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Abs tract

The conditional tail expectation in risk analysis describesthe expected amount of risk that

can be experiencedgiven that a potential risk exceedsa threshold value, and provides an

important measurefor right-tail risk. In this paper, we study the convolution and extreme

valuesof dependent risks that follow a multiv ariate phasetype distributio n, and derive ex-

plicit formulas of several conditional tail expectations of the convolution and extremevalues

for such dependent risks. Util izing the underlying Markovian property of these distribu-

tions, our method not only reveals structural insight, but also yields somenewdistributio nal

properties for multiv ariate phasetype distribut ions.

Key words and phr ases: Univariate and multiv ariate phasetypedistr ibutions, continuous

time Markov chain, convolution, extreme value, Marshall-Olkin distribution, value at risk

(VaR), conditional tail expectation (CTE), excessloss, residual lifet ime.



1 In tr oducti on

Let risk X be a non-negative random variable with cumulative distr ibution F , where X

may refer to a claim for an insurancecompany or a losson an investment portfolio . Given

0 < q < 1, the valuexq, determinedby �F (xq) = 1� F (xq) = q and denotedby VaRX (1 � q),

is called the value at risk (VaR) with a degreeof con�dence of 1 � q. The conditional

expectation of X given that X > xq, denoted by CTEX (xq) = E(X jX > xq), is called the

conditional tail expectation (CTE) of X at VaR xq. Observe that

CTEX (xq) = xq + E(X � xqjX > xq);

where the random variable (X � tjX > t) is known as the residual lifetime in reliabilit y

(Shaked and Shanthikumar 1994) and the excesslossor excessrisk in insuranceand �nance

(Embrechts et al. 1997), respect ively. Since d
dx (x + E(X � xjX > x)) � 0 for any cont inuous

risk X (seepage 45 of Shaked and Shanthikumar 1994), the CTE function CTEX (x) is

increasingin x � 0, or equivalent ly, CTEX (xq) is decreasingin q 2 (0; 1).

Both VaR and CTE are important measuresof right-ta il risks, which are frequently

encountered in the insurance and �nan cial investment. It is known that the CTE satis�e s

all the desirable properties of a coherent risk measure (Art zner et al. 1999), and that the

CTE provides a more conservative measure of risk than VaR for the samelevel of degree

of con�de nce (Landsmanand Valdez 2003). Hence, the CTE is more preferable than the

VaR in many applications, and has recently received growing att entions in the insuranceand

�nance literat ure.

To analyzedependent risks, several CTE measuresemerge, and the most popular onesare

the CTEs of the total risk and extremerisks. Let X = (X 1; :::; X n ) be a risk vector, where

X i denotesrisk (claim or loss) in subportfolio i for i = 1; :::; n. Then, S = X 1 + ::: + X n

is the aggregate risk or the total risk in a portfolio that consists of the n subportfolios,

X (1) = minf X 1; :::; X ng and X (n) = maxf X 1; :::; X ng are extreme risks in the portfolio .

Indeed, S; X (1) ; and X (n) are among the most important statistics used in statistics and

probabilit y. In risk analysis for such a portfolio , we are not only interested in the CTE of

each risk X i , but also the CTEs of thesestatistics of S; X (1) , and X (n) , which are denoted

by

CTES(t) = E(S j S > t); (1.1)

CTEX (1 )
(t) = E(X (1) j X (1) > t); (1.2)

CTEX ( n )
(t) = E(X (n) j X (n) > t): (1.3)
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The risk measuresrelated to thesestatist ics also include, among others,

CTEX i jS(t) = E(X i j S > t); (1.4)

CTEX i jX (1)
(t) = E(X i j X (1) > t); (1.5)

CTEX i jX ( n )
(t) = E(X i j X (n) > t); (1.6)

for i = 1; 2; :::; n.

All theserisk measureshavephysical interpretationsin insurance,�nance and other �elds.

For instance, CTEX i jS(t) represents the contr ibution of the i -th risk X i to the aggregate

risk S sinceCTES(t) =
P n

i =1 CTEX i jS(t). The CTE E(X (1) jX (1) > t) (E(X (n) jX (n) > t))

describesthe expected minimal (maximal) risk in all the subportfolios giventhat the minimal

(maximal) risk exceeds somethreshold t. More interestingly, E(X i jX (1) > t) represents the

average contribut ion of the i -th risk given that all the risks exceedsome value t, whereas

E(X i jX (n) > t) represents the average contribution of the i -th risk given that at least one

risk exceeds a certain value t. Besidestheir interpretations in risk analysis, theseCTEs in

(1.2)-(1.6) also have interpretations in life insurance.For instance, in a group life insurance,

let X i , 1 � i � n, be the lifetime of the i -th member in a group that consistsof the n

members. Then, X (1) is the joint- life status and X (n) is the last-survivor status (Bowers,

et al. 1997). As such, E(X i jX (1) > t) is the expected lifetime of member i given that all

members are alive at time t, and E(X i jX (n) > t) is the expected lifet ime of member i given

that there is at least onemember who is alive at time t.

Landsman and Valdez (2003) obtained the explicit formulas of CTES(t) and CTEX i jS(t)

for the multiv ariate elliptical distributions, which include the distributio nssuch as multiv ari-

ate normal, stable,student-t, etc. The focusof this paper is to derive the explicit formulasof

various CTEs, such as CTES(t), CTEX ( 1)
(t), CTEX ( n )

(t), E(X (n) jX (1) > t), E(X (n) jX i > t)

for i = 1; 2; :::; n, for the multiv ariate phasetype distributi ons.

Univariate phasetype distributions (seeSection 2 for the de�ni tion) have been widely

usedin queueingand reliabilit y modeling (Neuts 1981), and in risk management and �na nce

(Asmussen2000 and Rolski et al. 1999). The phasetype distributio ns have many attr active

properties, and in particular , they aremathematically tr actableand dense in all dist ributions

on [0; 1 ). Any nonnegative distributio n can be approximated by phasetype distributio ns,

and assuch, thephasetypedistributions provide a powerful and versatile tool in probabilistic

modeling. See, for example,Asmussen(2003) and Neuts (1981) for detailed discussionson

thesedistributions and their applications.

Multiv ariate phase type distribut ions have been introduced and studied in Assaf et al.

(1984). The multiv ariate phase type distribut ions include, as special cases, many well-

known multiv ariate distributio ns, such as the Marshall-Olkin distribut ion (Marshall and
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Olkin 1967), and also retain many desirableproperties similar to those in the univariate

case. For example, the set of n-dimensional phase type distributions is dense in the set

of all distributio ns on [0; 1 )n and henceany nonnegativ e n-dimensional distributio n can

be approximated by n-dimensional phasetype distributio ns. Furthermore, Kulkarni (1989)

showedthat the sumof the random variablesthat havea mult ivariate phasetypedistribution

follows a (univariate) phasetype distribution.

Due to their complex structure, however, the applications of mult ivariate phase type

distributio ns have been limited. Cai and Li (2005) employed Kulkarni's method and derived

the explicit phase type representat ion for the convolution, and applied the mult ivariate

phasetype distribut ions to ruin theory in a mult i-dimensional risk model. In this paper,

we further utilize the underlying Markovian structure to explore the right-ta il distributio nal

properties of phasetype distributio ns that are relevant to explicit calculations of the CTE

risk measures. Our method, in a uni�ed fashion, yields the explicit expressionsfor most of

all above-mentioned CTE functions for phase type distributio ns, and it also gives somenew

distributio nal properties for multiv ariate phasetype distribut ions.

This paper is organized as follows. After a brief introduct ion of phasetype distributions,

Section2 discussestheCTE for univariate phasetype distribut ions. Section3 details various

CTE measuresthat involve the multiv ariate phasetype distributio ns. Sect ion 4 concludes

the paper wit h someillustrativ e examples. Throughout this paper, we denote by X = st Y

the fact that two random variablesX and Y are identically distributed. Thevector e denotes

a column vector of 1's with an appropriate dimension and the vector 0 denotes a row vector

of zeros wit h an appropriate dimension. Note that the entr ies of all the probabilit y vectors

(sub-vectors), and matrices are indexedaccordingto the state spaceof a Markov chain.

2 CTE for U niv ari at e Phase T yp e Dis tr ibut ions

A non-negativ e random variable X or its distributio n F is said to be of phasetype (PH) with

representat ion (� ; A; d) if X is the t ime to absorption into the absorbingstate 0 in a �nite

Markov chain f X (t); t � 0g with state space f 0; 1; : : : ; dg, initia l distribut ion � = (0; � ), and

in�nitesimal generator

Q =

"
0 0

� Ae A

#

; (2.1)

where 0 = (0; :::; 0) is the d-dimensional row vector of zeros, e = (1; :::; 1)T is the d-

dimensional column vector of 1's, sub-generator A is a d � d nonsingular matrix, and

� = (� 1; :::; � d). Thus, a non-negative random variable X is of phase type wit h repre-
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sentat ion (� ; A; d) if X = inf f t � 0 : X (t) = 0g, where f X (t); t � 0g is the underlying

Markov chain for X .

Let �F (x) = 1 � F (x) denotethe survival function. Then random variable X is of phase

type with representation (� ; A; d) if and only if

�F (x) = Prf X (x) 2 f 1; : : : ; dgg = � exA e; x � 0: (2.2)

Thus,

EX k =
Z 1

0
xkdF(x) = (� 1)k k! (� A � k e); k = 1; 2; :::: (2.3)

See,for example, Rolski et al. (1999) for details.

The CTE for a univariate phasetypedistribution hasan explicit expression,which follows

from the following proposition.

Prop osit ion 2.1. If X has a PH distribut ion with representation (� ; A; d), then for any

t > 0, the excessrisk (X � t j X > t) has a PH distribut ion wit h representat ion (� t ; A; d),

where

� t =
� etA

� etA e
: (2.4)

Pro of. The survival function of (X � t j X > t) is given by

Prf X � t > x j X > tg = Prf X > t + xjX > tg =
�F (t + x)

�F (t)
:

It follows from (2.2) that

Prf X � t > x j X > tg =
� e(t+ x)A e

� etA e
= � t exA e:

Hence(X � t j X > t) hasa PH distributio n wit h representation (� t ; A; d). �

Remark 2.2. Proposit ion 2.1 can be also argued as follows. Let f X (t); t � 0g be the

underlying Markov chain on f 0; 1; : : : ; dg for the phase type random variable X . Since

f X > tg = f X (t) 2 f 1; : : : ; dgg, it then follows from the Markov property that

(X j X > t) = (X j X (t) 2 f 1; : : : ; dg) = st t + inf f s > 0 : X � (s) = 0g;

wheref X � (s); s � 0g is a Markov chain with the samestate spaceand generator as thoseof

f X (t); t � 0g, but the initia l probabilit y vector (0; � �
t ) and

� �
t =

1
Prf X (t) 2 f 1; : : : ; dgg

(Prf X (t) = 1g; : : : ; Prf X (t) = dg) =
� etA

� etA e
= � t :

Thus, (X � t j X > t) = st inf f s > 0 : X � (s) = 0g is of phasetype with representat ion

(� t ; A; d). Such a probabilistic interpretation is the basisof our Markovian method that will

be extensively usedin this paper.
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Coroll ary 2.3. If random variable X has a PH distribution wit h representation (� ; A; d),

then for any t > 0,

CTEX (t) = t �
� A � 1 etA e

� etA e
: (2.5)

Pro of. It follows from Proposition 2.1 and (2.3) that

CTEX (t) = t + E(X � t j X > t) = t � � t A � 1e = t �
� etA A � 1 e

� etA e
= t �

� A � 1 etA e
� etA e

;

wherethe last equality holds due to the fact that A � 1etA = etA A � 1. �

As oneapplication of Corollary 2.3, we can obtain an explicit expression for conditional

expectation E(X j X � t) immediately as follows.

Prop osit ion 2.4. If X has a PH distribut ion with representation (� ; A; d), then for any

t > 0,

E(X jX � t) =
� � A � 1 e � t � etA e + � A � 1 etA e

1 � � etA e
; (2.6)

E(t � X jX � t) =
t + � A � 1 (I � etA ) e

1 � � etA e
: (2.7)

Pro of. The formula (2.6) follows from

E(X ) = E(X j X > t) P(X > t) + E(X j X � t) P(X � t);

E(X ) = � � A � 1 e; P(X � t) = 1� � etA e; P(X > t) = � etA e, and (2.5). (2.7) is obtained

from E(t � X jX � t) = t � E(X jX � t) and (2.6). �

The conditional expectation E(X jX � t) will be used later in the paper. In risk analysis,

E(t � X jX � t) describesthe surplus beyond the risk that hasbeenexperienced.

3 CT E for Mul ti var iate Phase T yp e D istri but ions

Let f X (t); t � 0g be a right-continuous, continuous-t ime Markov chain on a �nite state

spaceE with generator Q. Let Ei , i = 1; : : : ; n, be n nonempty stochastically closedsubsets

of E such that \ n
i =1 Ei is a proper subset of E (A subset of the state spaceis said to be

stochast ically closed if oncethe processf X (t); t � 0g enters it , f X (t); t � 0g never leaves).

We assume that absorption into \ n
i =1 Ei is certain. Since we are interested in the process

only until it is absorbed into \ n
i =1 Ei , we may assume, without loss of generalit y, that \ n

i =1 Ei

consistsof one state, which we shall denoteby �. Thus, without lossof generalit y, we may

write E = ([ n
i =1 Ei ) [ E0 for somesubset E0 � E with E0 \ Ej = ; for 1 � j � n. The states
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in E are enumerated in such a way that � is the �rst element of E. Thus, the generator of

the chain has the form

Q =

"
0 0

� Ae A

#

; (3.1)

where 0 = (0; :::; 0) is the d-dimensional row vector of zeros, e = (1; :::; 1)T is the d-

dimensional column vector of 1's, sub-generator A is a d � d nonsingular matrix, and

d = jEj � 1. Let � be an initia l probabilit y vector on E such that � (�) = 0. We can

write � = (0; � ).

We de�ne

X i = inf f t � 0 : X (t) 2 Ei g; i = 1; : : : ; n: (3.2)

As in Assaf et al. (1984), for simplicity, we shall assumethat P(X 1 > 0; : : : ; X n > 0) = 1,

which means that the underlying Markov chain f X (t); t � 0g starts within E0 almost surely.

The joint distribution of (X 1; : : : ; X n ) is calleda multivariate phasetype distributio n (MPH)

with representation (� ; A; E; E1; : : : ; En ), and (X 1; : : : ; X n ) is called a phase type random

vector.

When n = 1, the distribut ion of (3.2) reducesto the univariate PH distribution intro-

duced in Neuts (1981) (SeeSection 2). Examples of MPH distributio ns include, among

many others, the well-known Marshall-Olkin distributio n (Marshall and Olkin 1967). The

MPH distributio ns, their properties, and some related applications in reliabilit y theory were

discussed in Assaf et al. (1984). As in the univariate case,those MPH distribut ions (and

their densit ies, Laplace transformsand moments) can be writt en in a closed form. The set

of n-dimensional MPH distribution s is densein the set of all dist ributions on [0; 1 )n . It is

alsoshown in Assafet al. (1984) and in Kulkarni (1989) that MPH distributio ns are closed

under marginalization, �nite mixture, convolution, and the formation of coherent reliabilit y

systems.

The sum S = X 1 + � � � + X n , the extreme valuesX (1) = minf X 1; :::; X ng; and X (n) =

maxf X 1; :::; X ng are all of phasetype if (X 1; :::; X n ) has a multiv ariate phasetype distribu-

tion. Thus, Corollary 2.3 will yield explicit expressions of CTEs for S; X (1) ; and X (n) if we

canprovide the phasetype representations of S; X (1) ; and X (n) . In the following subsections,

we will discusstheserepresentations. We will alsodiscussthe phasetype representation for

the random vector (X (1) ; X i ; X (n)); i = 1; 2; :::; n, and then obtain the related CTEs.
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3.1 CTE of Sums

Cai and Li (2005) derived an explicit representation for the convolution distributio n of S =

X 1 + ::: + X n . To state this result, we partitio n the state spaceas follows.

� n
; = E0:

� n� 1
i = Ei � [ k6= i (Ei \ Ek); i = 1; : : : ; n:

� n� 2
ij = Ei \ Ej � [ k6= i; k6= j (Ei \ Ej \ Ek); i 6= j :

: : : ; : : : :

For any D � f 1; : : : ; ng,

� n�j D j
D = \ i 2D Ei � [ k62D(( \ i 2D Ei ) \ Ek):

: : : ; : : : ;

� 0
12:::n = f � g:

In other words, � n�j D j
D contains the states only in Ei for all i 2 D, but not in any other

Ej ; j =2 D. Note that these�'s form a partitio n of E. For each state e 2 E, de�ne

k(e) = number of indexesin f j : e =2 Ej ; 1 � j � ng: (3.3)

For example, k(e) = n for all e 2 � n
; , k(e) = 0 for all e 2 � 0

12:::n , and in general,k(e) = n� jD j

for all e 2 � n�j D j
D .

Lemm a 3.1. (Cai and Li 2005) Let (X 1; : : : ; X n ) be a phasetype vector whosedistribution

has representat ion (� ; A; E; Ei ; i = 1; : : : ; n), where A = (ae;e0). Then
P n

i =1 X i has a phase

type distributio n with representation (� ; T; jEj � 1), whereT = (te;e0) is given by,

te;e0 =
ae;e0

k(e)
; (3.4)

that is, te;e0 =
ae;e 0

k if e 2 � k
D , for some D � f 1; :::; ng.

The orem 3.2. Let (X 1; : : : ; X n ) be a phasetype vector whosedistribution has representa-

tion (� ; A; E; E1; :::; En ). Then the CTE expressionof S = X 1 + � � � + X n is given by, for any

t > 0,

CTES(t) = t �
� T � 1 etT e

� etT e
; (3.5)

whereT is de�ned by (3.4).

Pro of. (3.5) follows from the phase type representation (� ; T; jEj � 1) of S in Lemma 3.1

and (2.5). �
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3.2 CTE of Or der Stat ist ics

Let �F (x1; :::; xn ) and F (x1; :::; xn ) denote, respectively, the joint survival and distribution

functions of a phase type random vector (X 1; : : : ; X n ). Then, we have (see Assaf et al.

1984), for x1 � x2 � ::: � xn � 0;

�F (x1; :::; xn ) = Prf X 1 > x1; :::; X n > xng

= � exn A gn e(xn � 1 � xn )A gn� 1 � � � e(x1 � x2 )A g1e; (3.6)

F (x1; :::; xn ) = Prf X 1 � x1; :::; X n � xng

= � exn Q hn e(xn � 1 � xn )Q hn� 1 � � � e(x1 � x2 )Q h1e; (3.7)

where,for k = 1; :::; n, gk is de�ned as a diagonal d � d matrix whosee-th diagonal element

for e = 1; :::; d equals1 if e 2 E � Ek and zero otherwise, and hk is de�ned as a diagonal

(d + 1) � (d + 1) matrix whosee-th diagonal element for e = 1; :::; d + 1 equals 1 if e 2 Ek

and zerootherwise.

For the matrix A in (3.1), we now introduce two Markov chains. Let E � f � g = S [ S0,

whereS \ S0 = ; . The matrix Q in (3.1) can be parti tioned as follows.

Q =

2

6
4

0 0 0

� (ASe + ASS0e) AS ASS0

� (AS0Se + AS0e) AS0S AS0

3

7
5 ; (3.8)

whereAS (AS0) is the sub-matrix of A by removing the s-th row and s-th column of A for

all s =2 S (s =2 S0), and ASS0 (AS0S) is the sub-matrix of A by removing the s-th row and

s0-th column of A for all s 2 S0, s0 2 S (s 2 S, s0 2 S0). In particular, we have AE� f � g = A:

1. The matrix

QS =

"
0 0

� AS e AS

#

; (3.9)

is the generator of a Markov chain with state space S [ f � g and absorbing state �.

This Markov chain combinesall the states in S0 of Q into the absorbing state �.

2. Let A [S] = AS + D(ASS0), whereD(ASS0) is the diagonal matrix with its s-th diagonal

entry being the s-th entry of ASS0 e. The matrix

Q[S] =

"
0 0

� A [S] e A [S]

#

; (3.10)

is the generator of another Markov chain with state spaceS[ f � g and absorbing state

�. This Markov chain removesall the transition rates of Q from E � f � g to S0.

8



For any d-dimensional probabilit y vector � and any subsetS � E � f � g, we denote by

� S the jSj-dimensional sub-vector of � by removing its s-th entry for all s =2 S. The vector

I (S) denotesthe column vector with the s-th entry being 1 if s 2 S and zero otherwise.

Furthermore, for any S � E � f � g, we writ e � t (S) for the following jSj-dimensional row

vector

� t (S) =
� S etA S

� S etA S e
: (3.11)

Note that � t (E � f � g) = � t , where � t is given by (2.4).

For any phase type random vector (X 1; : : : ; X n ), Assaf et al. (1984) showed that the

extremevaluesX (1) = minf X 1; :::; X ng and X (n) = maxf X 1; :::; X ng are also of phasetype.

Their representations can be obtained from (3.6) and (3.7).

Lemm a 3.3. Let (X 1; : : : ; X n ) be of phase type wit h representation (� ; A; E; E1; : : : ; En ).

Then

1. X (1) is of phasetype wit h representat ion
�

� E0
� E0 e; AE0 ; jE0j

�
, whereAE0 is de�ned as in

(3.8).

2. X (n) is of phase type with representation (� ; A; jEj � 1).

Pro of. By (3.6), the survival funct ion of X (1) is given by, for x � 0,

�FX ( 1)
(x) = Prf X (1) > xg = �F (x; :::; x) = � exA gn � � � g1 e: (3.12)

Note that gn � � � g1 e = I (E0), where I (E0) denotes the d-dimensional vector such that the

e-th component is 1 if e 2 E0 and zerootherwise. Since Ei , 1 � i � n, are all stochastically

closed,we have
�FX (1 )

(x) = � exA I (E0) =
� E0

� E0 e
exA E0 e;

which implies that X (1) is of phase type with representation
�

� E0
� E0 e; AE0 ; jE0j

�
.

Similarly, by (3.7), the distributio n function of X (n) is given by, for x � 0,

FX ( n )
(x) = Prf X (n) � xg = F (x; :::; x) = � exQ hn � � � h1 e = � exQ I (f � g) = 1 � � exA e:

Thus, X (n) is of phase type with representation (� ; A; jEj � 1). �

In fact, X (1) is the exit time of f X (t); t � 0g from E0 and X (n) is the exit time of

f X (t); t � 0g from E � f � g, and thus X (1) and X (n) are of phase type with representations

given in Lemma3.3. In general,the k-th order statistic X (k) is the exit time of f X (t); t � 0g

from E � [ ff i 1 ;i 2 ;:::;i k gg(\ k
j =1 Ei j ), and thus alsoof phasetype. Hence,we obtain the following

lemma.
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Lemm a 3.4. Let X (k) , 1 � k � n, be the k-th smallestamong X 1; : : : ; X n that are of phase

type with representation (� ; A; E; E1; : : : ; En ). Then we have

1. (X (1) ; : : : ; X (n)) is of phasetype with representation (� ; A; E; O1; : : : ; On ), whereOk =

[ ff i 1 ;i 2 ;:::;i k gg(\ k
j =1 Ei j ), 1 � k � n.

2. X (k) is of phase type with representation
�

� E�O k
� E�O k e; AE� Ok ; jE � Ok j

�
, k = 1; : : : ; n.

Lemmas3.3 and 3.4, and (2.5) immediately yield the CTE expressionsof the extreme

valuesX (1) and X (n) as follows.

The orem 3.5. Let (X 1; : : : ; X n ) be of phasetype with representation (� ; A; E; E1; :::; En ).

1. The excess loss (X (1) � t j X (1) > t) of a subportfolio wit h the least risk is of phase

type with representation (� t (E0); AE0 ; jE0j), and the CTE of X (1) is given by

CTEX (1 )
(t) = t � � t (E0) A � 1

E0
e: (3.13)

2. The excess loss (X (n) � t j X (n) > t) of the riskiest subportfolio is of phasetype with

representat ion (� t ; A; jEj � 1), and the CTE of X (n) is given by

CTEX ( n )
(t) = t � � t A � 1 e; where� t =

� etA

� etA e
: (3.14)

3. In general,the excessloss(X (k) � t j X (k) > t) of the (n � k + 1)-th riskiest subportfolio

is of phase type with representation (� t (E � Ok); AE� Ok ; jE � Ok j), and the CTE of

X (k) is given by

CTEX ( k )
(t) = t � � t (E � Ok) A � 1

E� Ok
e; (3.15)

and Ok = [ ff i 1 ;i 2 ;:::;i k gg(\ k
j =1 Ei j ), k = 1; : : : ; n.

3.3 CTE In volvi ng Di�er ent Subp or t foli os

The Markovian method alsoleads to the expressions of CTEs amongdi�eren t subportfolios.

Hereafter, for any d-dimensional probabilit y vector � and any subset S � E � f � g, we

denote,with slight abuse of notations, by (0; � S) the d-dimensional vector whoses-th entr y

is the s-th entry of � if s 2 S, and zero otherwise. For example, (0; � t (S)) denotes the

d-dimensional vector whoses-th entry is the s-th entry of � t (S) (see(3.11)) if s 2 S, and

zerootherwise.
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The orem 3.6. If (X 1; :::; X n ) is of phasetype with representation (� ; A; E; E1; :::; En ), then

the random vector [(X 1 � t; :::; X n � t) j X (1) > t] is of phase type with representation

((0; � t (E0)) ; A; E; E1; :::; En ).

Pro of. Let f X (t); t � 0g be the underlying Markov chain for (X 1; :::; X n ). Then

f X (1) > tg = f X 1 > t; : : : ; X n > tg = f X (t) 2 E0g:

It follows from the Markov property that

[(X 1 � t; :::; X n � t) j X (1) > t] = [(X 1 � t; :::; X n � t) j X (t) 2 E0]

= st (inf f s > 0 : X � (s) 2 E1g; : : : ; inf f s > 0 : X � (s) 2 Eng);

wheref X � (s); s � 0g is a Markov chain with the samestate spaceand generator as thoseof

f X (t); t � 0g, but the initia l probabilit y vector (0; � t (E0)) and

� t (E0) =
1

Prf X (t) 2 E0g
(Prf X (t) = ig; i 2 E0) =

� E0 etA E0

� E0 etA E0 e
:

Thus, the randomvector [(X 1 � t; :::; X n � t) j X (1) > t] is of phasetype with representation

((0; � t (E0)) ; A; E; E1; :::; En ). �

Hence, any marginal distributio n of [(X 1 � t; :::; X n � t) j X (1) > t] is also of phase

type. Thus, the risk contribut ion from the i -th subportfolio given that all the risks exceeda

threshold value can be calculated.

Coroll ary 3.7. Let (X 1; :::; X n ) be of phasetype with representation (� ; A; E; E1; :::; En ).

Then, the excess loss(X i � t j X (1) > t) is of phase type wit h representation

((0; � t (E0)) ; AE� Ei ; jEj � jEi j)

and

CTEX i jX (1 )
(t) = t � (0; � t (E0)) A � 1

E� Ei
e: (3.16)

Pro of. By Theorem 3.6, [(X 1 � t; :::; X n � t) j X (1) > t] has a phasetype representation

((0; � t (E0)) ; A; E; E1; :::; En ). Hence, (X i � t j X (1) > t) hasa phasetype representation

((0; � t (E0)) ; AE� Ei ; jEj � jEi j) :

Thus, (3.16) follows from (2.5) �

11



In fact , from a direct calculation, we have,

CTEX i jX (1)
(t) = E(X i j X (1) > t) =

R1
0 Prf X i > x; X (1) > tgdx

Prf X (1) > tg

= t +

R1
t

�F (t; :::; t; x; t; :::; t)dx
�F (t; t; :::; t)

: (3.17)

Sincerandom vector (X i ; X 1; :::; X i � 1; X i +1 ; :::; X n ) hasan MPH distribut ion wit h represen-

tation (� ; A; E; Ei ; E1; :::; Ei � 1; Ei +1 ; :::; En ), then, by (3.6), for x > t,

�F (t; :::; t; x; t; :::; t) = Prf X i > x; X 1 > t; :::; X i � 1 > t; X i +1 > t; : : : ; X n > tg

= � etA

"
1Y

k= n; k6= i

gk

#

e(x� t )A gi e; (3.18)

where,for k = 1; :::; n, gk is de�ned as a diagonal d � d matrix whosee-th diagonal element

for e = 1; :::; d equals1 if e 2 E � Ek and is 0 otherwise. Therefore, we obtain that for any

1 � i � n,

CTEX i jX (1)
(t) = t +

� etA
hQ 1

k= n; k6= i gk

i � R1
t e(x� t )A dx

�
gi e

� etA
� Q 1

k= n gk
�

e

= t �
� etA

hQ 1
k= n; k6= i gk

i
A � 1 gi e

� etA
� Q 1

k= n gk
�

e
: (3.19)

The expression(3.19) provides another formula for CTEX i jX (1)
(t).

Note that the expression(3.19) yields the sameresult as that in Corollary 3.7, due to

the fact that

� etA
hQ 1

k= n; k6= i gk

i
A � 1 gi e

� etA
� Q 1

k= n gk
�

e
=

(0; � E0
� E0 e etA E0 ) A � 1 gi e

� E0
� E0 e etA E0 e

=
(0; � E0 etA E0 ) A � 1

E� Ei
e

� E0 etA E0 e

= (0; � t (E0))A � 1
E� Ei

e:

To develop a general scheme, we drive an expressionfor E(X i j X k > t), i; k = 1; : : : ; n,

where(X 1; : : : ; X n ) is of phase type with representation (� ; A; E; E1; : : : ; En ), and the under-

lying Markov chain f X (t); t � 0g.

Let qk = Prf X k > tg. SinceEk is stochastically closed,we have

qk = Prf X (t) 2 E � Ekg = � etA I (E � Ek) =
� E� Ek

� E� Ek e
etA E�E k e:
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We have for any x � 0,

Prf X i > x j X k > tg =
1
qk

Prf X i > x; X k > tg

=
1
qk

Prf X i > x; X (t) 2 (E � Ei [ Ek) [ (Ei � Ei \ Ek)g

=
1
qk

Prf X i > x; X (t) 2 E � Ei [ Ekg +
1
qk

Prf X i > x; X (t) 2 Ei � Ei \ Ekg

= p1;k Prf X i > x j X (t) 2 E � Ei [ Ekg + p2;k Prf X i > x j X (t) 2 Ei � Ei \ Ekg;

where

p1;k =
Prf X (t) 2 E � Ei [ Ekg

qk
and p2;k =

Prf X (t) 2 Ei � Ei \ Ekg
qk

:

Clearly p1;k + p2;k = 1. Thus,

E(X i j X k > t) =
Z 1

0
Prf X i > x j X k > tgdx

= p1;k E(X i j X (t) 2 E � Ei [ Ek) + p2;k E(X i j X (t) 2 Ei � Ei \ Ek): (3.20)

Since

Prf X (t) 2 E � Ei [ Ekg =
� E� Ei [E k

� E� Ei [E k e
etA E�E i [E k e;

Prf X (t) 2 Ei � Ei \ Ekg = � etA I (Ei � Ei \ Ek);

we have

p1;k =
�

� E� Ek e
� E� Ei [E k e

� �
� E� Ei [E k etA E�E i [E k e

� E� Ek etA E�E k e

�
; (3.21)

p2;k =
� etA I (Ei � Ei \ Ek)

� etA I (E � Ek)
: (3.22)

To calculate two conditional expectations in (3.20), we needthe following.

Lemm a 3.8. Let (X 1; : : : ; X n ) be MPH with representat ion (� ; A; E; E1; : : : ; En ).

1. For any i; k, if Prf X (t) 2 E � Ei [ Ekg > 0,

E(X i j X (t) 2 E � Ei [ Ek) = t � (0; � t (E � Ei [ Ek)) A � 1
E� Ei

e: (3.23)

2. For any i 6= k, if Prf X (t) 2 Ei � Ei \ Ekg > 0,

E(X i j X (t) 2 Ei � Ei \ Ek)

=
� (0; � 0) A � 1

[E� Ek ] e � t (0; � 0) etA [E�E k ] e + (0; � 0) A � 1
[E� Ek ] etA [E�E k ] e

1 � (0; � 0) etA [E�E k ] e
; (3.24)

where� 0 =
� E�E i [E k

� E�E i [E k e.
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Pro of. To calculate E(X i j X (t) 2 E � Ei [ Ek), it follows from Markov property that

E(X i j X (t) 2 E � Ei [ Ek) = t + E(inf f s > 0 : X � (s) = � g);

where f X � (t); t � 0g is a Markov chain with the state space (E � Ei ) [ f � g, sub-generator

AE� Ei , and the init ial probabilit y vector (0; � t (E � Ei [ Ek)) with

� t (E � Ei [ Ek) =
(Prf X (t) = j g; j 2 E � Ei [ Ek)

Prf X (t) 2 E � Ei [ Ekg
=

� E� Ei [E k etA E�E i [E k

� E� Ei [E k etA E�E i [E k e
:

Sinceinf f s > 0 : X � (s) = � g is of phase type, we have,

E(X i j X (t) 2 E � Ei [ Ek) = t � (0; � t (E � Ei [ Ek))A � 1
E� Ei

e: (3.25)

To calculate E(X i j X (t) 2 Ei � Ei \ Ek), consider

f X (t) 2 Ei � Ei \ Ekg = f X i � t < X kg:

Now we de�ne a new Markov chain f X 0(t); t � 0g with state space E � Ek as follows. The

set of absorbing statesis Ei � Ei \ Ek , the initial probabilit y vector of f X 0(t); t � 0g is (0; � 0),

where� 0 =
� E�E i [E k

� E�E i [E k e. The generator of f X 0(t); t � 0g is given by A [E� Ek ] (see(3.10)). Let

X 0
i = inf f s > 0 : X 0(s) 2 Ei � Ei \ Ekg;

which has a phasetype distributio n. Then, from (2.6),

E(X i j X (t) 2 Ei � Ei \ Ek) = E(X 0
i j X 0

i � t)

=
� (0; � 0) A � 1

[E� Ek ] e � t (0; � 0) etA [E�E k ] e + (0; � 0) A � 1
[E� Ek ] etA [E�E k ] e

1 � (0; � 0) etA [E�E k ] e
:

Thus, (3.24) in Lemma 3.8 (2) holds. �

Observe that if Ei � Ek , then X i � X k almost surely. It follows from (3.20) that

E(X i j X k > t) = E(X i j X (t) 2 E � Ek); if Ei � Ek : (3.26)

Thus, Lemma 3.8 (1) implies that (X i � t j X k > t) is of phasetype with representation

((0; � t (E � Ek)) ; AE� Ei ; jE � Ei j). This leads to the following corollaries.

Coroll ary 3.9. Let (X 1; :::; X n ) be MPH with representation (� ; A; E; E1; :::; En ). Let X (k) ,

1 � k � n, be the k-th order statistic of (X 1; :::; X n ).

14



1. For any k � i , (X (i ) � t j X (k) > t) is of phase type wit h representation

((0; � t (E � Ok)) ; AE� O i ; jE � Oi j) ;

and

E(X (i ) j X (k) > t) = t � (0; � t (E � Ok)) A � 1
E� O i

e: (3.27)

2. In particular , (X (n) � t j X (1) > t) is of phasetype wit h representation

((0; � t (E0)) ; A; jEj � 1) ;

and

E(X (n) j X (1) > t) = t � (0; � t (E0)) A � 1 e: (3.28)

Pro of. It follows from Lemma 3.4 that (X (k) ; X (i )) is of phasetype with representation

(� ; A; E; Ok ; Oi ). SinceX (i ) � X (k) , the corollary follows from Lemma 3.8 (1), AE� f � g = A,

and jE � f � gj = jEj � 1. �

Coroll ary 3.10. Let (X 1; :::; X n ) be MPH with representati on (� ; A; E; E1; :::; En ). Then

(X (n) � t j X i > t) is of phasetype wit h representation

((0; � t (E � Ei )) ; A; jEj � 1) ;

and

E(X (n) j X i > t) = t � (0; � t (E � Ei )) A � 1 e: (3.29)

Pro of. If (X 1; :::; X n ) is MPH with representation (� ; A; E1; :::; En ), then (X i ; X (n)) is of

phase type wit h representation (� ; A; E; Ei ; f � g). Then the results follow from (3.26),

Lemma 3.8 and the fact that X (n) � X i almost surely for any i . �

The expressionfor E(X i j X (n) > t) is cumbersome,but can be obtained from (3.20),

(3.21), (3.22), and Lemma 3.8.

4 CTE of Marsha ll -Olki n Dist ri buti ons

In this section,we illustrate our results using the multiv ariate Marshall-Olkin distribution,

and alsoshow someinteresting e�ects of di�e rent parameters on the CTEs.
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Let f ES; S � f 1; : : : ; nggbea sequenceof independent, exponent ially distributed random

variables, with ES having mean1=� S. Let

X j = minf ES : S 3 j g; j = 1; : : : ; n: (4.1)

The joint distribution of (X 1; : : : ; X n ) is calledthe Marshall-Olkin distributio n with parame-

ters f � S; S � f 1; : : : ; ngg (Marshall and Olkin 1967). In the reliabilit y context , X 1; : : : ; X n

can be viewed as the lifetimes of n components operating in a random shock environment

where a fatal shock governed by Poissonprocess f NS(t); t � 0g with rate � S destroys all

the components with indexesin S � f 1; : : : ; ng simultaneously. Assumethat thesePoisson

shock arrival processesare independent, then,

X j = inf f t : NS(t) � 1; S 3 j g; j = 1; : : : ; n: (4.2)

Let fM S(t); t � 0g, S � f 1; : : : ; ng, be independent Markov chains with absorbing state � S,

each representing the exponent ial distributio n wit h parameter � S. It follows from (4.2) that

(X 1; : : : ; X n ) is of phasetypewith the underlying Markov chain on the product spaceof these

independent Markov chains with absorbing classesEj = f (eS) : eS = � S for someS 3 j g,

1 � j � n. It is also easy to verify that the marginal distribution of the j -th component of

the Marshall-Olkin distribut ed random vector is exponential with mean1=
P

S:S3 j � S.

To calculate theCTEs, weneedto simplif y the underlying Markov chain for the Marshall-

Olkin distributio n and obtain its phasetype representation. Let f X (t); t � 0g be a Markov

chain with state space E = f S : S � f 1; : : : ; ngg, and starting at ; almost surely. The index

set f 1; : : : ; ng is the absorbing state, and

E0 = f;g

Ej = f S : S 3 j g; j = 1; : : : ; n:

It follows from (4.2) that its sub-generator is given by A = (ae;e0), where

ae;e0 =
X

L : L � S0; L [ S= S0

� L ; if e = S; e0 = S0 and S � S0;

ae;e =
X

L : L � S

� L � � ; if e = S and � =
X

S

� S;

and zerootherwise. Using the results in Sect ions 2-3 and theseparameters, we can calculate

the CTEs. To illustrate the results, we considerthe bivariate case.

Exampl e 4.1. In the Marshall-Olkin distributio n, let n = 2, thestatespaceE = f 12; 2; 1; 0g,

Ej = f 12; j g, j = 1; 2, where 12 is the absorbing state. Note that the absorbing state 12
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is usually denotedby 0 in Section 3, whereas0 in this and next examplesabbreviates the

state ; . Furt hermore, let the init ial probabilit y vector be (0; � ) with � = (0; 0; 1). Then, the

sub-generator A for the two-dimensional Marshall-Olkin distributio n is given by

A =

2

6
4

� � 12 � � 1 0 0

0 � � 12 � � 2 0

� 2 � 1 � � + � ;

3

7
5 ;

where� = � 12 + � 2 + � 1 + � ; .

Thus, in (3.5), the matrix T is given by

T =

2

6
4

� � 1 � � 12 0 0

0 � � 2 � � 12 0
� 2
2

� 1
2 � � 0

2

3

7
5 ;

where� 0 = � 1+ � 2+ � 12 = � � � ; . Furt hermore,in (3.13), we have E0 = f 0g; � E0 = 1; AE0 =

� � + � ; = � (� 1 + � 2 + � 12), and � t (E0) = 1.

To study the e�ect of dependence on the CTEs, we calculate CTES(t); CTEX (1 )
(t);

and CTEX ( n )
(t), respectively, under several di�eren t sets of model parameters.The analytic

formsof CTES(t); CTEX (1 )
(t); andCTEX ( n )

(t) in the following threecasesand the numerical

valuesin Table 1 were easily producedfrom (3.5), (3.13), and (3.14) by Mathematica. The

�rst column of Table 1 lists several valuesof t, and the next several columns list valuesof

theseCTEs in the following three cases.

1. Case1: � 12 = 0; � 1 = � 2 = 2:5; � ; = 0: In this case,the vector (X 1; X 2) are indepen-

dent, and

CTES(t) = 0:4 + t +
0:16

0:4 + t
;

CTEX (1 )
(t) = 0:2 + t;

CTEX ( n )
(t) =

0:8 + 2t � (0:2 + t)e� 2:5 t

2 � e� 2:5 t
:

2. Case2: � 12 = 1; � 1 = � 2 = 1:5; � ; = 1: In this case,the vector (X 1; X 2) are positively

dependent, and

CTES(t) =
1 + 2t � (0:6 + 1:5t)e� 0:5 t

2 � 1:5e� 0:5 t
;

CTEX (1 )
(t) = 0:25+ t;

CTEX ( n )
(t) =

0:8 + 2t � (0:25+ t)e� 1:5 t

2 � e� 1:5 t
:
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3. Case3: � 12 = 2:5; � 1 = � 2 = 0; � ; = 2:5: This is the comonotonecasewhereX 1 = X 2,

and so the vector (X 1; X 2) has the strongestpositive dependence.In this case,

CTES(t) = 0:8 + t;

CTEX (1 )
(t) = CTEX ( n )

(t) = 0:4 + t:

Table 1: E�ects of Dependenceon the CTEs of S; X (1) ; and X (n)

CTES(t) CTEX ( 1)
(t) CTEX ( n )

(t)

t Case1 Case2 Case3 Case1 Case2 Case3 Case1 Case2 Case3

1 1.5143 1.5835 1.8 1.2 1.25 1.4 1.4086 1.4188 1.4

2 2.4667 2.5381 2.8 2.2 2.25 2.4 2.4007 2.4038 2.4

3 3.4471 3.5201 3.8 3.2 3.25 3.4 3.4001 3.4008 3.4

4 4.4364 4.5113 4.8 4.2 4.25 4.4 4.4000 4.4002 4.4

5 5.4296 5.5066 5.8 5.2 5.25 5.4 5.4000 5.4000 5.4

6 6.4250 6.5039 6.8 6.2 6.25 6.4 6.4000 6.4000 6.4

7 7.4216 7.5023 7.8 7.2 7.25 7.4 7.4000 7.4000 7.4

8 8.4191 8.5014 8.8 8.2 8.25 8.4 8.4000 8.4000 8.4

9 9.4170 9.5008 9.8 9.2 9.25 9.4 9.4000 9.4000 9.4

10 10.4154 10.5005 10.8 10.2 10.25 10.4 10.4000 10.4000 10.4

In all the three cases, (X 1; X 2) has the samemarginal distributio ns, namely, X 1 and X 2

have the exponential distributions wit h means1=(� 12 + � 1) and 1=(� 12 + � 2), respect ively.

The only di� erenceamong them is the di�eren t correlation between X 1 and X 2. It can

be easily veri�e d directly that the correlation coe�cien t of (X 1; X 2) in Case 1 is smaller

than that in Case2, which, in turn, is smaller than that in Case3. In fact , it follows from

Proposit ion 5.5 in Li and Xu (2000) that the random vector in Case1 is less dependent than

that in Case 2, which, in turn, is lessdependent than that in Case3, all in supermodular

dependence order.

Table 1 showsthat the CTES(t) becomeslarger asthe correlation grows. The e�ect of de-

pendenceon CTEX ( 1)
(t) is the sameas that on CTES(t). However, the e�ect of dependence

on CTEX ( n )
(t) is di�e rent from those on CTES(t) and CTEX (1 )

(t). Indeed, CTEX ( n )
(t) is

neither increasingnor decreasingas the correlation grows.

Exampl e 4.2. In this example, we calculate E(X (n) j X (1) > t); E(X (n) j X 1 > t) and

CTEX ( n )
(t) = E(X (n) j X (n) > t) under several di�eren t sets of model parameters used in
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Example 4.1 and discussthe e�ects of dependenceand di�e rent conditions on the expected

maximal risk X (n) .

To apply (3.28), we have E0 = f 0g; f � g = f 12g; E � f � g = f 2; 1; 0g; � E0 = 1; AE0 =

� � + � ; = � (� 1 + � 2 + � 12), and � t (E0) = 1.

To apply (3.29) for i = 1, we have E1 = f 12; 1g and E� E1 = f 2; 0g. Thus, � E� E1 = (0; 1);

AE� E1 =

"
� � 12 � � 1 0

� 2 � � + � ;

#

;

and � t (E � E1) = � E� E1 etA E�E 1 =(� E� E1 etA E�E 1 e):

Thus, the analytic forms of E(X (n) j X (1) > t); E(X (n) j X 1 > t) and E(X (n) j X (n) > t)

in the following three casesand the numerical valuesin Table 2 were easily produced from

(3.28), (3.29), and (3.14) by Mathematica. The �rst column of Table 2 lists several valuesof

t, and the next several columns list valuesof these conditional expectations in the following

three cases corresponding to those in Example 4.1.

1. Case1: � 12 = 0; � 1 = � 2 = 2:5; � ; = 0: In this case,the vector (X 1; X 2) are indepen-

dent, and

E(X (n) j X (1) > t) = 0:6 + t;

E(X (n) j X 1 > t) = 0:4 + t + 0:2e� 2:5t ;

E(X (n) j X (n) > t) =
0:8 + 2t � (0:2 + t)e� 2:5 t

2 � e� 2:5 t
:

2. Case2: � 12 = 1; � 1 = � 2 = 1:5; � ; = 1: In this case,the vector (X 1; X 2) are positively

dependent, and

E(X (n) j X (1) > t) = 0:55+ t

E(X (n) j X 1 > t) = 0:4 + t + 0:15e� 1:5t ;

E(X (n) j X (n) > t) =
0:8 + 2t � (0:25+ t)e� 1:5 t

2 � e� 1:5 t
:

3. Case3: � 12 = 2:5; � 1 = � 2 = 0; � ; = 2:5: This is the comonotonecasewhereX 1 = X 2,

and so the vector (X 1; X 2) has the strongestpositive dependence.In this case,

E(X (n) j X (1) > t) = E(X (n) j X 1 > t) = E(X (n) j X (n) > t) = 0:4 + t:

Table 2 shows that E(X (n) jX (1) > t) � E(X (n) jX 1 > t) � E(X (n) jX (n) > t) for the values

of t in all the three cases.But, neither E(X (n) jX 1 > t) nor E(X (n) jX (n) > t) exhibits any

monotonicit y property as the correlation grows.
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Table 2: E�ects of Dependenceand Di�eren t Conditions on the Maximal Risk.

E(X (n) jX (1) > t) E(X (n) jX 1 > t) E(X (n) jX (n) > t)

t Case1 Case2 Case3 Case1 Case2 Case3 Case1 Case2 Case3

1 1.6 1.55 1.4 1.4164 1.4335 1.4 1.4086 1.4188 1.4

2 2.6 2.55 2.4 2.4014 2.4075 2.4 2.4007 2.4038 2.4

3 3.6 3.55 3.4 3.4001 3.4017 3.4 3.4001 3.4008 3.4

4 4.6 4.55 4.4 4.4000 4.4004 4.4 4.4000 4.4002 4.4

5 5.6 5.55 5.4 5.4000 5.4001 5.4 5.4000 5.4000 5.4

6 6.6 6.55 6.4 6.4000 6.4000 6.4 6.4000 6.4000 6.4

7 7.6 7.55 7.4 7.4000 7.4000 7.4 7.4000 7.4000 7.4

8 8.6 8.55 8.4 8.4000 8.4000 8.4 8.4000 8.4000 8.4

9 9.6 9.55 9.4 9.4000 9.4000 9.4 9.4000 9.4000 9.4

10 10.6 10.55 10.4 10.400 10.4000 10.4 10.400 10.400 10.4

5 Concl uding Remark s

Using Markovian method, we have derived the explicit expressionsof various conditional

tail expectations (CTE) for mult ivariate phasetype distributio ns in a uni�ed fashion. These

CTEs can be applied to measuresomeright- tail risks for a �na ncial portfoli o consistingof

several stochastically dependent subportfolios. We have focusedon the total risk, minimal

risk and maximal risk of the portfolio, and as we illustrated in the numerical examples,our

CTE formulas for these risks can be easily implemented.

SomeCTE function values in our numerical examplesare increasingas the correlation

among the subportfolio s grows. This demonstrates that merely increasingin the correlation,

while � xing the marginal risk for each subportfolio , would add more risk into the entire

portfolio. In fact, sincethe minimum statistic X (1) of a Marshall-Olkin distributed random

vector (X 1; : : : ; X n ) hasan exponential distribution, it is easyto verify directly that the CTE

of X (1) is increasingas (X 1; : : : ; X n ) becomesmore dependent in the senseof supermodular

dependenceorder. However, whether or not a given CTE risk measureexhibits certain

monotonicit y property as the correlation among the subportfolios grows remainsopen, and

as an important question, indeedneedsfurt her studies.

Another problemthat wehavenot addressedin this paper is the explicit expressionof the

CTE for X i j
P n

i =1 X i > t, which is of interest in the risk allocation study for the total risk.

Using the Markovian method, we can obtain the expressionfor the CTE of X i j
P n

i =1 X i > t,
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but that expression is too cumbersometo have any value of practical usage. Alternatively,

somekind of recursive algorithm de�ned on the underlying Markov structure would o�er a

promising computat ional option.
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