; n, bethe eigervaluesof B with corresponding orthonormal eigervectors
vi;i= 1;2:::;n2: Then B2 | hasafull setof orthonormal eigervectorsv;  vj;ij = 12,1005 n,
with corresponding eigervalues (1=2)( #+ £): Then

T _ 1R, T
Q =P > ( 7+ Dvi vi)vi V)
i;j =1
_ 1 24 2w vi)TP(V Vi)
-3 Pt v Vi) P(vi )
i5j
Let ;1=1;2;:::; n% be the eigervalues of P with corresponding orthonormal eigervectorsu;;| =
1,2;:::;n3. Then
W2
P= e
1=1
SinceP is a projection from annZ n3 spaceonto an n3 space,wehave ;= ,=::1= ,,=1

(rearranging the indicesif needed). Consider ux. We have
X2
Uk = G (Vi Vi)
i;j =1

for someconstarts ¢ ;i;j = 1,2;:::;n,, and

X2
1 = kugky =Kk cj (Vi Vvjko
i;j =1
X2
kcj (Vi vj)ka
ijj =1
X2
= icij
ijj =1
Thus there exist iy, jk sud that
. T - —_ - - l .
jucvip,k v = dGgd =
nz



Hence

lx |XI’]%

5 F+ v v)T( uuf)(vq
H] 1=1

1 X Ixng

5 (B D v wpTu v
i;j =1

lx |_I’l%

> (?+ 9 quf (v v)j?
iij =1

X, RN T 2

> (it 7 juc(vi vj)j
i k=1

1R

5 P Pk (Vi v )iY)

k=1

1 5 2
F%( bt o)
1
n_g( )

1 2 2
n_g,( ik jk)

1
= (D
"3 e
1
_.Bz
73 1Bl

Now for Problem (12) we have that

k(y) = (d)Tx® + Vv 5(y;x)

Vj)

vi))

(16)

where x is the optimal solution for (12). We notice that x is a function of y and the relationship

betweenx and y is de ned by

Lemma 1 Letf be a dier entiable function of x and y. Supmsethat x := x satis es

@@[(d(k))Tx(k) + Vo(yiX)lixex = O

fx(x;y) = 0:

7
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Then
fx(x;y) =0:
Pro of: fx(X; Y)jx=x = 0 sincex satis es (18). Noting that

fx(X;y) = Fx(X; ¥)ix=x

the result follows.

Prop osition 4
@@[(d("))Tx(") + Va(y;x)] = 0;

ie: d + @@Vz(y;x) =0:
Pro of: By (17), x satis es

@@[(d(k))Tx(k) + Vo(y;x)] = O

The result then follows from Lemma 1.

Prop osition 5

@@Vz(y;X)= 0:

Pro of: By (20)

@@Vz(y: x)= d=:

The result follows from the fact that d®) and are not functions of y.

Now let us calculate Dy (y) and D7 (y). We have

k(y) = (d)Tx® + Vv 5(y;x)

where x is the optimal solution for (12).

We have that
Dj «(y) = DH(d®)TxM + V5(y;x))

_ @é((y) Ix:y) + @gy)
@x(y)
= —= b
@ (by (20))
= 1 yVa(y;x):

10
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(20)

(21)



Also

Dy k(y) = Dy(Dy k(y))
= Dy r yVa(y;x))
@ @
= @( ryVa(y;x)) J(xy) + @( ryVa(y;x))
@ @
= Vo(y;x) J(Xy)+ —Va(y;Xx
@ 2(y;x) J(X;y) @z 2(y; X)
= 1 g Va(yix) (by (21) and (14))
Clairaut's Theorem: Consider a function of two variables, f. Supmsethat f is de ned on a
disk D that contains the point (a;b) . Let
fyy = —@f ;
Xy @@ ]
fyx = —@f :
yX @@/ :

If the functions f, and fyx are continuous on this disk, then

fxy(a;b) = fyx(a;b) :

An Extension of Clairaut's Theorem: Let

f = —@f ;
XXy @@2 ]

f = 7@]: ;
Xy X @@@ )
f . _of
YXX @T@ .

If the functions f,yx, fyxx andfy,, are continuous, then
faxy = Fxyx = Fyxx © (22)

Pro of: If the third order derivativesare cortinuous then the secondorder onesare also cortin-
uous. So by Clairaut's Theorem,

fary = (Fxdxy = (Fx)yx = Fxyx = (Fxy)x = (Fyx)x = fyxx:

2

In general, we can extend Clairaut's theorem to any function and mixed partial derivatives.
The only requiremert is that in ead derivative we di erentiate with respect to ead variable the
samenumber of times.
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Now we have that
D3 k(y) = DJ(DZ w(y)

DJ( 1 2,Va(y;x))

= G HVax) I06)+ S Vi)

= @%ﬁvz(y;x) J(x;y) + %vz(y;x)

= @;i@(Vz(y;X) J(xy) + %Vz(y;X)

= T3V (by (21) and (22))

3 The Self-Concordance of the Volumetric-Barrier V,

In x2 we have shown that

Dy k(y) = 1 yVa(yiX);
DZ k(y) = r3Va(y;x); (23)
DI k(y) = 1 3yVa(yix):

De nition 1 (Nesterov and Nemirovskii [10]) Let G be an open nonempty convex subsetof R",
and let F be a C3, convexmapping from G to R. Then F is called -self-onoordant on G with the
parameter if for everyx 2 Int(G) and 2 R", the following inequality holds:

ir 3FOAY: ) 5 i 2 P2 2ROy s DR

A function F -self-concordant on G is called strongly -self-concordant on G if F tendsto in nity
for any sequene approaching a boundary point of G.

Theorem 1 For any xed > 0, ¢ is -self-ooncordant on Fkl;k =12 K.

Let (y;x) besudc that Sy(y;x) 0,and 2 R™:. We immediately obtain

—@@ QY = 2TH TS, *wisS,t (S, HTH 1TT (S,'BS,'BS,* <S,h
|
+TH 1T @@?(52135213521 sS 1)
I:)i=m
whereB =B( )= ;"' iW; and

12



—@_(52 Bs,BS,t S,
|
We concludethat the rst directional derivative of TQYY w.r.t. y, in the direction , is given by

)(\1
ryTny [1 = i@@ Tny
'2:5 (B s1)P(B? 1) 3P (B® 1) P (B? ¢B):

Similarly we obtain

ry TRY [] 2P (B <I)P(B sB) 4P (B2 ¢B);
ry TTW [] = 4P (B s1)P(B <I)P(B sI) 4P (B I)P(B2 ¢l)
2P (B sI)P(B B):

Combining the previous results, we obtain the third order directional derivative of V,(y;Xx) w.r.t.
y:

r3,Voy;x)[; ;1 = 12P (B s1)P(B2 1) 6P (B® 1) 6P (B2 sB)

+6P (B sI)P(B B) 8 (B sI)P(B slI)P(B sl): (24)

L P -
Theorem 2 Let (y;x) be suchthat Sy(y;x) 0, 2 RM; and B = S, =2 M WS, e
Thenjr 3 Va(y;x)[; 5 1i  30Bj TQY .

Pro of: Using the fact that
1
(Bz s(B sl)= E((B3 sh)+ (82 sB));
(24) can be rewritten as

r3,V2(ix)[; 51 = P(B s1)P (12(B2 1)+ 6B sB) 8B sI)P(B I)

12P (B2 s1)(B sl)): (25)
From (15) we have
12B% 1)+ 6(B <B) 8B sI)P(B 1) 8B? 1)+ 2B sB):
Using the factsthat (B2 1) (B B)and(B B) ( B2 ¢l), it follows that
6(B% sI) 12B? sI1)+6(B <B) 8B <I)P(B 1) 18B? <l): (26)
Let ;i = 1;2;:::;mq bethe eigervaluesof B. Then the eigervaluesof (B 1) are of the form
(1=2)( i+ )] = 1,2:::;my; and so,
j Bjl (B sl) JBjl;
j Bjip P(B sl1)P BjP: 27)

13



Using (26),(27), and the fact that (B?> 1) 0, we then obtain
jP(B 1) (12(B2 <1)+6(B B) 8B sI)P(B sl)j 12BjP (B2 <I):  (28)
In addition, the fact that (B?> 1) and (B ) have the sameeigervectors implies that
j Bi(B* s1) (B? sI)B sl1) jBj(B® sl);

and therefore
iP (B2 s1)B sl)j jBjP (B? sl): (29)

The proof is completed by conbining (25),(28), and (29). 2

Pro of of Theorem 1: Combining the results of Proposition 2, Proposition 3 and Theorem 2,
we obtain
i Sy Va0 L5 5 10 a2 TQY )™ 3 ey [5 D
which when conbined with (23) givesus that
Dy kW5 1i ng YEOF kW D™
Note that there is a factor n on the right hand side of the previous inequality instead of 2 in

4
the De nition 1. It can be overcomeby multiplying Va(y; x) by a factor of nZz: 2
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