WASHINGTON STATE

IVERSITY
QU




Conditiond Tail Expecttions for Multivariate Phase
Type Distributions

Jun Cail
Department of Statistics and Actuarial Science
University of Waterloo
Waterloo, ON N2L 3G1, Canada

jcai@math.uwaterloo.ca

Haijun Li
Departtment of Mathematics
Washingtan State University
Pullman, WA 99164, U.S.A.

lih@math.wsu.edu

March 2005

1Supported in part by the NSERC grant RGPIN 250031-02



Abs tract

The conditional tail expectation in risk analysis describesthe expeded amount of risk that
can be experiencedgiven that a potential risk exceedsa threshold value, and provides an
important measurefor right-tail risk. In this paper, we study the convolution and extreme
valuesof dependent risks that follow a multiv ariate phasetype distributio n, and derive ex-
plicit formulas of several conditional tail expedations of the convolution and extremevalues
for sudh dependent risks. Utilizing the underlying Markovian property of these distribu-
tions, our method not only reveds structural insight, but also yields somenew distributio nal
properties for multiv ariate phasetype distribut ions.

Key words and phr ases: Univariate and multiv ariate phasetype distr ibutions, cortinuous
time Markov chain, convolution, extreme value, Marshall-Olkin distribution, value at risk
(VaR), conditional tail expectation (CTE), excesdoss, residuallifetime.



1 Introducti on

Let risk X be a non-negative random variable with cumulative distribution F, where X
may referto a claim for an insurancecompany or a losson an investmen portfolio. Given
0< g< 1, the valuex,, determinedby F(xq) = 1 F(Xq) = ganddenotedby VaRx (1 0),
is called the value at risk (VaR) with a degreeof condence of 1 g The conditional
expedation of X giventhat X > xq, dended by CTEx (Xq) = E(XjX > Xg), is cdled the
conditional tail expectation (CTE) of X at VaR X, Obsene that

CTEx(Xq) = Xqg+ E(X  XgX > Xq);

where the random variable (X  tjX > t) is known as the residual lifetime in reliability
(Shaked and Shanthikumar 199) and the exesslossor exassrisk in insuranceand nance
(Embredhts et al. 1997), respedively. Since%(x+ E(X xjX > x)) Oforany cortinuous
risk X (seepage 45 of Shaked and Sharthikumar 194), the CTE function CTEx (X) is
increasingin x 0, or equivalertly, CTEx (Xq) is decreasingn g2 (0;1).

Both VaR and CTE are important measuresof right-tail risks, which are frequerily
encourtered in the insurance and nan cial investmert. It is known that the CTE saises
all the desirable properties of a coherent risk measure (Art zner et al. 1999), and that the
CTE provides a more consenative measure of risk than VaR for the samelevel of degree
of con dence (Landsmanand Valdez 20(). Hence, the CTE is more preferalde than the
VaR in many applications, and hasrecertly received growing attentions in the insuranceand
nance literature.

To andyze dependert risks, several CTE measuresemergg, and the most popular onesare
the CTEs of the total risk and extremerisks. Let X = (Xq;::;; Xy) be arisk vectar, where
Xi denotesrisk (claim or loss) in subportfolio i fori = 1;::;;n. Then, S = X+ i+ X,
is the aggregate risk or the total risk in a portfolio that consists of the n subportfolios,
Xa = minfXgq; 5 X0 and Xy = maxf Xy; 5 X,g are extreme risks in the portfolio.
Indeed, S; X(3); and X,y are among the most important statistics usedin statistics and
probability. In risk analysis for sud a portfolio, we are not only interestedin the CTE of
ead risk X;, but also the CTEs of thesestatistics of S; X (1), and X, which are denoted

by

CTEs(t) = E(SjS>t); L1
CTExy, () = EXw]Xw >1); (1.2)
CTEx,() = EX@m]X@m>1): (1.3)



The risk measuregelated to thesestatistics alsoinclude, among others,

CTExs(t) = E(XijS>1); (1.4)
CTExjx, (1) = EMXijXq >1); (1.5)
CTEx jx, (1) = EMXijX@m >1); (1.6)

fori=1;2;:::n.

All theserisk measures have physical interpretationsin insurance, nance and other elds.
For instance, CTExijS(t}Drepresens the cortribution of the i-th risk X; to the aggregate
risk S sinceCTEs(t) = ., CTExy,js(t). The CTE E(Xn)jX@) > t) (E(Xm)iXm > t))
descibesthe expected minimal (maximal) risk in all the subportfolios giventhat the minimal
(maximal) risk exceels somethresholdt. More interestingly, E(X;jX 1) > t) represets the
average contribut ion of the i-th risk given that all the risks exceedsame value t, whereas
E(XijX(n) > t) represets the average cortribution of the i-th risk given that at least one
risk exceels a certain value t. Besidestheir interpretations in risk analysis, these CTEs in
(1.2)-(1.6) also have interpretations in life insurance. For instance, in a group life insurance,
let Xi, 1 i n, be the lifetime of the i-th member in a group that consistsof the n
members. Then, X is the joint-life status and X,y is the last-survivor status (Bowers,
et al. 197). As sud, E(X;jX 1) > t) is the expected lifetime of member i given that all
membersare alive at time t, and E (X;jX ) > t) is the expected lifetime of menber i given
that thereis at least one member who is alive at time t.

Landsman and Valdez (2003 obtained the explicit formulas of CTEs(t) and CTEx js(t)
for the multiv ariat e elliptical distributions, which include the distributio ns suc as multiv ari-
ate normal, stable, studert-t, etc. The focusof this paper is to derive the explicit formulas of
various CTEs, suth as CTEs(t), CTEx ,, (t), CTEx,,, (1), E(X(n)jX@ > t), E(X(n)jXi > 1)
fori = 1;2;::;n, for the multiv ariat e phasetype distributi ons.

Univariate phasetype distributions (see Sectim 2 for the deni tion) have been widely
usedin queueingand reliability modeling (Neuts 1981), and in risk managemern and na nce
(Asmussen2000 and Rolski et al. 1999. The phasetype distributio ns have many attr active
properties andin particular, they are mathematically tractableand densin all distributions
on [0; 1 ). Any nonnegative distribution can be appraximated by phasetype distributio ns,
and assud, the phasetype distributions provide a powerful and versdile tool in probabilistic
modeling. See for example, Asmussen(2003 and Neuts (198l1) for detailed discussionson
thesedistributions and their applications.

Multiv ariate phasetype distributions have beenintroduced and studied in Assafet al.
(1984). The multivariate phasetype distributions include, as spedal cases, many well-
known multiv ariate distributions, such as the Marshall-Olkin distribution (Marshall and
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Olkin 1967), and also retain many desirable properties similar to those in the univariate
case. For example, the set of n-dimensional phase type distributions is dens in the set
of all distributions on [0; 1 )" and henceany nonnegaive n-dimensional distribution can
be approximated by n-dimensional phasetype distributio ns. Furthermore, Kulkarni (1989)
shovedthat the sumof the random variablesthat have a multivariate phasetype distri bution
follows a (univariate) phasetype distribution.

Due to their complex structure, howewer, the applications of multivariate phase type
distributio ns have been limited. Cai and Li (2005 employed Kulkarni's method and derived
the explicit phasetype represemation for the convolution, and applied the multivariate
phasetype distributions to ruin theory in a multi-dimensiond risk model. In this paper,
we further utilize the underlying Markovian structure to explore the right-tail distributio nal
properties of phasetype distributio ns that are relevant to explicit calculaions of the CTE
risk measures Our method, in a uni ed fashion, yields the explicit expressiondor most of
all above-merioned CTE functions for phase type distributio ns, and it also gives somenew
distributio nal properties for multiv ariate phasetype distribut ions.

This paper is organized as follows. After a brief introduction of phasetype distrib utions,
Section2 discusesthe CTE for univariate phasetype distribut ions. Section3 details various
CTE measureghat involve the multiv ariate phasetype distributio ns. Sedion 4 concludes
the paper with someillustrative examples. Throughout this paper, we denote by X =4 Y
the fact that two randomvariablesX andY areidentically distributed. Thevedor e denotes
a column vector of 1's with an appropriate dimenson and the vector O denotes a row vector
of zeras with an appropriate dimension. Note that the entries of all the probability vectors
(sub-vectors), and matrices are indexed accordingto the state spaceof a Markov chain.

2 CTE for Univariate Phase Type Distribut ions

A non-negaiv e random variable X or its distribution F is saidto be of phasetype (PH) with
represemation ( ;A,; d) if X is the time to absomption into the absorbingstate 0 in a nite
Markov chain f X (t);t  Og with state spacef0; 1;:::;dg, initial distribution = (0; ), and

in nitesimal generdor

" #
0O O

= ; 2.1
Q Ae A (2.1)
where 0 = (0;::;;0) is the d-dimensional row vedor of zeros,e = (1;::;1)" is the d-
dimensionad column vector of 1's, sub-genergor A is a d d nonsingilar matrix, and
= ( 1;:; 4)- Thus, a non-negative random variable X is of phasetype with repre-
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sertation ( ;A;d) if X = infft 0: X(t) = Og, wherefX(t);t 0g is the underlying
Markov chain for X.

Let F(xX) = 1 F(x) denotethe survival function. Then random variable X is of phase
type with represrtation ( ;A;d) if and only if

F(x)= PrfX(x) 2 f1;:::;dgg= €% e; x O (2.2)

Thus, Z,
EXX= xdF(x) = ( 1)*k!I( A Xe); k= 1;2;::: (2.3)
0

See,for example, Rolski et al. (1999) for detalils.
The CTE for aunivariate phasetype distribution hasan explicit expressionwhich follows
from the following proposition.

Prop osition 2.1. If X hasa PH distribution with represetation ( ;A; d), then for any
t > 0, the excesgisk (X tj X > t) hasa PH distribution with represemation ( ¢;A; d),

where
etA

= : 2.4
(= g (2.4)
Pro of. The survival function of (X tj X > t) is given by
PrfX t>xjX >tg= PrfX > t+ xjX > tg= F(;(J;)X):
It follows from (2.2) that
. t+x)A e
Prf X t>XJX>tg:W: te?(Ae:

Hence(X tjX > t) hasa PH distributio n with represemation ( ;A; d).

Remark 2.2. Proposition 2.1 can be also argued as follows. Let fX (t);t Og be the
underlying Markov chain on f0;1;:::;dg for the phase type random variable X. Since

wheref X (s);s 0Ogis a Markov chain with the samestate spaceand generata as thoseof
fX(t);t 0Og, but the initial probability vector (0; ,) and

1 etA
dgg(Per(t): 1g;:::;PrfX(t) = dg) = e‘Ae: £
Thus, (X t]j X >1t) =4 inffs> 0: X (s) = 0g is of phasetype with represemation
( t;A; d). Sud a probabilistic interpretation is the basis of our Markovian method that will

be extensively usedin this paper.




Corollary 2.3. If random variable X hasa PH distribution with represrtation ( ;A; d),
then for any t > 0,

A lehe

ghe

Pro of. It follows from Proposition 2.1 and (2.3) that

CTEx(t) = t (2.5)

e‘AAle_t Ale*e
ehe ehe ’
wherethe last equality holds due to the fact that A e” = e A 1.
As one application of Corollary 2.3, we can obtain an explicit expres#on for conditional
expedation E(X j X t) immediately as follows.

CTEx(t)=t+E(X tjX>t)=t (Ale=t

Prop osition 2.4. If X hasa PH distribution with represatation ( ;A; d), then for any
t> 0,

Ale t e+ Alehe

EXXjX t) = 1 Ao ; (2.6)
E(t XjXx 1) = - 1A 1('em eetA)e: 2.7)
Pro of. The formula (2.6) follows from
EX)=EX jX>t)PX >t)+ EX jX t)P(X t);
E(X)= AleP(X t)=1 e*e P(X>t)= €*e, and(2.5). (2.7)is obtained

fromE(t X)X t)=t E(XjX t)and(2.6).
The conditional expedation E(XjX t) will be usedlater in the paper. In risk analysis,
E(t XjX t) desribesthe surplusbeyond the risk that hasbeenexperienced.

3 CTE for Mul tivariate Phase Type Distributions

Let fX(t);t Og be a right-cortinuous, continuoustime Markov chain on a nite state

of E sudh that \ {L; E is a proper subsetof E (A subsetof the state spaceis said to be
stochastically closed if oncethe processf X (t);t Og ertersit, f X (t);t Og newer leaves).
We assume that absaption into \ L, E is certain. Sincewe are intereged in the proces
only until it is absorbedinto\ 1, §, we may assume, without loss of generdity, that \ [L; 5
consistsof one state, which we shall denoteby . Thus, without lossof generdity, we may
write E= ([ L, B) [ E for somesubsetE, Ewith Ej\ § =; forl | n. The states
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in E are enumerded in sudh a way that is the rst edemen of E. Thus, the gengator of

the chain hasthe form
" #
0O O
= ; 3.1
Q Ae A (3.1
where 0 = (0;:::;0) is the d-dimensional row vedor of zeros,e = (1;::;1)" is the d-
dimensionad column vector of 1's, sub-generdor A is a d d nonsingular matrix, and
d=jEj] 1. Let be an initial probability vector on E sud that () = 0. We can
write = (0; ).
We de ne

Xi=infft 0:X({)2Eg, i=1:::;n: (3.2)

vectar.

When n = 1, the distribution of (3.2) reducesto the univariate PH distribution intro-
duced in Neuts (198l) (See Section 2). Examples of MPH distributio ns include, amaong
many others, the well-known Marshall-Olkin distribution (Marshall and Olkin 1967). The
MPH distributio ns, their properties, and some related applicationsin reliability theory were
discusedin Assafet al. (1984). As in the univariate case,those MPH distributions (and
their densties Laplacetransformsand momerts) can be writt en in a closed form. The set
of n-dimengonal MPH distribution s is densein the set of all distributions on [0;1 )". It is
alsoshown in Assafet al. (1984) and in Kulkarni (1989) that MPH distributio ns are closed
under marginalization, nite mixture, convolution, and the formation of coheren reliability
systems.

The sumS = X;+  + X, the extremevaluesX 1y = minf X4;::;;Xg; and X,y =
maxf X 1; :::; X ,g are all of phasetypeif (Xq;:::; X)) has a multivariate phasetype distribu-
tion. Thus, Corollary 2.3 will yield explicit expressions of CTEs for S; X3); and Xy if we
can provide the phasetype represemations of S; X (1); and X (. In the following subsections,
we will discusstheserepresnations. We will alsodiscussthe phasetype represenation for
the random vedor (X1y; Xi; Xn); I = 1,2;:::5;n, and then obtain the related CTEs.



3.1 CTE of Sums

Cai and Li (2005 derived an explicit represntation for the corvolution distribution of S =
X1+ i+ X,. To state this result, we partitio n the state spaceas follows.

- &
"1=E [wei(B\ K);i=1L:n
1?2=E\ B [« (E\ G\ E);i6j:

P =\ B [kead(Vizo B)\ B):

In other words, Bj Pl cortains the states only in E for all i 2 D, but not in any other

E;] 2D. Note that these 's form a partitio n of E. For each state e 2 E, dene

k(e) = number of indexesin fj :e2E;1 | ng: (3.3)
For example, k(e) = nforalle2 ! k(e) = Oforalle2 9,.,,andin general,k(e) = n jDj
foralle2 ",

type distributio n with represemation ( ;T;jE] 1), whereT = (te.) IS given by,

_ Qe

tew = k(e)’ (3.4)

that is, te. = % ife2 K, forsomeD f1;::;ng.

tion ( ;A E; E; 5 E). Then the CTE expressionof S= X;+  + X, is given by, for any
t> 0,
T leTe.

CTEs(t) =t ———
s(t) S

(3.5)
whereT is de ned by (3.4).

Pro of. (3.5) follows from the phasetype represemation ( ;T;jEj 1) of Sin Lemma3.1
and (2.5).



3.2 CTE of Order Statistics

Let F(xq;:%n) and F(Xq; 5 X,) denote, respectively, the joint survival and distribution

1984), for x; X, i Xn, O
F(Xg;0Xn) = PriXy> Xq; 05X, > Xa0
= g eln it xhg e XAge; (3.6)

F(X;0nXn) = PriXy X inXn o XaQ
= @ Qh, et XQp, g1 X2Qpe; (3.7)

where,for k = 1;:::;n, g« is de ned as a diagonald d matrix whosee-th diagonal elemen
fore= 1;,::;;dequalslif e2 E E¢ and zero otherwise, and hy is de ned as a diagonal
(d+ 1) (d+ 1) matrix whosee-th diagond elemert for e= 1;::;;d+ 1equds 1if e2 E
and zero otherwise.

For the matrix A in (3.1), we now introduce two Markov chains. Let E f g= S[ S°

whereS\ S°= ;. The matrix Q in (3.1) can be partitioned as follows.
2 3
0 0 0
Q= 2 (Ase+ Assie) As  Asgso g ; (3.8)

(Asise + Age) Asos  Aso
where As (Aso) Is the sub-matrix of A by remaoving the s-th row and s-th column of A for
all s2 S (s 259, and Asse (Asos) is the sub-matrix of A by removing the s-th row and
s%th cdumn of A for all s2 S% s°2 S(s2 S, s°2 S9. In particular, we have Ag ¢ 4= A:

1. The matrix
" #
0 0

QS - Ase AS ! (39)

is the genegator of a Markov chain with state space S| f g and absorbing state .
This Markov chain combinesall the states in S°of Q into the absorbing state .
2. Let Aig) = As + D(Asso), whereD (Asso) is the diagond matrix with its s-th diagaonal
ertry beingthe s-th ertry of Assoe. The matrix
! #
0 0
Qrs) = ; (3.10)
. Asie Ars)

is the generator of another Markov chain with state spaceS[ f g and absorbirg state
This Markov chain removesall the transition ratesof Q fromE f gto S°
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For any d-dimensional probability vector  and any subsetS E f g, we denote by

s the jSj-dimensional sub-vector of by removing its s-th erntry for all s 2 S. The vector

| (S) denotesthe column vector with the s-th entry being 1 if s 2 S and zero otherwise

Furthermore, forany S E f g, we write (S) for the following jSj-dimensional row
vector

S
_ _se"s

(S) = s e (3.11)
Notethat (E f @)= ¢, where isgvenby (2.4).

extremevalues Xy = minf Xy;::;; Xhg and X,y = maxf X4;::1; X g are also of phasetype.
Their repregrntations can be obtained from (3.6) and (3.7).

Then

Eg

oyt Ag,; JEoj , whereAg, is de ned asin

1. X3y is of phasetype with represemation
(3.8).

2. X(n) is of phase type with represertation ( ; A; JEj 1).
Pro of. By (3.6), the survival function of X is givenby, for x 0,
Fx o, (X) = PriXu) > xg= F(x;:5X) = etg, e (3.12)

Notethat g» @i1e = I (K), where | (E) dendes the d-dimensional vedor sud that the
e-th componen is 1 if e 2 By and zerootherwise SineeE,1 i n, are all stochastically
closed,we have

Fx,, ()= €*1(B)= —~e%%e;
E©€

which implies that X4 is of phase type with represertation E';Oe; Ag,; JEo] -

Similarly, by (3.7), the distributio n function of X, is given by, for x 0,
Fx,,(X) = PrfXm xg=F(:5x)= €%h, he= eQI(f gg=1 e%e

Thus, X(n) is of phase type with represertation ( ; A; JEj  1).

In fact, X1, is the exit time of fX(t);t Og from Ey and X, is the exit time of
fX(t);t OgfromE f g, andthusXg and X, are of phase type with represenations
givenin Lemma3.3. In general,the k-th order statistic X, is the exit time of f X (t);t  Og
fromE [ i go(\ }‘=1 E, ), and thus alsoof phasetype. Hence,we obtain the following
lemma.



Lemma 3.4. Let X4y, 1 Kk n, bethek-th smallestamong X4;:::; X, that are of phase

[ ff il;iz;:::;ikgg(\ J!(:]_ Ej ), 1 k n.

2. X Is of phase type with represertation E0 ki A o0 JE Okj L k= 105N,

EO ke’

Lemmas3.3 and 3.4, and (2.5) immediately yield the CTE expressionsof the extreme
valuesX 1y and X, asfollows.

1. The exces loss(X ) t] Xq > t) of a subportfolio with the least risk is of phase
type with represerntation ( (E); Ag; jEj), and the CTE of X4 is given by

CTEx,, ()=t ((E)Ag e (3.13)
2. The excessloss (X(ny t] X(n > t) of the riskiest subportfolio is of phasetype with
represemation ( ; A; JEj 1), and the CTE of X is given by

etA
gA e’

CTEx, (=t (A le: where | = (3.14)

3. In general,the excesdoss(X ) t] X > t) of the (n  k+ 1)-th riskiest subportfolio
is of phasetype with represemation ( ((E Ox); Ae o,; JE Okj), and the CTE of
Xk Is given by

CTEX(k)(t) =1 t(E Ok) AElok e, (315)

3.3 CTE Involving Dier ent Subportfolios

The Markovian method alsoleadsto the expressons of CTEs amongdi erent subportfolios.
Hereafter, for any d-dimensional probability vector and any subs¢ S E f g, we
denote,with slight abuse of notations, by (0; s) the d-dimensional vedor whoses-th entry
is the s-th entry of if s 2 S, and zero otherwise. For example, (0; (S)) denotes the
d-dimensional vector whoses-th ertry is the s-th ertry of ((S) (see(3.11) if s2 S, and
zerootherwise.
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Theorem 3.6. If (Xq;::1;X,) is of phasetype with represertation ( ; A; E; E; 1) E,), then
the random vector [(X; 55X, t) j Xy > t] is of phase type with repres@étation
((0; «(Ro)): A E By Ry).

Pro of. Let fX(t);t Og bethe underlying Markov chain for (X4;:::;X,,). Then

It follows from the Markov property that

(X1 tunXn )jXg>t] = [(X1 to5X, 1)) X(t) 2 K
=g (inffs>0:X (s)2 kg;:::;inffs>0:X (s) 2 E0);

wheref X (s);s 0gis a Markov chain with the samestate spaceand generata as thoseof
fX(t);t 0Og, but the initial probability vector (0; (E)) and

aA

) 1 oy mENE
t(Bo) = PrEX (1) 2 Bog (PriX(t) =ig;i 2 K) = W'

Thus, therandomvedor [(X; t 55X, t)j X > t]is of phasetype with represetation
((0; ((Ep)); A E; Ei5ii5Ey).

Hence any marginal distribution of [(X1 t; 255X, t) j X > t] is also of phase
type. Thus, the risk contribut ion from the i-th subportfolio giventhat all the risks exceeda
threshold value can be calculated.

Corollary 3.7. Let (Xg1;:::;X,) be of phasetype with represatation ( ;A; E; E; 5 Ey).
Then, the exces loss(X; tj Xy > t) is of phase type with represertation

((0; «(E); Ae &; JEI  JEI)
and
CTExjx, (D =t (0 () Ag'g € (3.16)

Proof. By Theorem3.6, [(X1 ¢t 55X, t) ] X@ > t] has a phasetype represatation
((0; «(E)); A; E; Ei;:i5Ey). Hence (X t] X (g > t) hasa phasetype represemation

((0; (E0)); Ae g;JE] JEj):

Thus, (3.16 follows from (2.5)
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In fact, from a direct calculaion, we have,

R
_ . _ 01 PrfX; > x; X > tgdx
CTExjxy, (1) = EXijXq>1t)= PriX g > tg
R, @
F (st x; s t)dx
= t+ - ( ) : (3.17)

F(tt )

Sincerandom vector (X; X ;5 X 15 Xj+1; 055 Xn) hasan MPH distribut ion with represen-
tation ( ;A E E;E; B 1,641 ), then, by (3.6), for x > t,

F(t oot x;t st

Prf X, > x; X1 >#t; S Xi 1>t X >t Xy > tg

Yl
= A g e* Yhge; (3.18)
k=n; k6i

where,for k = 1;:::;n, g« is de ned as a diagonald d matrix whosee-th diagonal elemen
fore= 1;::;;dequalslif e2 E K andis O otherwise. Therefore, we obtain that for any
1 1 n,

h I R
e’ Q&:n- @i € Dhdx ge
CTEXin(l)(t) = t+ : Ql
eiA - e
hg, j k=n
A

i A ‘ge
Q ;

Q1
aA en % €

(3.19)

The expression(3.19) provides another formula for CTEx jx , (t).
Note that the expression(3.19 yields the sameresult as that in Corollary 3.7, due to
the fact that

h i
Q. L

et k=n;kei O A 'ge _ 0; Eie ehe)A tge _ (0; ge®=)Ac'ce
eA T g e g e e e

(O; t(EO))AElE €.

lying Markov chain f X (t);t  Og.
Let g = Prf Xy > tg. Sincek is stochastically closed,we have

&=PrfX{)2E EBg= €e*lI(E B)= — 2 eheeve
E &€
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We have for any x 0,
Peri>ijk>tg:éPeri>x;Xk>tg
1
= &Prfxi>x;x(t)2(E E[B)[(E E\ E)g

= éPeri>x;X(t)2E E[ag+éPrfxi>x;X(t)25 E\ &g

= pukPriXi>xjX(t)2E B[ B9+ pk PriXi>xjX(t)2E E\ Kg;

where
_ PriX(t)2E E[ &g

_ PriX()2E E\ kg
k — .

. and -
P1k o 2; o
Clearly pyx + p2x = 1. Thus,
Z 1
E(Xink>t)= Peri>Xij>tng

0
= pkEXiJX()2E B[ B)+pkEXijX(1)2E E\ K):

Since
PrfXt)2E E[ &g = L[EketAEEi[Eke;
E EE«®
PfX(t)2E E\EKg = €*I(E E\ K);
we have
E &© E BE,EFFiFre
Pk = =
E BEE E g€ EEke
AI(E B\ E).
P2:k :

eAl(E EB)
To cdculate two conditional expedations in (3.20), we needthe following.

1. Forany ik, if PriX(t)2 E E[ Eg> 0,
EXiiX()2E EB[B)=t (0; «(E B[ E) A e
2. Foranyi 6 k,if PriX(t)2E E\ Eg> 0,
EXijX()2E E\ E)

[E Ed] [E &I €

1 (0; 9e”Eee

EE |[E

0—
where e kL&
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(O; %A ! e t(O; %etA[EEk]e+(O; %A 1 tA[EEk]e-

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



Pro of. Tocdculate E(X;jX(t)2 E E|[ K), it follows from Markov property that
EXXijX(t)2E E[ K)=t+ E(inffs>0:X (s)= 0);

wheref X (t);t 0Ogis a Markov chain with the state space(E E)[ f g, subgeneraor
Ae g, andthe initial probability vector (0; ((E E [ E)) with

(PriX(®)=jgj2E EB[R)_ egE "= Fx

t(E E[ E(): Per(t)ZE E[ E(g £ Ei[EketAEEi[Eke'
Sinceinffs> 0: X (s) = gis of phase type, we have,
EXijX(M2E BE[B)=t (0. «(E B[ B)Age: (3.25)

Tocdculate E(X; j X(t)2 E E\ K), consider
fXt)2E E\ EKg=fX; t<Xyg

Now we de ne a new Markov chain fXqt);t Og with state space E E, asfollows. The
setof absabing statesisE E\ E, the initial probability vector of f X {t);t 0gis (0; 9,
where %= —==iEk: The generdor of f X qt);t 0Ogis givenby Ae g (see(3.10)). Let

EE (E€°

X%=inffs>0:XYs)2E E\ Kg;
which has a phasetype distributio n. Then, from (2.6),

EXijX()2E B\ B)=EXPj X t)
(0; %A[El Ek]e t(o; %em[EE ke + (O; C)A[El Ek]etA[EE o] e.
1 (0; 9etesue '

Thus, (3.29 in Lemma 3.8 (2) holds.
Obsenethat if E E, then X; Xy almost surely It follows from (3.20) that

EXi jXk> )= EX jX(M)2E B); fE E: (3.26)

Thus, Lemma 3.8 (1) implies that (X; t | X, > t) is of phasetype with represetation
((0; «(E K)); Ae g:;JE Ej). This leads to the following corollaries.

Corollary 3.9. Let (X4q;:::;Xy) be MPH with represrtation ( ;A; E E; 5 E). Let Xy,
1 k n, bethe k-th order statistic of (X1;:::; Xp).

14



1. Forany k i, (X4 t] X > t)isof phase type with represemation
((0; «(E Ok)); Ae o; JE  0Gij);
and

EX@piXew>t)=t (0; (E O) A'o, e (3.27)

2. In particular, (Xny t] X > t) is of phasetype with represemation
((0; «(Bo)); A JE]  1);
and

EXmiXgp>t)=t (0; (E)) A ‘e (3.28)

Pro of. It follows from Lemma 3.4 that (X; X)) is of phasetype with represemation
( ;A E Ox; Oi). SinceXiy X, the corollary follows from Lemma3.8 (1), Ag 1 4 = A,
andjg f gj=jg 1.

Corollary 3.10. Let (Xq;:::;Xy) be MPH with represetation ( ;A; E E;:;;E). Then
(Xmy t]jX;>t)isof phasetype with represemation

((0; «(E B));A JE 1);
and
EXmiXi>t)=t (0; (E E)) A le: (3.29)

Proof. If (Xy;:::5X,) is MPH with represertation ( ; A; ;5 B), then (Xi; X)) is of
phasetype with represemation ( ; A; E; E;f g). Then the results follow from (3.26),
Lemma 3.8 and the fact that X,y  X; almost surely for any i.

The expressionfor E(X; j X, > t) is cumbersome,but can be obtained from (3.20),
(3.21), (3.22), and Lemma 3.8.

4 CTE of Marsha ll-Olki n Dist ri buti ons

In this section,we illustrate our results using the multiv ariate Marshall-Olkin distrib ution,
and also showv someinteresting e ects of di e rent parameters on the CTEs.

15



X;=minfEs: S3jg;, j=1::;n: (4.1)

tersf 5;S f1;:::;ngg (Marshall and Olkin 1967). In the reliability context, X ;:::;X,
can be viewed as the lifetimes of n componerts operating in a random shock ernvironmert
where a fatal shock governed by PoissonprocessfNg(t);t  Og with rate g destroys all
the components with indexesin S f1;:::;ng simultaneously. Assumethat thesePoisson
shack arrival processesare independen, then,

Xj = infft :Ns(t) 1,S3jg j=1:::;n (4.2)

LetfM g(t);t 0g,S f1;:::;ng, beindependert Markov chains with absobing state s,
ead represeting the exponertial distribution with parameter s. It follows from (4.2) that

independent Markov chains with absabing classes5 = f(es) : es = s for someS 3 jg,
1 | n.ltisalsoesasy to verify that the marginal distribution of the | tIQ componert of
the Marshall-Olkin distribut ed random vector is exponertial with meanl= g3, s.

To calculatethe CTEs, we needto simplify the underlying Markov chain for the Marshall-
Olkin distributio n and obtain its phasetype representation. Let f X (t);t Og be a Markov
chain with state space E= fS:S f1;:::;ngg, and starting at ; almost surely. The index

It follows from (4.2) that its sub-generdor is givenby A = (ae.»), Where

X
Qe = L ife=S; = SPands  s°
L:L SOL[S=S0
X X
e = L ;ife=Sand = s;
L:L S S

and zerootherwise. Using the resultsin Sed¢ions 2-3 and theseparameters, we can calculate
the CTEs. To illustrate the results, we considerthe bivariate case

Exampl e 4.1. In the Marshall-Olkin distributio n, let n = 2, the state spaceE = {12, 2; 1; 0g,
E = f12jg, ] = 1,2, where 12 is the absobing state. Note that the absabing state 12

16



is usually denoted by 0 in Section 3, whereas0 in this and next examplesabbreviates the
state; . Furthermore, let theinitial probability vector be (0; ) with = (0;0;1). Then, the

sub-gengator A for the two-dimensiona Marshall-Olkin distributio n is given by

2 3
12 1 0 0

A=ﬁ 0 12 2 0 E;

2 1

where = 12+t o+ 1+ :
Thus, in (3.5), the matrix T is given by

3
1 12 0 0
T= 2 0 2 12 0 g ;
2 _1 _0
2 2 2
where o= 1+ 2+ o= .. Furthermore,in (3.13), wehaveEy = f0g;, g = 1; Ag, =
+ .= (1+ 2+ 1) and (K)=1

To study the eect of dependence on the CTEs, we calculae CTEs(t); CTEx,(1);
and CTEy,, (1), respectively, under several di erent sets of model parameters. The anaytic
formsof CTEs(t); CTEx,, (t); andCTEx ,, (t) in the following three casesand the numerical
valuesin Table 1 were easily producedfrom (3.5), (3.13), and (3.14) by Mathematica. The
rst column of Table 1 lists sewerd valuesof t, and the next several cdumns list valuesof
theseCTEs in the following three cases

1. Casel: 1,=0; 1= =25 . = 0:In this casethe vecta (X;; X,) are indepen-
dert, and
0:16
04+ t’

CTEs(t) = 04+ t+

CTEx, (1) = 02+t
0:8+ 2t (0:2+ t)e %5t

CTEX(n)(t) 2 e 25t
2. Case2: 1,=1 1= ,=15 . = 1 In this casethevedor (X; X,) are positively
dependen, and
_ 1+ 2t (0:6+ 1:5t)e %5t
CTEs() = 2 15e 05t !
CTEx,(t) = 025+t

0:8+ 2t (0:25+ t)e 5t
CTEX(n)(t) 2 g L5t .
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3. Case3: 1,=25 ;.= ,=0; .= 25 This isthe comonotonecasewhereX; = X5,
and sothe vector (X 1; X,) hasthe strongestpositive dependence.In this case

CTEs(t) 0:8+ t;
CTEX(l)(t) = CTEX(n)(t) = 04+t

Table 1. E ects of Dependenceon the CTEs of S; X(q); and X

CTEs(t) CTEx,, () CTEx,, (t)
t | Casel | Case2 | Case3 | Casel | Case2 | Case3 | Casel | Case2 | Case3
1| 15143 | 1.8835 1.8 1.2 1.25 1.4 1.4086 | 1.4188 1.4
2 | 24667 | 2.5381 2.8 2.2 2.5 2.4 2.4007 | 2.403 2.4
3 | 3.471 | 3.5201 3.8 3.2 3.5 3.4 3.4001 | 3.4008 3.4
4 | 44364 | 4.5113 4.8 4.2 4.25 4.4 4.4000 | 4.4002 4.4
5| 542% | 55066 5.8 5.2 5.25 5.4 5.4000 | 5.4000 54
6 | 6.4250 | 6.5039 6.8 6.2 6.25 6.4 6.4000 | 6.4000 6.4
7| 7.4216 | 7.5023 7.8 7.2 7.25 7.4 7.4000 | 7.4000 7.4
8 | 8.4191 | 8.5014 8.8 8.2 8.5 8.4 8.4000 | 8.4000 8.4
9 | 9.4170 | 9.5008 9.8 9.2 9.5 9.4 9.4000 | 9.4000 9.4
10| 104154 | 105005 | 10.8 10.2 1025 | 104 | 104000 | 10.4000| 104

In all thethree cases, (X1; X,) hasthe samemarginal distributio ns, namely, X; and X,
have the exponertial distributions with meansl=( 1, + ;) and 1=( 12+ ), respedively.
The only di erenceamongthem is the di erent comelation betweenX; and X,. It can
be easily veri e d directly that the comrelation coe cient of (X1; X,) in Case 1 is smdler
than that in Case2, which, in turn, is smallerthan that in Case3. In fact, it follows from
Proposition 5.5in Li and Xu (2000) that the random vector in Casel is less dependert than
that in Case 2, which, in turn, is lessdependert than that in Case3, all in supermadular
dependene order.

Table 1 showsthat the CTEs(t) becomedarger asthe carelation grows. The e ect of de-
pendenceon CTEy , (t) is the sameasthat on CTEs(t). However, the e ect of dependence
on CTEx,,, (t) is dierent from thoseon CTEs(t) and CTEx, (t). Indeed, CTEx (1) is
neither increasingnor decreasingas the carrelation grows.

Exampl e 4.2. In this example, we caculate E(X ) ] X > t);E(Xny j] X1 > t) and
CTEx,, (1) = E(X(n) ] X(n) > t) under sewerd dierent sets of model parameters usedin
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Example 4.1 and discussthe e ects of dependenceand di e rent conditions on the expected
maximal risk X ).
To apply (3.28), we have iy = fOg;f g=fl129,E f g=12100 g =1 Ag =

+ .= (1+ 2+ 1) and (E)=1
Toapply (3.2) fori = 1,wehaveE, = f121gandE E = f2;0g. Thus, g g = (0;1);
! #
Ac g = 12 1 0 :
2 +

and (E E)= g g efeea( g g ehEEae):

Thus, the anaytic formsof E(X ) j X1y > 1); E(X(ny ] X1 > t) and E(X(ny ] X(n) > 1)
in the following three casesand the numerical valuesin Table 2 were easily produced from
(3.28), (3.29), and (3.14) by Mathematica. The rst cdumn of Table 2 lists several valuesof
t, and the next several cdumns list valuesof these conditional expectations in the following
three cases corresponding to thosein Example 4.1

1. Casel: 1,=0; 1= =25 . = 0:In this casethe vecta (X;; X,) are indepen-
dent, and

E(Xm) j Xy > 1)
EXny ] X1>1)

06+t
04+ t+ 0:2e >
0:8+ 2t (0:2+ t)e 25

E(X(n) j X(n) > t)

2 e 25t
2. Case2: ;=1 ;= ,=15 .= 1 In this casethevedor (X1; X;) are positively
dependert, and
EXmjX@g>1) = 055+t
E(X(n) jX1>1) = 04+ t+ 0:15e 115t;
. 08+ 2t (025+ t)e 1:5t.
FXm 1 X > 1) = 2 @ 15t :
3. Case3: 1,=25 ;= ,=0;, .= 25 This isthe comonotonecasewhereX; = X5,

and sothe vector (X 1; X,) hasthe strongestpositive dependence.In this caseg

E(X(n) J X(l) > t) = E(X(n) J X]_ > t) = E(X(n) J X(n) > t) =04+t

Table 2 showsthat E(X )X @) > 1) EX@miX1>1)  E(X@n)jX @ > t) for the values
of t in all the three cases.But, neither E (X )jX1 > t) nor E(Xn)jX ) > t) exhibits any
monaonicity property as the correlaion grows.
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Table 2: E ects of Dependenceand Di erent Conditions on the Maximal Risk.

EXmiX@ > 1) E(XmiX1>1) EXmiXm > 1)
t | Casel | Case2 | Case3 | Casel | Case2 | Case3 | Casel | Case2 | Case3
1 1.6 1.5 1.4 | 1.4164 | 1.4335 1.4 | 1.408 | 1.4188 1.4
2 2.6 2.5 2.4 | 24014 | 2.4075 2.4 | 2.4007 | 2.4038 2.4
3 3.6 3.% 3.4 | 3.4001 | 3.4017 3.4 | 3.4001 | 34008 | 34
4 4.6 4.% 4.4 | 44000 | 4.4004 4.4 | 4.4000 | 4.4002 4.4
5 5.6 5.% 5.4 | 5.4000 | 5.4001 5.4 | 5.4000 | 5.4000 54
6 6.6 6.5 6.4 | 6.4000 | 6.4000 6.4 | 6.4000 | 6.4000 6.4
7 7.6 7.% 7.4 | 7.4000 | 7.4000 7.4 | 7.4000 | 7.4000 7.4
8 8.6 8.%5 8.4 | 8.4000 | 8.4000 8.4 | 8.4000 | 8.4000 8.4
9 9.6 9.% 9.4 | 9.4000 | 9.4000 9.4 | 9.4000 | 9.4000 9.4
10| 106 1055 | 104 | 10400 | 104000| 104 | 10400 | 10400 | 104

5 Concluding Remarks

Using Markovian method, we have derived the explicit expressionsof various conditional
tail expectations (CTE) for multivariate phasetype distributio nsin a uni ed fashion. These
CTEs can be applied to measuresomeright-tail risks for a nancial portfoli o consisting of
se\eral stochastically dependen subportfolios. We have focusedon the total risk, minimal
risk and maximal risk of the portfolio, and aswe illustrated in the numerical examples,our
CTE formulas for these risks can be easily implemerted.

SomeCTE function valuesin our numericd examplesare increasingas the carrelation
amaong the subportfolio s grows. This demonstraes that merely increasingin the correlation,
while xing the marginal risk for each subportfolio, would add more risk into the ertire
portfolio. In fact, sincethe minimum statistic X1y of a Marshall-Olkin distributed randam

dependenceorder. However, whether or not a given CTE risk measureexhibits certain
monaonicity property asthe correlaion among the subportfolios grows remainsopen, and
asan important question,indeedneedsfurt her studies.

Another problemthat we have not addressedin this paper is the explicit expressiorof the
CTE for Xjj i”:1 Xi > t, which is of intered in the risk allocation study for tr&)e total risk.
Using the Markovian method, we can obtain the expressionfor the CTE of X;j ., X; > t,
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but that expression is too cumbersometo have any value of practical usage. Alternatively,
somekind of recursiwe algorithm dened on the underlying Markov structure would o er a
promising computational option.
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