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Self-Concordanceof a VolumetricBarrierSuitablefor Deriving
DecompositionAlgorithmsfor StochasticSemide�nitePrograms

K. A. Ariy awansa� and Yuntao Zhuy

Abstract

Ariy awansaand Zhu [3] have recently proposeda new classof optimization problemstermed
stochastic semide�nite programs (SSDP's). SSDP'smay be viewed asan extensionof two-stage
stochastic (linear) programswith recourse(SLP's). Zhao [16] hasderived a decomposition algo-
rithm for SLP's basedon a logarithmic barrier and proved its polynomial complexity. Mehrotra
and •Ozevin [9] have extended the work of Zhao [16] to the caseof SSDP's to derive a polyno-
mial logarithmic barrier decomposition algorithm for SSDP's. An alternativ e to the logarithmic
barrier is the volumetric barrier of Vaidya [12]. The volumetric barrier is technically more
complicated than the logarithmic barrier, and there is no work basedon the volumetric barrier
analogousto that of Zhao [16] for SLP's or to the work of Mehrotra and •Ozevin [9] for SSDP's.
The purpose of this paper is to prove self-concordance[10] of a volumetric barrier suitable
deriving decomposition algorithms for SSDP's. Self-concordanceis an important preliminary
result usually establishedaspart of proving polynomial complexity of interior point algorithms.
The results in this paper can be used to derive polynomial volumetric barrier decomposition
algorithms for SLP's as well SSDP's. Two forthcoming papers will present the details of such
algorithms for SLP's and SSDP's.

Keywor ds: stochastic linear programming; semide�nite programming; stochastic semide�nite
programming; volumetric-barrier; self-concordance

1 In tro duction

Ariy awansa and Zhu [3] have recently proposed a new class of optimization problems termed
stochastic semide�nite programs (SSDP's). SSDP's may be viewed as an extension of two-stage
stochastic (linear) programs with recourse(SLP's) [5, 6, 4, 8, 11]. Alternativ ely, SSDP's may be
viewed as an extension of (deterministic) semide�nite programs (SDP's) [1, 13, 14, 15]. Zhao [16]
has derived a decomposition algorithm for SLP's based on a logarithmic barrier and proved its
polynomial complexity. Mehrotra and •Ozevin [9] have extended the work of Zhao [16] to the case
of SSDP's to derive a polynomial logarithmic barrier decomposition algorithm for SSDP's. The
work of Mehrotra and and •Ozevin [9] utilizes the viewpoint that SSDP's are extensionsof SLP's
and the work of Zhao [16].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [12]. It has been
observed [7] that certain cutting planealgorithms for SLP's basedon the volumetric barrier perform
better in practice than thosebasedon the logarithmic barrier. The authors know of no work based
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on volumetric barriers analogousto that of Zhao [16] for SLP's or to the work of Mehrotra and
•Ozevin [9] for SSDP's.

The purposeof this paper is to proposea volumetric barrier suitable for deriving decomposi-
tion algorithms for SSDP's, and to prove its self-concordance.Self-concordanceis an important
preliminary result usually establishedas part of proving polynomial complexity of interior point
algorithms. The volumetric barrier is technically more complicated than the logarithmic barrier,
and moreover, there are no volumetric barrier algorithms analogousto that of Zhao [16] for SLP's.
Therefore, our task is more complicated than that of Mehrotra and •Ozevin [9] in extending the
work of Zhao [16] for SLP's to the caseSSDP's. However, Anstreicher [2] has developed a volu-
metric barrier for SDP's, and proved its self-concordance.The present paper utilizes the work of
Anstreicher [2] and the viewpoint that SSDP'sare an extensionof SDP's. The results in this paper
can be used to derive polynomial volumetric barrier decomposition algorithms for SLP's as well
SSDP's. Two forthcoming papers will present details of such algorithms for SLP's and SSDP's.

We begin by introducing our notation and then de�ning a SSDP in primal and dual standard
forms. Let Rm� n and Rn_ n denote the vector spacesof real m � n matrices and real symmetric
n � n matrices respectively. For U;V 2 Rn_ n we write U � 0 (U � 0) to mean that U is positive
semide�nite (positive de�nite), and we use U � V or V � U to mean that U � V � 0. For
U;V 2 Rm� n we write U � V := trace(UT V ) to denote the Frobenius inner product betweenU and
V .

We now de�ne a SSDP with recourse in primal standard form based on deterministic data
A i 2 Rn1_ n1 for i = 1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data Tj 2 Rn1_ n1 and
Wj 2 Rn2_ n2 for j = 1; 2; : : : ; m2, h 2 Rm2 , and D 2 Rn2_ n2 that depend on an underlying outcome
! in an event space
 with a known probabilit y function P. Given this data, a SSDPwith recourse
in primal standard form is

minimize C � X + E [Q (X ; ! )]
subject to A i � X = bi ; i = 1; 2; : : : ; m1

X � 0
(1)

where X 2 Rn1_ n1 is the �rst-stage decisionvariable, Q (X ; ! ) is the minimum of the problem

minimize D(! ) � Y
subject to Tj (! ) � X + Wj (! ) � Y = hj (! ); j = 1; 2; : : : ; m2

Y � 0
(2)

where Y 2 Rn2_ n2 is the second-stagevariable, and

E [Q (X ; ! )] =
Z



Q (X ; ! ) P(d! ): (3)

Also we de�ne a SSDP with recoursein dual standard form basedon deterministic data A i 2
Rn1_ n1 for i = 1; 2; : : : ; m1, b 2 Rm1 and C 2 Rn1_ n1 ; and random data d 2 Rm2 , Wi 2 Rn2_ n2 for
i = 1; 2; : : : ; m1, Ti 2 Rn2_ n2 for i = 1; 2; : : : ; m2, and D 2 Rn2_ n2 that depend on an underlying
outcome ! in an event space
 with a known probabilit y function P. Given this data, a SSDP
with recoursein dual standard form is

maximize bT y + E [Q (y; ! )]

subject to
m1X

i =1

yi A i � C (4)
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where y 2 Rm1 is the �rst-stage variable, Q (y; ! ) is the maximum of the problem

maximize d(! )T x

subject to
m1X

i =1

yi Wi (! ) +
m2X

i =1

x i Ti (! ) � D (! ) (5)

where x 2 Rm2 is the second-stagevariable, and

E [Q (y; ! )] =
Z



Q (y; ! ) P(d! ): (6)

Wenow examinethe SSDP(4,5,6) in dual form whenthe event space
 is �nite. Let f (d(k) ; (W (k)
i :

i = 1; 2; : : : ; m1); (T (k)
i : i = 1; 2; : : : ; m2); D (k) ) : k = 1; 2; : : : ; K g be the possible values of

the random variables (d(! ); (Wi (! ) : i = 1; 2; : : : ; m1); (Ti (! ) : i = 1; 2; : : : ; m2); D (! )) and let
pk := P (( d(! ); (Wi (! ) : i = 1; 2; : : : ; m1); (Ti (! ) : i = 1; 2; : : : ; m2); D (! ) ) =

( d(k) ; (W (k)
i : i = 1; 2; : : : ; m1); (T (k)

i : i = 1; 2; : : : ; m2); D (k) )
�

be the associated probabilit y for

k = 1; 2; : : : ; K . Then problem (4,5,6) becomes

maximize bT y +
k= KX

k=1

pkQ(k)(y)

subject to
m1X

i =1

yi A i � C;

(7)

where y 2 Rm1 is the �rst-stage variable, Q(k) (y) is the maximum of the problem

maximize (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) ;
(8)

where x (k) 2 Rm2 is the second-stagevariable, for k = 1; 2; : : : ; K .
In the next section we introduce a volumetric barrier suitable for deriving decomposition algo-

rithms for the SSDP(7,8). x3 contains the main results of this paper. In that sectionwe show that
the volumetric barrier introduced in x2 is self-concordant.

2 A Volumetric Barrier for SSDP (7,8)

Before we proceed, we notice that the constraints in (7,8) are negative semide�nite while the
commonpractice in the SDP literature is to usepositivesemide�nite constraints. Sofor convenience
we rewrite the problem as follows. First we rewrite (7,8) in the form

maximize bT y +
k= KX

k=1

pkQ(k)(y)

subject to
m1X

i =1

yi A i � C � 0;

3



where for k = 1; 2; : : : ; K

Q(k) (y) : = maximize (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0:

Then we multiply all the constraints by (� 1) and replace each data matrix in the constraints by
its negative. We get

maximize bT y +
k= KX

k=1

pkQ(k)(y)

subject to
m1X

i =1

yi A i � C � 0;

(9)

where for k = 1; 2; : : : ; K

Q(k) (y) : = maximize (d(k) )T x(k)

subject to
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0:
(10)

We de�ne the following feasibility sets

F1 := f y : S1(y) :=
m1X

i =1

yi A i � C � 0g;

F (k)
2 (y) := f x : S(k)

2 (y; x) :=
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0g; k = 1; 2; :::; K ;

F2 := f y : y 2 F1; s:t: F (k)
2 (y) 6= ; ; k = 1; 2; :::; K g;

F := F1
T

F2:

We make the following assumption

A1 F 6= ; :

Under Assumption A1, the logarithmic barrier for F 1 is the function

f 1(y) := � ln det(S1(y)) ; y 2 F1;

and the logarithmic barrier for F (k)
2 (y) is the function

f (k)
2 (x) := � ln det(S(k)

2 (y; x)) ; x 2 F (k)
2 (y); k = 1; 2; :::; K :

The volumetric barriers for S1(y) and S(k)
2 (y; x); k = 1; 2; :::; K ; as de�ned by Vaidya (Seealso

Nesterov and Nemirovskii [10]) are the functions

V1(y) :=
1
2

ln det(r 2f 1(y))
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V (k)
2 (x) :=

1
2

ln det(r 2
x f (k)

2 (x))

respectively.

We now de�ne the volumetric barrier SSDP relative to the SSDP (9,10) as

maximize � (�; y) : = bT y +
k= KX

k=1

pk � k (�; y) + �V 1(y)

s.t.
m1X

i =1

yi A i � C � 0;

(11)

where for k = 1; 2; : : : ; K

� k (�; y) : = maximize (d(k) )T x(k) + �V (k)
2 (x)

s.t.
m1X

i =1

yi W
(k)
i +

m2X

i =1

x(k)
i T (k)

i � D (k) � 0:
(12)

From here onwards we drop the superscript (k) when that does not lead to confusion. Also,
when � in (12) is held constant, we abusethe notation for the sake of convenienceby writing � k (y)
in place � k(�; y).

Let T be the matrix whosei th column is Vec(T (k)
i ) for i = 1; 2; :::; m1. Then the Hessianmatrix

H := r 2
x f 2(y; x) can be represented in the form

H := r 2
x f 2(x)) = T T [S� 1

2 
 S� 1
2 ]T :

We now make the following assumption:

A2 The columns of T are linearly independent.

Note that by A2 and (12), H is positive de�nite. We have the following:

@V2(y; x)
@x i

= � (T H � 1T T ) � (S� 1
2 T (k)

i S� 1
2 
 s S� 1

2 )

= � P � (S� 1=2
2 T (k)

i S� 1=2
2 
 s I );

@V2(y; x)
@yi

= � (T H � 1T T ) � (S� 1
2 W (k)

i S� 1
2 
 s S� 1

2 )

= � P � (S� 1=2
2 W (k)

i S� 1=2
2 
 s I );

where
P = P(S2) = (S� 1=2

2 
 S� 1=2
2 )T (T T (S� 1

2 
 S� 1
2 )T )� 1T T (S� 1=2

2 
 S� 1=2
2 ) (13)

is the orthogonal projection onto the range of (S� 1=2
2 
 S� 1=2

2 )T ;

r 2
xy V2(y; x) =

@2

@y@x
V2(y; x) = 2Qxy + Rxy � 2T xy ;
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where
Qxy

i;j = (T H � 1T T ) � (S� 1
2 T (k)

i S� 1
2 W (k)

j S� 1
2 
 s S� 1

2 )

Rxy
i;j = (T H � 1T T ) � (S� 1

2 T (k)
i S� 1

2 
 s S� 1
2 W (k)

j S� 1
2 )

T xy
i;j = (T H � 1T T ) � (S� 1

2 T (k)
i S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 W (k)
j S� 1

2 
 s S� 1
2 );

r 2
yxV2(y; x) =

@2

@x@y
V2(y; x) = 2Qyx + Ryx � 2T yx ;

where
Qyx

i;j = (T H � 1T T ) � (S� 1
2 W (k)

i S� 1
2 T (k)

j S� 1
2 
 s S� 1

2 )

Ryx
i;j = (T H � 1T T ) � (S� 1

2 W (k)
i S� 1

2 
 s S� 1
2 T (k)

j S� 1
2 )

T yx
i;j = (T H � 1T T ) � (S� 1

2 W (k)
i S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 T (k)
j S� 1

2 
 s S� 1
2 );

r 2
xx V2(y; x) =

@2

@x2 V2(y; x) = 2Qxx + Rxx � 2T xx ;

where
Qxx

i;j = (T H � 1T T ) � (S� 1
2 T (k)

i S� 1
2 T (k)

j S� 1
2 
 s S� 1

2 )

Rxx
i;j = (T H � 1T T ) � (S� 1

2 T (k)
i S� 1

2 
 s S� 1
2 T (k)

j S� 1
2 )

T xx
i;j = (T H � 1T T ) � (S� 1

2 T (k)
i S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 T (k)
j S� 1

2 
 s S� 1
2 );

r 2
yyV2(y; x) =

@2

@y2 V2(y; x) = 2Qyy + Ryy � 2T yy ;

where
Qyy

i;j = (T H � 1T T ) � (S� 1
2 W (k)

i S� 1
2 W (k)

j S� 1
2 
 s S� 1

2 )

Ryy
i;j = (T H � 1T T ) � (S� 1

2 W (k)
i S� 1

2 
 s S� 1
2 W (k)

j S� 1
2 )

T yy
i;j = (T H � 1T T ) � (S� 1

2 W (k)
i S� 1

2 
 s S� 1
2 )T H � 1T T (S� 1

2 W (k)
j S� 1

2 
 s S� 1
2 ):

Prop osition 1
r 2

xy V2(y; x) = [r 2
yxV2(y; x)]T : (14)
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Pro of: First we show Qyx
i;j = Qxy

j;i : Consider

Qyx
i;j = (T H � 1T T ) � (S� 1

2 W (k)
i S� 1

2 T (k)
j S� 1

2 
 s S� 1
2 )

= trace ((T H � 1T T )(S� 1
2 W (k)

i S� 1
2 T (k)

j S� 1
2 
 s S� 1

2 )T )

= trace ((T H � 1T T )(S� 1
2 W (k)

i S� 1
2 T (k)

j S� 1
2 
 s S� 1

2 ))

= (T H � 1T T ) � (S� 1
2 W (k)

i S� 1
2 T (k)

j S� 1
2 
 s S� 1

2 )T

= (T H � 1T T ) � (S� 1
2 T (k)

j S� 1
2 W (k)

i S� 1
2 
 s S� 1

2 )
= Qxy

j;i :

By similar arguments we can show that Ryx
i;j = Rxy

j;i and T yx
i;j = T xy

j;i ; hence

r 2
xy V2(y; x) = [r 2

yx V2(y; x)]T :

2

Prop osition 2 For any (y; x) such that S2(y; x) � 0 we have that 0 � Qyy � r 2
yyV2(y; x).

Pro of: Let � 2 Rm1 , � 6= 0: Then

� T Qyy � =
X

i;j

Qyy
ij � i � j = T H � 1T � (S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 ) = P � ( �B 2 
 s I );

where B = B (� ) =
P i = m1

i =1 � i Wi , and �B = S� 1=2
2 B S� 1=2

2 : Similarly

� T Ryy � = T H � 1T � (S� 1
2 B S� 1

2 
 s S� 1
2 B S� 1

2 ) = P � ( �B 
 �B );

� T T yy � = T H � 1T � (S� 1
2 B S� 1

2 
 s S� 1
2 )T H � 1T (S� 1

2 B S� 1
2 
 s S� 1

2 ) = P � ( �B 
 s I )P( �B 
 s I ):

SinceI , P and �B 2 are all positive semide�nite, we immediately have Qyy � 0: In addition, the
fact that P is a projection implies that

( �B 
 s I )P( �B 
 s I ) � ( �B 
 s I )( �B 
 s I ) =
1
2

(( �B 2 
 s I ) + ( �B 
 �B )) : (15)

We concludethat

P � ( �B 
 s I )P( �B 
 s I ) �
1
2

P � (( �B 2 
 s I ) + ( �B 
 �B )) ;

which is exactly � T T yy � �
1
2

� T (Qyy + Ryy)� : Since � is arbitrary , we have shown that T yy �
1
2

(Qyy + Ryy); which together with Qyy � 0 implies that

0 � Qyy � r 2
yyV2(y; x):

2

Prop osition 3 Let (y; x) have S2(y; x) � 0, � 2 Rm1 , and �B = S� 1=2
2 (

P i = m1
i =1 � i Wi )S

� 1=2
2 . Then

� T Qyy � �
1
n3

2
j �B j2, i.e. j �B j � n3=2

2 (� T Qyy � )1=2.

7



Pro of: Let � 1; � 2; : : : ; � n2 be the eigenvaluesof �B with corresponding orthonormal eigenvectors
vi ; i = 1; 2; : : : ; n2: Then �B 2 
 s I hasa full set of orthonormal eigenvectorsvi 
 vj ; i; j = 1; 2; : : : ; n2,
with corresponding eigenvalues(1=2)(� 2

i + � 2
j ): Then

� T Q� = P �
1
2

n2X

i;j =1

(� 2
i + � 2

j )(vi 
 vj )(vi 
 vj )T

=
1
2

X

i;j

(� 2
i + � 2

j )(vi 
 vj )T P(vi 
 vj ):

Let � l ; l = 1; 2; : : : ; n2
2 be the eigenvaluesof P with corresponding orthonormal eigenvectors u l ; l =

1; 2; : : : ; n2
2. Then

P =
n2

2X

l=1

� l ul uT
l :

SinceP is a projection from an n2
2 � n2

2 spaceonto an n2
2 space,we have � 1 = � 2 = : : : = � n2 = 1

(rearranging the indices if needed). Consider uk . We have

uk =
n2X

i;j =1

cij (vi 
 vj );

for someconstants cij ; i; j = 1; 2; : : : ; n2, and

1 = kukk2 = k
n2X

i;j =1

cij (vi 
 vj )k2

�
n2X

i;j =1

kcij (vi 
 vj )k2

=
n2X

i;j =1

jcij j :

Thus there exist i k , j k such that

juT
k (vi k 
 vj k )j = jci k j k j �

1
n2

2
:
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Hence

� T Q� =
1
2

X

i;j

(� 2
i + � 2

j )(vi 
 vj )T (
l= n2

2X

l=1

� l ul u
T
l )(vi 
 vj )

=
1
2

X

i;j

(� 2
i + � 2

j )
l= n2

2X

l=1

� l ((vi 
 vj )T ul )(uT
l (vi 
 vj ))

=
1
2

X

i;j

(� 2
i + � 2

j )
l= n2

2X

l=1

� l ju
T
l (vi 
 vj )j2

=
1
2

X

i;j

(� 2
i + � 2

j )
k= n2X

k=1

juT
k (vi 
 vj )j2

�
1
2

k= n2X

k=1

(( � 2
i k

+ � 2
j k

)juT
k (vi k 
 vj k )j2)

�
1

2n3
2
(� 2

i k
+ � 2

j k
)

�
1
n3

2
(� i k � j k )

�
1
n3

2
(� 2

i k
� 2

j k
)

�
1
n3

2

n2Y

i =1

(� 2
i )

=
1
n3

2
j �B j2 :

2
Now for Problem (12) we have that

� k (y) = (d(k) )T �x (k) + �V 2(y; �x) (16)

where �x is the optimal solution for (12). We notice that �x is a function of y and the relationship
between �x and y is de�ned by

@
@x

[(d(k) )T x(k) + �V 2(y; x)]jx= �x = 0 : (17)

Lemma 1 Let f be a di�er entiable function of x and y. Suppose that x := �x satis�es

f x (x; y) = 0 : (18)

9



Then

f �x ( �x; y) = 0 : (19)

Pro of: f x (x; y)jx= �x = 0 since �x satis�es (18). Noting that

f �x ( �x; y) = f x (x; y)jx= �x

the result follows. 2

Prop osition 4
@

@�x
[(d(k) )T �x (k) + �V 2(y; �x)] = 0 ;

i:e: d(k) + �
@
@�x

V2(y; �x) = 0 :

(20)

Pro of : By (17), �x satis�es

@
@x

[(d(k) )T x(k) + �V 2(y; x)] = 0:

The result then follows from Lemma 1. 2

Prop osition 5
@2

@y@�x
V2(y; �x) = 0 : (21)

Pro of : By (20)
@

@�x
V2(y; �x) = � d(k)=�:

The result follows from the fact that d(k) and � are not functions of y. 2

Now let us calculate D 1
y � k(y) and D 2

y � k (y). We have

� k (y) = (d(k) )T �x (k) + �V 2(y; �x)

where �x is the optimal solution for (12).
We have that

D 1
y � k (y) = D 1

y((d(k) )T �x (k) + �V 2(y; �x))

=
@� k (y)

@�x
� J ( �x; y) +

@� k (y)
@y

=
@� k (y)

@y
(by (20))

= � r yV2(y; �x) :

10



Also

D 2
y � k (y) = D 1

y(D 1
y � k(y))

= D 1
y(� r yV2(y; �x))

= �
@

@�x
(� r yV2(y; �x)) � J ( �x; y) + �

@
@y

(� r yV2(y; �x))

= �
@2

@�x@y
V2(y; �x) � J ( �x; y) + �

@2

@y2 V2(y; �x)

= � r 2
yyV2(y; �x) : (by (21) and (14))

Clairaut's Theorem: Consider a function of two variables, f . Suppose that f is de�ned on a
disk D that contains the point (a;b) . Let

f xy =
@2f

@y@x
;

f yx =
@2f

@x@y
:

If the functions f xy and f yx are continuous on this disk, then

f xy (a;b) = f yx (a;b) :

An Extension of Clairaut's Theorem: Let

f xxy =
@3f

@y@x2 ;

f xy x =
@3f

@x@y@x
;

f yxx =
@3f

@x2@y
:

If the functions f xy x , f yxx and f xxy are continuous, then

f xxy = f xy x = f yxx : (22)

Pro of: If the third order derivativesare continuous then the secondorder onesare also contin-
uous. So by Clairaut's Theorem,

f xxy = (f x )xy = (f x )yx = f xy x = (f xy )x = (f yx )x = f yxx :

2

In general, we can extend Clairaut's theorem to any function and mixed partial derivatives.
The only requirement is that in each derivative we di�eren tiate with respect to each variable the
samenumber of times.

11



Now we have that

D 3
y � k (y) = D 1

y (D 2
y � k (y))

= D 1
y (� r 2

yyV2(y; �x))

= �
@

@�x
(r 2

yyV2(y; �x)) � J ( �x; y) + �
@
@y

(r 2
yyV2(y; �x))

= �
@3

@�x@y2 V2(y; �x) � J ( �x; y) + �
@3

@y3 V2(y; �x)

= �
@3

@y2@�x
V2(y; �x) � J ( �x; y) + �

@3

@y3 V2(y; �x)

= � r 3
yyyV2(y; �x) : (by (21) and (22))

3 The Self-Concordance of the Volumetric-Barrier V2

In x2 we have shown that
D 1

y � k(y) = � r yV2(y; �x) ;

D 2
y � k(y) = � r 2

yyV2(y; �x) ;

D 3
y � k(y) = � r 3

yyyV2(y; �x) :

(23)

De�nition 1 (Nesterov and Nemirovskii [10]) Let G be an open nonempty convex subsetof Rn ,
and let F be a C3, convexmapping from G to R. Then F is called � -self-concordant on G with the
parameter � if for every x 2 Int (G) and � 2 Rn , the following inequality holds:

jr 3F (x)(y; �x)[� ; � ; � ]j � 2� � 1=2(r 2F (x)(y; �x)[� ; � ])3=2 :

A function F � -self-concordant on G is called strongly � -self-concordant on G if F tends to in�nity
for any sequence approaching a boundary point of G.

Theorem 1 For any �xed � > 0, � k is � -self-concordant on F 1
k ; k = 1; 2; :::; K .

Let (y; x) be such that S2(y; x) � 0, and � 2 Rm1 . We immediately obtain

@
@yi

� T Qyy � = 2T H � 1T T (S� 1
2 Wi S� 1

2 
 s S� 1
2 )T H � 1T T � (S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 )

+ T H � 1T �
@

@yi
(S� 1

2 B S� 1
2 B S� 1

2 
 s S� 1
2 ) ;

where B = B (� ) =
P i = m1

i =1 � i Wi ; and

12



@
@yi

(S� 1
2 B S� 1

2 B S� 1
2 
 s S� 1

2 )

= � (S� 1
2 Wi S� 1

2 B S� 1
2 B S� 1

2 + S� 1
2 B S� 1

2 Wi S� 1
2 B S� 1

2 + S� 1
2 B S� 1

2 B S� 1
2 Wi S� 1

2 ) 
 s S� 1
2

� S� 1
2 B S� 1

2 B S� 1
2 
 s S� 1

2 Wi S� 1
2 :

We concludethat the �rst directional derivative of � T Qyy � w.r.t. y, in the direction � , is given by

r y � T Qyy � [� ] =
m1X

i =1

� i
@

@yi
� T Qyy �

= 2P � ( �B 
 s I )P( �B 2 
 s I ) � 3P � ( �B 3 
 s I ) � P � ( �B 2 
 s �B ):

Similarly we obtain

r y � T Ryy � [� ] = 2P � ( �B 
 s I )P( �B 
 s �B ) � 4P � ( �B 2 
 s �B );
r y � T T yy � [� ] = 4P � ( �B 
 s I )P( �B 
 s I )P( �B 
 s I ) � 4P � ( �B 
 s I )P( �B 2 
 s I )

� 2P � ( �B 
 s I )P( �B 
 �B ):

Combining the previous results, we obtain the third order directional derivative of V2(y; x) w.r.t.
y:

r 3
yyyV2(y; x) [� ; � ; � ] = 12P � ( �B 
 s I )P( �B 2 
 s I ) � 6P � ( �B 3 
 s I ) � 6P � ( �B 2 
 s �B )

+6P � ( �B 
 s I )P( �B 
 �B ) � 8P � ( �B 
 s I )P( �B 
 s I )P( �B 
 s I ):
(24)

Theorem 2 Let (y; x) be such that S2(y; x) � 0, � 2 Rm1 ; and �B = S� 1=2
2 (

P i = m1
i =1 � i Wi )S

� 1=2
2 :

Then jr 3
yyyV2(y; x) [� ; � ; � ] j � 30j �B j� T Qyy � .

Pro of: Using the fact that

( �B 2 
 s I )( �B 
 s I ) =
1
2

(( �B 3 
 s I ) + ( �B 2 
 s �B )) ;

(24) can be rewritten as

r 3
yyyV2(y; x) [� ; � ; � ] = P( �B 
 s I )P � (12( �B 2 
 s I ) + 6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I )

� 12P � ( �B 2 
 s I )( �B 
 s I )) :
(25)

From (15) we have

12( �B 2 
 s I ) + 6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I ) � 8( �B 2 
 s I ) + 2( �B 
 s �B ):

Using the facts that ( �B 2 
 s I ) � ( �B 
 �B ) and ( �B 
 �B ) � (� �B 2 
 s I ), it follows that

6( �B 2 
 s I ) � 12( �B 2 
 s I ) + 6( �B 
 s �B ) � 8( �B 
 s I )P( �B 
 I ) � 18( �B 2 
 s I ): (26)

Let � i ; i = 1; 2; : : : ; m1 be the eigenvaluesof �B . Then the eigenvaluesof ( �B 
 s I ) are of the form
(1=2)(� i + � j ); i; j = 1; 2; : : : ; m1; and so,

�j �B jI � ( �B 
 s I ) � j �B jI ;

�j �B jP � P( �B 
 s I )P � �B jP: (27)
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Using (26),(27), and the fact that ( �B 2 
 s I ) � 0, we then obtain

jP( �B 
 s I ) � (12( �B 2 
 s I ) + 6( �B 
 �B ) � 8( �B 
 s I )P( �B 
 s I )) j � 12j �B jP � ( �B 2 
 s I ): (28)

In addition, the fact that ( �B 2 
 s I ) and ( �B 
 s I ) have the sameeigenvectors implies that

�j �B j( �B 2 
 s I ) � ( �B 2 
 s I )( �B 
 s I ) � j �B j( �B 2 
 s I );

and therefore
jP � ( �B 2 
 s I )( �B 
 s I )j � j �B jP � ( �B 2 
 s I ): (29)

The proof is completed by combining (25),(28), and (29). 2

Pro of of Theorem 1: Combining the results of Proposition 2, Proposition 3 and Theorem 2,
we obtain

jr 3
yyyV2(y; x) [� ; � ; � ] j � n3=2

2 (� T Qyy � )3=2 � n2
2(r 2

yyV2(y; x) [� ; � ])3=2;

which when combined with (23) givesus that

jD 3
y � k (y) [� ; � ; � ] j � n2

2 � � 1=2(D 2
y � k (y) [� ; � ])3=2:

Note that there is a factor n2
2 on the right hand side of the previous inequality instead of 2 in

the De�nition 1. It can be overcomeby multiplying V2(y; x) by a factor of
n4

2

4
: 2
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