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Abs tract

This paper introducesa Markov model for a multi-stat e repairable systemin which some
states are changeablein the sen® that whether those states are up or down dependson the
recent system ewlution history. Sewerd reliability indexes, sud as availability, mean up
time, steady-state reliability, are caculated using the matrix method. A su cient condition
under which the availabilities of the monaone repairable systemswith history-dependert
states can be compared is also obtained. Someexamplesare preseited to illustrat e the
resultsin the paper.

Mathem ati cs Subject Classicat ion: 60K 10.
Key words and phrases: Markov repairable system, history-dependert state, multi-state
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1 Introducti on

A repairable systemoperating in a random ervironmert is subjected to degadation, failure
and various kinds of repairs. In many casessuch a systemcan be modeled as a multi-state
Markov reparable system in which somestates are classi ed as operational, or up states,
whereasothers are class ed asfailure, or downstates, depending on the physical conditions
of the system. Howewer, in certain situations, somesystem states can be up and down, and
their status of being up or down is a ected by the recert system ewlution history. The
focus of this paper is on a Markov model for the multi- state repairable systemwith sud
history-dependert states.

Considera Markov repairable systemthat has 8 states,say statesl, 2, 3,4, 5, 6, 7 and 8.
The states 1, 2, 3, and 4 are functional or up states, and 7 and 8 are failure or down states.
The states 5, and 6 are history-dependen. The systemewlution follows a continuoustime
Markov chain which starts at 1. As time goesby, the system changesits states due to wear,
damage, regula maintenanceand repairs. When the systemmovesinto states 5 and 6 from
the up states, 5 and 6 are alsoup states. When the system are in one of the down states,
major repairs are nealed to restare the systembadk to the up states. But with possble
imperfect repairs, the systemmay move into states 5 and 6 from the down states, and when
this happens,the systemis still in the down mode. The repair action on a failed systemhas
to be signi c ant sothat the systemis brought bad to one of the up states1, 2, 3, and 4
and then works again. For this multi-state reparable system,whether states 5 and 6 are up
or down dependson the type of the last state from which the systemexits before entering
states 5 and 6. Figure 1 shows a possible systemewlution path and the carresponding up
and down durations of the system.

In general,the systemdynamicsof a cortinuously-monitared, multi-state repairable sys-
tem can be descibed by a homogeneousgorninuous-time Markov chain f X (t);t  0g, where
X (t) is the systemstate at time t. The state space S is n ite, and can be partitioned into
three sets, U, C, and D. The statesin U, also cadled type U states, are the up statesof the
system, and the statesin D, alsocdled type D states, are the down states of the system.
The statesin C, calledtype C or changeablestates, are history-dependent, in the sensehat
any type C state is an up state if the last non-type C state which the chain visits prior
to moving into it is of type U, and a down state otherwise. As in our illustrat ive example
above, we equip the state spaceS = U[ C[ D with a partial order onU, C, and D, such
that

1. if state a2 U and stateb2 C[ D are compaable,thena b, and
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Figure 1. A sample path of the Markov reparable system

2. if state a2 C and state b2 D are compaable,thena h.

The Markov chain starts, with probability 1, at an up state i, that is the smallestwith
respect to

Sud a multi-stat e Markov repairable systemhasa natural interpretation that the change-
ablesetC senesasasé of "boundary' statesbetween up and down states, and the systemin
atype C state may need someprevertive maintenanceactions or minor repairsto get back
to a good operational condition, wherea in a down state, major repairs are neededto restore
the systemto be operational agan. In this paper, we usethe matrix method to preset a
steady-stake analysis for the system,and obtain explicit expres#ons for several systemreli-
ability indexes,sud as availability, steady-state reliability, meanup and down times. We
alsocompate availabilities for multi-state monotone repairable systemswith di e rent model
parameters, and our results reveal somestructural insights of the system dynamics with
history-dependert states.

The Markov repairable systemswith x ed functional and failure states have beenstudied
in Shakedand Shanthik umar (199), and Sumita, Sharthikumar and Masuda(1987), and the
referencetherein. However, the systemwith history-dependent states has not beenstudied
in the reliability literature, and sud a sygsem provides a realistic model for multi-state
repairable systemswith actual implemertations of various maintenance policies. As we will
illustrate later in the paper, a systemwith history-dependert states can be corverted into
a system with xed up and down states, by enlarging the state space,but our method is
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more similar to the matrix method employed by Colquhoun and Hawkes (198, 1990), Jalali
and Hawkes (1992, 1992b), Ball and Davies (1997), and Ball et al (1997) for studies on ion
channels. This matrix method is powerful, and allows us to obtain tractable formulas of all
the popular reliability indexesfor the systemperformance.

The paper is organized as follows. Sectin 2 discusss the system availability. Section
3 studiesthe systemup and down times and steady-statereliability. Sectin 4 preseris a
numericd example to illustrate the results obtained in the paper. Finally, sane remarks in
Section5 concludethe paper. Throughaut this paper, the terms “increasing'and "decreasing’
mean non-decreasingand "non-increasing'respectively. A function on S is often writt en as
a columnvector of jSj-dimenson, whereasa probability massfunction on S is always written
asa row vector of jSj-dimension. All the matricesand vectars are written in bold face and
any product of matrices and/or vectas are understood as a product with appropriate sizes.

2 System Availability and It s Compari sons

In this sedion, we rst obtain a formula for the availability of a Markov repairable system
with history-dependen states, and then comparethe availabilities for the repairable systems
with di erent model parameters. Our result shows that the availability of a monaone
repairable system operating in a harsherenvironment is smaller.

ConsiderMarkov chain f X (t);t  Og weintroducedin Section 1. Let n be the number of
statesin the state spaceS, which hasa minimal statei,. First, we de ne an n-dimensional
(row) vector, p(t) = (p;(t);] 2 S), with elemerts given by

pi (t) = P(systemisin statej attimet) = P(X(t)=j); ] 2 S: (2.1)

It is well-known that the probability vector p(t) satis es

dp(t) _ .
gt p(t)Q;

wheren n matrix Q = (qg;) is thein nites imal generdor of the chain. Assumethe system
is new at time t = 0, and thus Markov chain starts at i, almost surely. Let po be the
initia| probability vector of the proces.

We alsode ne ann n matrix, P(t) = (P; (t)), with elemerts given by

Pi()=P(X(t)=]jX(@©0)=1);, ;] 2S: (2.2)



It is alsoa standard result that
dP(t) _
Cdt
Hereafter, | denotes an identity matrix with appropriate size. Thus P(t) = exp(Qt) and
p(t) = poexp(Qt) for anyt 0. Let ~(s) dende the Laplacetransform of a function (t),
then the Laplacetransforms of p(t) and P (t) are given by, respectively,

p(s) = po(sl Q) L P(9=(sl Q) ™ (2.3)

P(t)Q; with P(0) = I:

To calculae explicitly the reliability indexes,it is crucial to obtain the probability that
the repairable system f X (t);t  Og remainswithin a sped ¢ set of states throughout the

time fromOtot. Let state spaceS = A[ B, with A\ B = ;. The generatod Q cannow be
partition ed accoding to A and B asfollows,
!
Q - QAA QAB : (24)
QBA QBB

Consideran jAj jAj matrix Paa (t) = (AP; (1)), where
APi,- t)=PX({t)=j;X(s)2Aforall0 s t)X(@©0) =1i)ij2A: (2.5)

It is known (see,for example, Colquhoun and Hawkes 1982 that

dP an (t
?ﬁ( ) - Paa(t)Qaa;
with initial condition Paa (0) = |. Thus, Paa (t) = exp(Qaat) and its Laplace transform is

givenby Paa(s) = (sl Qan) .

Sincethe state space is nit e, we can use the uniformization to obtain an alternative
represemation for p(t). Choose a real number g< 1 for the generabr Q sud that

qa mad Gg:

De ne the stochastic matrix 1
Ag=1+ aQ; (2.6)

and A q is known as the probability transition matrix of the embedded, disaetetime Markov
chain of f X (t);t 0g. Substituting Q = q(l Ag) in p(t) = poexp(Qt), we obtain that
" #

S k ps k
p=po (el Ak =7 e T pal @)

k=0 ’ k=0




This represemation of f X (t);t  Ogis known asthedisaetetime Markov chain subordinated
to a Poissan process.

The instantaneous availability A(t) of a sydem at time t is the probability that the
systemis functioning at time t, and its limit A(1 ) = limy;  A(t), if exists, is cdled the
steady-stae systemavailabilit y.

Theorem 2.1. For a Markov repairable systemwith history-dependen states, the instan-
taneous availabilit y is given by

X X X x <
A(t) = P (t) + g pi(u) °Py(t  u)du;
k2U i2U j2C 12¢C 0
and its steady-state availability is given by

#
X X X X

A(L)=lim — sp(s)+s % Bi(S) “Pii(9)
k2U i2Uu j2C I2C
Pro of. The r &t term in the expressionfor A(t) is the probability that the system stays
within U at time t, and the secondterm correspondsto the probability that after having
stayed in U at time u, the systemmovesinto C and stays there from u to t. The system
availability is the sum of thesetwo terms. The steady-staie availability then follows from
Tauber theorem (Theorem 4.3, Widder 1946) and the convolution formula for the Laplace
transform. [ |

Theorem 2.1 can be usedto calculae the systemavailability (seeSection4), but o ers
a little insight on how the availability would change in responseto the change of system
parameters. To understand this, we utilize the stochastic compaison method. Let X and
Y be two S-valued random variables with n dimensional probability mass(row) vectorsp
and g respectively. Let e, denotethe indicator function (n dimensionalcolumn vector) of
subsé A of S; that is, ea(i) = 1if i 2 A S, and zero otherwise. X is said to be larger
than Y in the usual stochastic order (denotedby X Y orp « Q) if

Péa (g€a (2.8)

for all upper setsA S (A subsetA S iscalled upperifi 2 A andi | imply that
j 2 A). It iseasy to verify that X & Y ifandonlyif E (X) =p g = E (Y)
for all red increasingfunctions (n dimensiond column vectas) :S! R. The stochastic
compaison of Markov chains involvesthe following notions (seeMassey1987, Li and Shalked
1994).



De ni tion 2.2. LetfX (t);t OgandfXYt);t Ogbetwo Markov chains with generdors
Q and Q°respectively.

1. The Markov chain f X (t);t  0Og is called stochastically monotone if there exists a
g sud that for any upper set A S, the function (n dimensiond cdumn vector)
Agea :S! R isincreasing, whereA q is the stochastic matrix de ned by (2.6).

2. Wesay Q 4 Q°if Qea  Q%a component-wise for any upper setA  S.

It is straightforward to verify from (2.6) that for any upper subst A S, if Agea is
increasing,then A pe, is also increasing for any ¢ . Becauseof (2.6), loosely speaking,
a stochastically monotone Markov chain is more likely to move higher from a larger state,
whereasQ ¢ Q°meansthat fXqt);t 0g (asscciated with QY is more likely to move
higherfrom any statethan f X (t);t  Og (asscciated with Q) does. The following result, due
to Whitt (1986) and Massey(1987), descrikes the stochastic comparisan of Markov chains.

Theorem 2.3. Let fX(t);t 0OgandfXqt);t Og betwo Markov chains with the same
nite state spaceS and sameinitial probability vedor pg, but di erent generabrs Q and

QP respectively. If
1. oneof the processess stochastically monotone, and
2.Q «Q°

then X (t) & Xqt) for any timet O.

Using this reault, we can obtain the availability comparison of two Markov repairable
systems. Let f X (t);t 0g and fXqt);t Og be two Markov repairable systemswith
history-dependert states, as descrited in Section1. Let A(t) and Aqt) (A(1 ) and AY1))
denotethe (steady-state) availabilities of X (t) and X {t) respectively.

The orem 2.4. Supposethat two systems have the same nite state spaceS and sameinitial
probability vedor po, but di erert generators Q = (g;) and Q°= (qf’) respectively. If

1. oneof the processess stochastically monotone, and

2.Q «Q°

then A(t) AYt) for any timet 0,andalsoA(1) AY1).



Pro of. The ideais to corvert the repairable system with history-dependern states into
a repairable systemwith x ed up and down states, so that the availability has a simpler
expression.

Let S= S| C bethe new state space,whereC corntainsthe same number of statesas C
such that for any i 2 C, there is correspndingly a uniquei 2 C. Extend the partial order
in S to S asfollows.

1. Retain all the ordering relations amongthe statesin S= U[ C[ D.
2. Foranyi2Candj 2D,ifi jinS,thendenei jinS.
3.Foranyi2Uandj 2C,ifi jinS,thendenei jinS.
4. Foranyi;j 2 C,ifi  j inS,thendenei | andi | inS.

Note that for any statei 2 C,i iin S, but a state in C is not largerthan any state in C.
It is straightforward to verify that S is a partially orderedspace with this extension of

Let fY(t);t OgandfY{t);t OgbetwoMarkov chainswith state spaceS, starting at
imin @almost surely. The generaior Q = (g;) (Q°= (qf)) of Y (t) (Yqt)) is de ned as follows.

8
g () ifi2U[ C[D,andj2U[ D

g (o) ifi=k2C,andj2U[ D
g (¢f) ifi2C,andj2C
g ()= _ g () ifi=k2C,andj=12C 2.9)
§ g (o) ifi2U,andj2C
gk (d)) ifi2D,andj=k2C
0 (0) otherwise.

Note that the new Markov chains can not move diredly fromU[ Cto C, norfrom D[ C
to C (Figure 2). Obviously A(t) = P(Y(t) 2 U[ C) and Aqt) = P(Yqt) 2 U[ C).

In order to useTheaem 2.3 to comparethe proceses,we needto show that the su cien t
conditionsin Theorem 2.3 hold for fY(t);t OgandfY{t);t 0g. We only prove the case
wheref X (t);t  Ogis stochastically monotone, and the other caseis similar. Let Ay = (&)
and A = (a;) bethe stochastic matrices for X (t) and Y (t), regectively, de ned asin (2.6).



Higher

<>

Lower

Figure 2: New Markov chain

From (2.9), we have,

fi2U[ C[ D,andj 2U[ D

fi=z=k2C,andj 2U[ D

ifi2C,andj 2 C

aqg fi=k2C,andj=12C (2.10)
a ifi2U,andj2C

ax ifi2D,andj=k2C

0 otherwise.

" VAR /AKKXXKRARRY 00
L p o

&

The monaonicity of f X (t);t  Og implies that A e is increasingfor any upper setA  S.

For any upper subeet A S, let

B
B

A\ (U[ C[ D)= (A\ U)[ (A\ C)[ (A\ D);
(A\ U)[ fi2 C:i2A\ Cg[ (A\ D):

SinceA is upper, A\ S is an upper subsetof S, and also B is an upper subsetof U[ C[ D.
We claim that B is an upper subsetof S. For this, consideri 2 B, andi | forj 2 S. We
needto shav thatj 2 B.

1. Supposethati 2 A\ (U[ D). Because A isupper,j 2 A andj 2 A.
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(@ Ifj2U[ D,thenj 2 A\ (U[ D) B.
(b) Ifj 2 C,thenj 2 A\ C, whichimpliesthatj 2fi2C:i2 A\ Cg B.
2. Supposethat i 2 C suchthati 2 A\ C.
@ If j 2 C, then i jandsoj 2 A. Thusj 2 A\ C, which implies that
j2fi2C:i2A\ Cg B.
(b) Ifj 2D, theni jandsoj 2 A. Thusj 2 A\ D B.
Therefore, in any case j 2 B. Indeed, B is upper.

We also claim that A\ S B. In fact, for any j 2 A\ C, wehavej | 2 C. Since
A isupper,j 2 A. Thus,j 2 A\ C, which impliesthat j 2 fi 2 C:i 2 A\ Cg. Hence
A\ C fi2C:i2A\ Cg,andA\ S B.

We rst shaw that fY (t);t Ogis stochastically monotone. We needto verify that A ;ea
is increasingfor any given upper subs¢ A S. Let a; (&) dende the ith row vector of A
(Ag). From our construction, there are three cases.

1. Foranyi 2 U[ C,sincefY(t);t 0gcannot movedirectly fromi into C (see(2.10)),
aiep = aieas . Hene aje, isincreasing in i within U [ C.

2. Foranyi2 D[ C,fY(t);t Ogcannot movedirectly fromi into C (2.10).
(@ If i 2 D, then ajex = ajeg = ajeg. Hene a;e, is increasing in i within D.

(b) If i = k2 C, then ajep, = ajeg = axeg. Henee aje, is increasing in i within C.

(c) Consideri = k2 Candj 2 D with i j. From our construction, we havek |,
and thus,
aj€p = aj€g = ak€p dj€g = 3j€g = g;€a:

Therefore, ajea is increasing in i within D [ C.
3. Consideranyi 2 U[ C,andj 2DJ[ Cwithi j.

(@ If j 2 D, then
adi€a = 3jea\s d; €a\s qj€ég = qjea:

(b) If j 2 C, then | = k for somek 2 C. From our corstruction of the partial
ordering, i k isequivalent toi k. Thus,

aiéa = giea\s akea\s a€p = qj€g = qj€a:



Therefore, ajen is increasing in i for any upper subs¢ A S.

Next, we shov that Q & Q% Let g; (g;) denote the ith row vector of Q (Q), and ?
(g9 denotethe ith row vedor of Q°(Q9. We now verify that for any upper set A S,
giea g foranyi2 S.

1. Foranyi2 U[ C,

giea = Ji€as  Oieass = 0ea:

2. Foranyi 2D,

diea = dieg = Qi€ CIiOeB = ineB = ineA:

3. Foranyi=k2C,
Jiea = 0i€s = Ok Oges = Oeg = giea:

ThusQea Q% componert-wisefor any upper setA.

From Theorem 2.3, we obtain that Y(t)  YYt) for any t. Since D [ C is an upper
subsé in S, thenP(Y(t) 2 D[ C) P(Yqt)2 D[ C), and henceA(t) AYt) for any t.
Taking limit leadsto A(1) Aq1). |

Our interpretation for Q & QCisthat thesystemX {t) receivesseverer wearand damage
than X (t) does,and thus, the availability of X {t) is smaller.

The technique usedin Theorem2.4 canalsobe usedfor the availability calculation. Since
the new state spaceS has xed up and down states, then
A(t)=P(Y(t)2UJ[ C) = poexp@Qt)ey[c: (2.112)
However, enlarging state space may add extra burden on computation.

Exampl e 2.5. Considera corti nuous-time Markov repairable systemf X (t);t  Og with
state spaceS = f1,;2;3g, wherel is the up state, 3 is the down state, and 2 is changedle.
The state spaceis equipped with the natural ordering. The Markov chain starts at 1, and
hasthe following generator.

0 1
2 1 1
Q:%l 2 1&:
1 1 2

10



Let g= 3, then 0
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Thus X (1);t Og is stochasticdly monaone. Let fXqt);t Og be another Markov
repairable systemwith the samestate spaceand same initial probability vector, and the
following generabr. 0

Q%= @
2

It is easyto verify that Q ¢ Q% and hene A(t) Aqt) for any t.

N
NI
[ —

N
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>0

3

N

NI NI

To cdculate the availabilit y using(2.11), we enlarge the state spaceandlet S = f 1; 2; 2; 3g
with theorderingthat 1 2 2 3. The correspnding generators on this enlarged state
spaceare given by (see(2.9)),

0 1 0 1
0

2 1 0 1 2 1 3

1 2 0 1§ 1 20 §§
= ; and 0:%2 2
° 1 0 21 ° : 0 2 3
1 0 1 2 10 %2 2

It follows from (2.11) that the availability of X (t) is givenby A(t) = (1;0; 0; 0) exp(Qt)e 124,
and the availability of X qt) is given by AQt) = (1;0;0; 0) exp(Q%)es1.24. |
3 Steady-State Anal ysis of System Up and Down Tim es

To calculate the distributio nsof up and down timesfor a Markov repairable systemf X (t); t
Og with history-dependen states, a usdul quartity is the probability that the systemstays
within a subsetA of state space S up to time t and then exits from A to a state outside.
Let state spaceS = A[ B. Consider,

g (t) = IitrlnoitP(X(s)ZAforaIIO s tX({t+ t)=jjX(@=1i);i2Aj2B:
It follows from Colquhoun and Hawkes (19&) that

X
g (M) = APr()agy; i2A;) 2B; (3.1)

r2A

11



where”P; (t) is de ned by (2.5). In the matrix form, we obtain an jAj jBj matrix,
Gag (1) = (6° (1) = Paa(t)Qus ;

where Qag IS given in the partitioned matrix (2.4). Its Laplace transform is given by

Gag (s) = (sl ZQAA) 'Qns . In particular, Gag (0) = (6% (0)) = QuaQae, Where
1

&° (0) = g;® (u)du = P(systemexits from A to j j X (0) = i);i 2 A;j 2 B:
0

Let

Gas = QarQnes (3.2)
denote the matrix of exit probabilities. Note that gﬁ*B (t), i 2 A;j 2 B, is not a proper
probability density function.

We now partition the generator of Markov chain f X (t);t  0g accoding to the typesof

states we de ned in Sectionl. Let 1

QUU QUC QUD
Q= %ch Qcc QCDx: (3.3)

QDU QDC QDD
Supposethat the systemis in the steady-stae. An up duration for the reparable system
beginswhenatranstion from D directly toU (D! U),orfromD,viaC,toU(D! C!
U) occurs. The rate that t)r(1e systemgoes;?to the up state j is given by

P(1 )G + ke O j2U;
i2D k2C

wherep;(1 ) denotes the equilibrium probability of the systemin statei. Let uy = (u;;] 2
U) be the vector of probability massesthat the system goesinto the up states,then

, = Po(1 )(Qou + QocGeu)

Po(1 )(Qpu + QbcGeu)e

wherepp (1 ) = (pi(1 );i 2 D), and hereafter, e denotesthe vector of 1's with an appropriate
dimension.

(3.4)

Theorem 3.1. Let fX (t);t 0g be a Markov repairable systemwith history-dependen
states, as de<ribed in Section1. The probability density function of the lifetime of the
systemin steady-stde is given by

fup(t) = (uu;0)Gwo (t)e;
whereW = U[ C. The mean up time for the repairable systemin the steadystate is
mup = (UU;O)szwQWDe-

12



Pro of. The expressionof f, follows from the fact that the system up time starts at the
transitonD! UorD! C! U, andendswhena transtion from W to D occurs. Since
the exit from W is certain, we have
YA 1
(uy;0)Gwp (t)edt = P( systemexits from W | systemstarts at an up state ) = 1.
0
Thus, (uy;0)Gwp (t)e is a proper density function.

Since Gywp(t) = Pww(t)Qwp, its Laplace transform is given by Gywp(s) = (sl

Qww) Qwp. Thus, fis(s) = (uy;0)(sl Qww) *Qwpe. This implies that
|

dfp(s)

up = s = (Uy; 0)Qyw Qwp €

s=0

The steady-state reliability of the system can be also calculated as follows,
Z 1
Ry (1) = fup(u)du=(uy;0) exp(QWWt)QWlW Qwpe:

t

Similarly, the distributio n of the systemdown time in the stealy-state can be also obtained.

Theorem 3.2. Let fX (t);t 0g be a Markov repairable system with history-dependen
states, as described in Se¢ion 1. The probability density function of the downtime of the
systemin steady-stde is given by

faown(t) = (Up;0)Gruy(t)e;

whereF = D[ C, and
Pu(l )(Qup + QucGep)

Pu(l )(Quo + QucGep)e
is the vedor of probabilities that the repairable systemgoesinto the down states. The mean
down time for the repairable systemin the steady-state is Myoun = (Up; O)QFE Qrue.

D =

Notethat sincethe exit from F is certain, f g4oun (t) is a proper probability density function.

As we mentioned before, the systemin a type U state operates in a good condition,
whereasthe systemin atype D state needs a major repair to get back to working condition.
The systemin a type C state may be functional in somecases, but may needsome minor
repairs to restare it to a good operational condition. It is then of interest to calculae the
total time that the systemoperatesin a good condition per major repair cycle that is, the

13



total time that the systemspendsin U within the sd of up statesbeforemoving to a down
state.

Let fX (t);t Og be a Markov repairable systemwith history-dependert states, as de-
scribed in Sectiin 1. Let fg0q(t) be the probability density function of the total time that
the system, in the steady-state, spendsin U per major repair cycle. To calculae f gooq(t),
we usethe method employed in Colguhoun and Hawkes (1982). First, we obseave that the
Laplacetransform of the sgourn time that the systemlast visits U before moving to a down
state is given by

[Guc(S)Gep + Gup(9)len:

Given that there are k visits to U before going to a down state, the sumof the rst k 1
occupation times in U hasthe following Laplacetransform,

uy[Guc(s)Geul* 4

whereuy is the vector of probabilities that the systemgoesinto an up state in the steady-
state. Thus, the Laplacetransform of f 4o04(t) is given by,
b3

f300d(S) = Uu[Guc(S)Geul* Guc(s)Gep + Gup(S)lep
k=1

uu[l  Guc(s)Gcul [Guc(s)Gep + Gup(s)len:

SinceGyc(s) = (sl Quu) *Quc and Gyp(s) = (sl Quy) Qup, we have

f00d(S) = Uyl (sl Quu) '"QucGeul (sl Quu) '[QucGep + Qublep
= uuf(sl  Quu)ll (sl Quu) 'QucGeuld [QucGep + Qunlen
= uy[sl Quu QucGcul [QucGep + Qublen:

Noticing that the Laplacetransformof exp[(Quu + QucGcultlis[sl Quy QucGeul 1,
we then obtain the density function f4.q. This and related results are summaized in the
following theorem.

The orem 3.3. Considera Markov repairable system with history-dependent states.

1. The probability density function of the total time that the system operatesin a good
condition (that is, in type U states) per major repair cycleis given by

f good(t) = Uy (EXP[(Quu + QucGcu)t]) [QucGep + Quplen: (3.5)
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The meantime mgy.q that the systemoperates in a good condition per major repar
cycleis given by

Mgood = Uu(Quu + QucGeu) *[QucGep + Quplen: (3.6)

2. The probahility density function of the total time that the systemstays in an overhaul
mode (that is, in type D states) per down cycle is given by

fbad(t) = Up (eXP[(Qop + QocGep)t]) [QocGeu + Qpuleu:

The meantime my,q that the system staysin an overhaul mode per down cycleis given
by

(3.7)

Mbad = Up (Qop + QocGep) *[QpcGeu + Qouleu: (3.8)

In fact, our Markov repairable systemwith history-dependen statesis similar to the
stochastic model of ion channel developed by Colguhaun and Hawkes (1982). It is thus not
surprising that the matrix method of Colquhoun and Hawkes (1982 canbe usedto calculate
the reliability indexesof Markov repairable systems. Note, howewer, that the di erence of
our model and the ion channel model of Colquhoun and Hawkes (1982) is that some states
in our repairable systemare of changeable types

4 A Num erical Exampl e

In this section, we present an exampleto illustr ate the reaults we obtained in the previous
secions. Consider a repairable systemf X (t);t  Og with 6 states,S = f1,;2;3;4;5;6g. Let

U=112g; C=f3;4g; D = f5;6q:

Its genegator is partitioned asfollows.

0 1
10 214 1|13 o

0Q oue O 1 3 1002 2|1 2§

B Mkl 3 E AR
o 2|2 9 3 2

Qou Qbc Qobp 1 > 3 3 0 1%
o 1/ 2 3|2 8

By sdving p(1 )Q = 0 with p(1 )e = 1, we obtain that

p(l) = 7

7199
0030’

p2(1

):

5912

35015’

Ps(1
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6323

35015°

Ps(1

)

_ 5064
© 35015°



On the other hand, !
Gecu= QceQcu = ? ? ;

Ui = Po(1 )(Qou *+ QocGeu)
Y7 po(1 )(Qou + QocGeu)e

After some matrix manipulations, we obtain, by using Maple software, that

= (0:25318; 0:74682):

fup(t) = 4:00763exp( 3:61294t) + 0:627826exp( 1254363t)
1.5R74exp( 10:18498t) 0:042716exp( 14:65845t):

The mean up time for the reparable system is my, = 0:29546.

Similarly, we obtain that

Pu(l )(Qub + QucGep)

= 5u(1 )(Quo + QucGeple . 064146 0:3%8%5);

D

fgown(t) = 0:40770exp( 9:81665t) + 2:31011 exp( 2:63310t)
+ 1:20653exp( 1327512t) cos(0:61549t) 2:74176exp( 13:27152t) sin(0:61549t):

The mean downtime for the reparable systemis mgyown = 0:34279.

After taking the Laplacetransform and the inverse transform, we obtain that

X xt xt L
A(t) = pu(t) + pa(t) + g p(u) °Pu(t  u)du;

i=1 j=3 I=3 0
where
p.(t) = 0:102799+ 0:19804 exp( 14:23372t) + 0:00864exp( 13:23422t)

+ 0:33446exp( 1172110t) cos(0:69196t) 0:4289Bexp( 11:72110t) sin(0:6919%6t)
+ 0:36106exp( 8:08986t);

po(t) = 0:16884 + 0:23728exp( 14:23372t) + 0:00236exp( 13:23422t)
0:5540Bexp( 11:72110t) cos(0:69196t) + 0:13315exp( 11:72110t) sin(0:69196t)
+ 0:14557 exp( 8:08986t);

h3=4 =1 B3=2 =2
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P p

Cpy(t) = iexp( 2—1t)p4_1$inh(—41t)+ exp( 2—1t) cosh(—41t);
41 7 2 T, 2 2
Pu(t) = o Alexp(— 1o Py exp( 1T Py,
p__ p__
Pult) = o Aexp(—2H) exp( — o),
P P
3 21 P 41 21 41
C — -~ == H = == Ty
Pa(t) = 41exp( 2t) 41sinh( > t) + exp( 2t)cosh( > t):

Here, sinh(x) and cosh(x) are the hyperbolic functions. The curve of the availability A(t) is
givenin the top graph of Figure 3. The segmen of the availability curve is magni ed in the
bottom graph of Figure 3. It is easy to seethe availabilit y is stabilized and the steady-state
availability A(1 ) 0:3788.

5 Conclusions

In this paper, we introduce a new Markov maintenance model to study the situation where
a repairable system experienas certain modes in which the system behavior depends on
the recent systemevolution history. Sud a systemprovides a realistic, tractable model for
multi-stat e repairable systems with actual implemertatio ns of various maintenance policies.
We employ the matrix method deweloped in the ion channel theory to calculate the system
reliability measures,such as availability, and the distributio ns of up and down times. We
also dewelop a stochastic conparison method to compae the availabilities of two systems
with di erert parameters, and show that the availability of a monotone repairable system
is reducedin a tougher operating environmert. The stochastic availabilit y comparison, suth
asthe one preserted in this paper, examines how the system availabilit y variesin regponse
to the ervironmenal change. Sud studies, to the best of our knowledge,have not appeared
in the reliability literature.
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Availability A(t)

Availability A(t)

Figure 3. Availability Curves The top graph shaws the availability curve, and the bottom
graph details the segmen of the curve from time instants 1.8 to 3.
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