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Abs tract

This paper introducesa Markov model for a multi-stat e repairable system in which some

states are changeablein the sense that whether those states are up or down dependson the

recent system evolution history. Several reliabilit y indexes, such as availabilit y, mean up

time, steady-state reliabilit y, are calculated using the matrix method. A su�cien t condition

under which the availabilities of the monotone repairable systemswit h history-dependent

states can be compared is also obtained. Someexamplesare presented to illustrat e the

results in the paper.

Mathem ati cs Sub ject Cl assi�cat ion: 60K10.
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1 In tr oducti on

A repairable systemoperating in a random environment is subjected to degradation, failure

and various kinds of repairs. In many cases,such a systemcan be modeled as a multi-state

Markov repairable system in which somestates are classi�ed as operational, or up states,

whereasothers are classi�ed asfailure, or downstates, depending on the physical conditions

of the system. However, in certain situations, somesystem states can be up and down, and

their status of being up or down is a�ected by the recent system evolution history. The

focus of this paper is on a Markov model for the multi- state repairable system wit h such

history-dependent states.

Considera Markov repairable systemthat has 8 states,say states1, 2, 3, 4, 5, 6, 7 and 8.

The states 1, 2, 3, and 4 are functional or up states, and 7 and 8 are failure or down states.

The states 5, and 6 are history-dependent. The systemevolution follows a continuous-time

Markov chain which starts at 1. As time goesby, the system changesits states due to wear,

damage, regular maintenanceand repairs. When the systemmovesinto states 5 and 6 from

the up states, 5 and 6 are also up states. When the system are in one of the down states,

major repairs are needed to restore the system back to the up states. But with possible

imperfect repairs, the systemmay move into states 5 and 6 from the down states, and when

this happens,the systemis still in the down mode. The repair action on a failed systemhas

to be signi�c ant so that the system is brought back to one of the up states 1, 2, 3, and 4

and then works again. For this multi-state repairable system,whether states 5 and 6 are up

or down dependson the type of the last state from which the systemexits beforeentering

states 5 and 6. Figure 1 shows a possible systemevolution path and the corresponding up

and down durations of the system.

In general,the systemdynamicsof a continuously-monitored, multi-state repairable sys-

tem can bedescribedby a homogeneous,continuous-time Markov chain f X (t); t � 0g, where

X (t) is the systemstate at time t. The state space S is �n ite, and can be partitioned into

three sets, U, C, and D. The states in U, also called type U states, are the up statesof the

system,and the states in D, also called type D states, are the down states of the system.

The states in C, called type C or changeablestates, are history-dependent, in the sensethat

any type C state is an up state if the last non-type C state which the chain visits prior

to moving into it is of type U, and a down state otherwise. As in our illustrat ive example

above, we equip the state spaceS = U [ C [ D with a partial order � on U, C, and D, such

that

1. if state a 2 U and state b2 C [ D are comparable, then a � b, and

1
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Figure 1: A sample path of the Markov repairable system

2. if state a 2 C and state b2 D are comparable, then a � b.

The Markov chain starts, wit h probabilit y 1, at an up state imin that is the smallest with

respect to � .

Such a multi-stat eMarkov repairable systemhasa natural interpretation that the change-

ablesetC servesasa set of `boundary' statesbetweenup and down states,and the systemin

a type C state may need somepreventiv e maintenanceactions or minor repairs to get back

to a good operational condition, whereas in a down state, major repairs are neededto restore

the systemto be operational again. In this paper, we usethe matrix method to present a

steady-state analysis for the system,and obtain explicit expressions for several systemreli-

abilit y indexes,such as availabilit y, steady-state reliabilit y, mean up and down times. We

alsocompare availabilities for multi-state monotone repairable systemswit h di�e rent model

parameters, and our results reveal somestructural insights of the system dynamics with

history-dependent states.

The Markov repairable systemswith �x ed functional and failure stateshave beenstudied

in Shakedand Shanthik umar (1990), and Sumita, Shanthikumar and Masuda(1987), and the

referencetherein. However, the systemwith history-dependent states has not beenstudied

in the reliabilit y lit erature, and such a system provides a realistic model for multi-state

repairable systemswith actual implementations of various maintenancepolicies. As we will

illustrate later in the paper, a systemwit h history-dependent states can be converted into

a system with �xed up and down states, by enlarging the state space,but our method is
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more similar to the matrix method employed by Colquhoun and Hawkes (1982, 1990), Jalali

and Hawkes(1992a, 1992b), Ball and Davies (1997), and Ball et al (1997) for studies on ion

channels. This matrix method is powerful, and allows us to obtain tractable formulas of all

the popular reliabilit y indexesfor the systemperformance.

The paper is organized as follows. Section 2 discusses the system availabilit y. Section

3 studies the system up and down times and steady-statereliabilit y. Section 4 presents a

numerical example to illustrate the results obtained in the paper. Finally, some remarks in

Section5 concludethe paper. Throughout this paper, the terms `increasing'and `decreasing'

mean`non-decreasing'and `non-increasing'respectively. A function on S is often writt en as

a columnvector of jSj-dimension, whereasa probabilit y massfunct ion on S is always written

as a row vector of jSj-dimension. All the matricesand vectors are written in bold face, and

any product of matrices and/or vectors are understood as a product with appropriate sizes.

2 System Av ail abil it y and It s Compari sons

In this sect ion, we �rst obtain a formula for the availabilit y of a Markov repairable system

with history-dependent states, and then comparethe availabilities for the repairablesystems

with di�eren t model parameters. Our result shows that the availabilit y of a monotone

repairable system operating in a harsherenvironment is smaller.

ConsiderMarkov chain f X (t); t � 0g we introducedin Section 1. Let n be the number of

states in thestate spaceS, which hasa minimal state imin. First, we de�ne an n-dimensional

(row) vector, p(t) = (pj (t); j 2 S), with elements given by

pj (t) = P(systemis in state j at time t) = P(X (t) = j ); j 2 S: (2.1)

It is well-known that the probabilit y vector p(t) satis�es

dp(t)
dt

= p(t)Q;

wheren � n matrix Q = (qij ) is the in�nites imal generator of the chain. Assumethe system

is new at time t = 0, and thus Markov chain starts at imin almost surely. Let p0 be the

initia l probability vector of the process.

We alsode�ne an n � n matrix, P(t) = (Pij (t)), with elements given by

Pij (t) = P(X (t) = j j X (0) = i ); i; j 2 S: (2.2)
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It is alsoa standard result that

dP(t)
dt

= P(t)Q; with P(0) = I :

Hereafter, I denotes an identit y matrix with appropriate size. Thus P(t) = exp(Qt) and

p(t) = p0 exp(Qt) for any t � 0. Let ~� (s) denote the Laplace transform of a function � (t),

then the Laplacetransforms of p(t) and P(t) are given by, respectively,

~p(s) = p0(sI � Q)� 1; ~P(s) = (sI � Q)� 1: (2.3)

To calculate explicitly the reliabilit y indexes,it is crucial to obtain the probabilit y that

the repairable system f X (t); t � 0g remains within a speci�c set of states throughout the

time from 0 to t. Let state spaceS = A [ B , with A \ B = ; . The generator Q can now be

partition ed according to A and B as follows,

Q =

 
QAA QAB

QB A QB B

!

: (2.4)

Consideran jAj � jAj matrix PAA (t) = (A Pij (t)), where

A Pij (t) = P(X (t) = j ; X (s) 2 A for all 0 � s � t j X (0) = i ); i; j 2 A: (2.5)

It is known (see,for example, Colquhoun and Hawkes1982) that

dPAA (t)
dt

= PAA (t)QAA ;

with initia l condition PAA (0) = I . Thus, PAA (t) = exp(QAA t) and its Laplace transform is

given by ~PAA (s) = (sI � QAA )� 1.

Since the state space is �nit e, we can use the uniformization to obtain an alternativ e

representat ion for p(t). Choose a real number q < 1 for the generator Q such that

q � max
i 2S

f� qii g:

De�ne the stochastic matrix

A q = I +
1
q

Q; (2.6)

and A q is known as the probability transition matrix of theembedded, discrete-time Markov

chain of f X (t); t � 0g. Substituting Q = � q(I � A q) in p(t) = p0 exp(Qt), we obtain that

p(t) = p0

"
1X

k=0

(exp(� qt)
(qt)k

k!
)A k

q

#

=
1X

k=0

�
exp(� qt)

(qt)k

k!

�
p0A k

q: (2.7)
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This representation of f X (t); t � 0g is known asthediscrete-time Markov chain subordinated

to a Poisson process.

The instantaneousavailabilit y A(t) of a system at time t is the probabilit y that the

system is functioning at t ime t, and it s limit A(1 ) = lim t !1 A(t), if exists, is called the

steady-state systemavailabilit y.

The orem 2.1. For a Markov repairable systemwith history-dependent states, the instan-

taneous availabilit y is given by

A(t) =
X

k2 U

pk(t) +
X

i 2 U

X

j 2 C

X

l2 C

qij

Z t

0
pi (u) CPj l (t � u)du;

and its steady-state availabilit y is given by

A(1 ) = lim
s! 0

"
X

k2 U

s~pk(s) + s
X

i 2 U

X

j 2 C

X

l2 C

qij ~pi (s) C ~Pj l (s)

#

:

Pro of. The �r st term in the expressionfor A(t) is the probability that the system stays

within U at time t, and the secondterm corresponds to the probabilit y that after having

stayed in U at time u, the systemmoves into C and stays there from u to t. The system

availabilit y is the sum of these two terms. The steady-state availabilit y then follows from

Tauber theorem (Theorem 4.3, Widder 1946) and the convolution formula for the Laplace

transform.

Theorem 2.1 can be usedto calculate the systemavailabilit y (seeSection4), but o�ers

a little insight on how the availabilit y would change in response to the change of system

parameters. To understand this, we utilize the stochast ic comparison method. Let X and

Y be two S-valued random variables with n dimensionalprobability mass(row) vectors p

and q respectively. Let eA denote the indicator function (n dimensionalcolumn vector) of

subset A of S; that is, eA (i ) = 1 if i 2 A � S, and zero otherwise. X is said to be larger

than Y in the usual stochastic order (denoted by X � st Y or p � st q) if

peA � qeA (2.8)

for all upper sets A � S (A subsetA � S is called upper if i 2 A and i � j imply that

j 2 A.). It is easy to verify that X � st Y if and only if E � (X ) = p� � q� = E� (Y)

for all real increasingfunctions (n dimensional column vectors) � : S ! R . The stochast ic

comparison of Markov chains involvesthe following notions (seeMassey1987, Li and Shaked

1994).
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De�ni ti on 2.2. Let f X (t); t � 0g and f X 0(t); t � 0g be two Markov chains with generators

Q and Q0 respectively.

1. The Markov chain f X (t); t � 0g is called stochastically monotone if there exists a

q such that for any upper set A � S, the function (n dimensional column vector)

A qeA : S ! R is increasing, whereA q is the stochast ic matrix de�ned by (2.6).

2. We say Q � st Q0 if QeA � Q0eA component-wise for any upper set A � S.

It is straightforward to verify from (2.6) that for any upper subset A � S, if A qeA is

increasing,then A q0eA is also increasing for any q0 � q. Becauseof (2.6), looselyspeaking,

a stochastically monotone Markov chain is more likely to move higher from a larger state,

whereasQ � st Q0 meansthat f X 0(t); t � 0g (associated with Q0) is more likely to move

higher from any state than f X (t); t � 0g (associated wit h Q) does. The following result, due

to Whitt (1986) and Massey(1987), describes the stochastic comparison of Markov chains.

The orem 2.3. Let f X (t); t � 0g and f X 0(t); t � 0g be two Markov chains with the same

�nite state spaceS and sameinitia l probabilit y vector p0, but di�eren t generators Q and

Q0 respectively. If

1. oneof the processesis stochastically monotone, and

2. Q � st Q0,

then X (t) � st X 0(t) for any t ime t � 0.

Using this result , we can obtain the availabilit y comparison of two Markov repairable

systems. Let f X (t); t � 0g and f X 0(t); t � 0g be two Markov repairable systemswith

history-dependent states, as described in Section1. Let A(t) and A0(t) (A(1 ) and A0(1 ))

denotethe (steady-state)availabilities of X (t) and X 0(t) respectively.

The orem 2.4. Supposethat two systemshave thesame�nite state spaceS and sameinitia l

probabilit y vector p0, but di� erent generators Q = (qij ) and Q0 = (q0
ij ) respectively. If

1. oneof the processesis stochastically monotone, and

2. Q � st Q0,

then A(t) � A0(t) for any t ime t � 0, and alsoA(1 ) � A0(1 ).

6



Pro of. The idea is to convert the repairable system with history-dependent states into

a repairable system with �x ed up and down states, so that the availabilit y has a simpler

expression.

Let �S = S [ �C be the new state space,where �C contains the same number of statesas C

such that for any i 2 C, there is correspondingly a unique �i 2 �C. Extend the partia l order

� in S to �S as follows.

1. Retain all the ordering relations among the states in S = U [ C [ D.

2. For any �i 2 �C and j 2 D, if i � j in S, then de�ne �i � j in �S.

3. For any i 2 U and �j 2 �C, if i � j in S, then de�ne i � �j in �S.

4. For any �i; �j 2 �C, if i � j in S, then de�ne �i � �j and i � �j in �S.

Note that for any state i 2 C, i � �i in �S, but a state in C is not larger than any state in �C.

It is straightforward to verify that �S is a partia lly orderedspace with this extension of � .

Let f Y(t); t � 0g and f Y 0(t); t � 0g be two Markov chainswith state space �S, starting at

imin almost surely. The generator �Q = ( �qij ) ( �Q0 = ( �q0
ij )) of Y(t) (Y 0(t)) is de�ned as follows.

�qij ( �q0
ij ) =

8
>>>>>>>>>>><

>>>>>>>>>>>:

qij (q0
ij ) if i 2 U [ C [ D, and j 2 U [ D

qkj (q0
kj ) if i = �k 2 �C, and j 2 U [ D

qij (q0
ij ) if i 2 C, and j 2 C

qkl (q0
kl ) if i = �k 2 �C, and j = �l 2 �C

qij (q0
ij ) if i 2 U, and j 2 C

qik (q0
ik ) if i 2 D, and j = �k 2 �C

0 (0) otherwise.

(2.9)

Note that the new Markov chains can not move direct ly from U [ C to �C, nor from D [ �C

to C (Figure 2). Obviously A(t) = P(Y(t) 2 U [ C) and A0(t) = P(Y 0(t) 2 U [ C).

In order to useTheorem 2.3 to comparethe processes,we needto show that thesu�cien t

conditions in Theorem 2.3 hold for f Y(t); t � 0g and f Y 0(t); t � 0g. We only prove the case

wheref X (t); t � 0g is stochast ically monotone,and the other caseis similar. Let A q = (aij )

and �A q = (�aij ) be the stochastic matrices for X (t) and Y(t), respectively, de�ned as in (2.6).
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Figure 2: New Markov chain

From (2.9), we have,

�aij =

8
>>>>>>>>>>><

>>>>>>>>>>>:

aij if i 2 U [ C [ D, and j 2 U [ D

akj if i = �k 2 �C, and j 2 U [ D

aij if i 2 C, and j 2 C

akl if i = �k 2 �C, and j = �l 2 �C

aij if i 2 U, and j 2 C

aik if i 2 D, and j = �k 2 �C

0 otherwise.

(2.10)

The monotonicit y of f X (t); t � 0g implies that A qeA is increasingfor any upper set A � S.

For any upper subset A � �S, let

�B = A \ (U [ �C [ D) = (A \ U) [ (A \ �C) [ (A \ D);

B = (A \ U) [ f i 2 C : �i 2 A \ �Cg [ (A \ D):

SinceA is upper, A \ S is an upper subsetof S, and also �B is an upper subsetof U [ �C [ D.

We claim that B is an upper subsetof S. For this, consideri 2 B , and i � j for j 2 S. We

needto show that j 2 B .

1. Supposethat i 2 A \ (U [ D). Because A is upper, j 2 A and �j 2 A.

8



(a) If j 2 U [ D, then j 2 A \ (U [ D) � B .

(b) If j 2 C, then �j 2 A \ �C, which implies that j 2 f i 2 C : �i 2 A \ �Cg � B .

2. Supposethat i 2 C such that �i 2 A \ �C.

(a) If j 2 C, then �i � �j and so �j 2 A. Thus �j 2 A \ �C, which implies that

j 2 f i 2 C : �i 2 A \ �Cg � B .

(b) If j 2 D, then �i � j and so j 2 A. Thus j 2 A \ D � B .

Therefore, in any case, j 2 B . Indeed, B is upper.

We also claim that A \ S � B . In fact, for any j 2 A \ C, we have j � �j 2 �C. Since

A is upper, �j 2 A. Thus, �j 2 A \ �C, which implies that j 2 f i 2 C : �i 2 A \ �Cg. Hence

A \ C � f i 2 C : �i 2 A \ �Cg, and A \ S � B .

We �rst show that f Y(t); t � 0g is stochast ically monotone. We needto verify that �A qeA

is increasingfor any given upper subset A � �S. Let ai (�ai ) denote the i th row vector of A q

( �A q). From our construct ion, there are threecases.

1. For any i 2 U [ C, since f Y(t); t � 0g can not move directly from i into �C (see(2.10)),
�ai eA = ai eA\S . Hence �ai eA is increasing in i within U [ C.

2. For any i 2 D [ �C, f Y(t); t � 0g can not move direct ly from i into C (2.10).

(a) If i 2 D, then �ai eA = �ai e �B = ai eB . Hence �ai eA is increasing in i within D.

(b) If i = �k 2 �C, then �ai eA = �ai e �B = akeB . Hence �ai eA is increasing in i within �C.

(c) Consider i = �k 2 �C and j 2 D with i � j . From our construction, we have k � j ,

and thus,
�ai eA = �ai e �B = akeB � aj eB = �aj e �B = �aj eA :

Therefore, �ai eA is increasing in i within D [ �C.

3. Considerany i 2 U [ C, and j 2 D [ �C with i � j .

(a) If j 2 D, then
�ai eA = ai eA\S � aj eA\S � aj eB = �aj eA :

(b) If j 2 �C, then j = �k for somek 2 C. From our constr uction of the partial

ordering, i � �k is equivalent to i � k. Thus,

�ai eA = ai eA\S � akeA\S � akeB = �aj e �B = �aj eA :

9



Therefore, �ai eA is increasing in i for any upper subset A � �S.

Next, we show that �Q � st
�Q0. Let qi ( �qi ) denote the i th row vector of Q ( �Q), and q0

i

( �q0
i ) denote the i th row vector of Q0 ( �Q0). We now verify that for any upper set A � �S,

�qi eA � �q0
i eA for any i 2 �S.

1. For any i 2 U [ C,
�qi eA = qi eA\S � q0

i eA\S = �q0
i eA :

2. For any i 2 D,
�qi eA = �qi e �B = qi eB � q0

i eB = �q0
i e �B = �q0

i eA :

3. For any i = �k 2 �C,

�qi eA = �qi e �B = qkeB � q0
keB = �q0

i e �B = �q0
i eA :

Thus �QeA � �Q0eA component-wise for any upper set A.

From Theorem 2.3, we obtain that Y(t) � st Y 0(t) for any t. Since D [ �C is an upper

subset in �S, then P(Y(t) 2 D [ �C) � P(Y 0(t) 2 D [ �C), and henceA(t) � A0(t) for any t.

Taking limit leadsto A(1 ) � A0(1 ).

Our interpretation for Q � st Q0 is that thesystemX 0(t) receivesseverer wearand damage

than X (t) does,and thus, the availabilit y of X 0(t) is smaller.

The techniqueusedin Theorem2.4canalsobeusedfor the availabilit y calculation. Since

the new state space �S has �xed up and down states, then

A(t) = P(Y(t) 2 U [ C) = p0 exp( �Qt)eU[ C : (2.11)

However, enlarging state space may add extra burden on computation.

Exampl e 2.5. Consider a conti nuous-time Markov repairable system f X (t); t � 0g with

state spaceS = f 1; 2; 3g, where1 is the up state, 3 is the down state, and 2 is changeable.

The state spaceis equipped with the natural ordering. The Markov chain starts at 1, and

has the following generator.

Q =

0

B
@

� 2 1 1

1 � 2 1

1 1 � 2

1

C
A :

10



Let q = 3, then

A q =

0

B
@

1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

1

C
A :

Thus f X (t); t � 0g is stochastically monotone. Let f X 0(t); t � 0g be another Markov

repairable system with the samestate spaceand same initial probabilit y vector, and the

following generator.

Q0 =

0

B
@

� 2 1
2

3
2

1
2 � 2 3

2
1
2

3
2 � 2

1

C
A :

It is easyto verify that Q � st Q0, and hence A(t) � A0(t) for any t.

To calculate the availabilit y using(2.11), weenlargethe state spaceand let �S = f 1; 2; �2; 3g

with the ordering that 1 � 2 � �2 � 3. The corresponding generators on this enlarged state

spaceare given by (see(2.9)),

�Q =

0

B
B
B
@

� 2 1 0 1

1 � 2 0 1

1 0 � 2 1

1 0 1 � 2

1

C
C
C
A

; and �Q0 =

0

B
B
B
@

� 2 1
2 0 3

2
1
2 � 2 0 3

2
1
2 0 � 2 3

2
1
2 0 3

2 � 2

1

C
C
C
A

:

It follows from (2.11) that the availabilit y of X (t) is givenby A(t) = (1; 0; 0; 0) exp( �Qt)ef 1;2g,

and the availabilit y of X 0(t) is given by A0(t) = (1; 0; 0; 0) exp( �Q0t)ef 1;2g.

3 Steady-Sta te Anal ysi s of Syst em Up and Down Tim es

To calculatethe distributio nsof up and down t imesfor a Markov repairable systemf X (t); t �

0g with history-dependent states,a useful quantit y is the probabilit y that the systemstays

within a subsetA of state space S up to time t and then exits from A to a state outside.

Let state spaceS = A [ B . Consider,

gAB
ij (t) = lim

� t ! 0

1
� t

P(X (s) 2 A for all 0 � s � t; X (t + � t) = j j X (0) = i ); i 2 A; j 2 B :

It follows from Colquhoun and Hawkes(1982) that

gAB
ij (t) =

X

r 2 A

A Pir (t)qr j ; i 2 A; j 2 B ; (3.1)
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whereA Pir (t) is de�ned by (2.5). In the matrix form, we obtain an jAj � jB j matrix,

GAB (t) = (gAB
ij (t)) = PAA (t)QAB ;

where QAB is given in the partit ioned matrix (2.4). Its Laplace transform is given by
~GAB (s) = (sI � QAA )� 1QAB . In particular, ~GAB (0) = (~gAB

ij (0)) = � Q � 1
AA QAB , where

~gAB
ij (0) =

Z 1

0
gAB

ij (u)du = P(systemexits from A to j j X (0) = i ); i 2 A; j 2 B :

Let

GAB = � Q � 1
AA QAB (3.2)

denote the matrix of exit probabilities. Note that gAB
ij (t), i 2 A; j 2 B , is not a proper

probabilit y density function.

We now partition the generator of Markov chain f X (t); t � 0g according to the typesof

states we de�ned in Section1. Let

Q =

0

B
@

QUU QUC QUD

QCU QCC QCD

QD U QD C QD D

1

C
A : (3.3)

Supposethat the system is in the steady-state. An up duration for the repairable system

beginswhena transit ion from D directly to U (D ! U), or from D, via C, to U (D ! C !

U) occurs. The rate that the systemgoesinto the up state j is given by
X

i 2 D

[pi (1 )(qij +
X

k2 C

qik ~gCU
kj (0))] ; j 2 U;

wherepi (1 ) denotes the equilibrium probabilit y of the systemin state i . Let uU = (uj ; j 2

U) be the vector of probabilit y massesthat the system goesinto the up states, then

uU =
pD (1 )(QD U + QD CGCU )
pD (1 )(QD U + QD CGCU )e

(3.4)

wherepD (1 ) = (pi (1 ); i 2 D), andhereafter, e denotesthe vector of 1's with an appropriate

dimension.

The orem 3.1. Let f X (t); t � 0g be a Markov repairable system with history-dependent

states, as described in Section 1. The probabilit y density funct ion of the lifetime of the

systemin steady-state is given by

f up(t) = (uU ; 0)GW D (t)e;

where W = U [ C. The mean up time for the repairable system in the steady-state is

mup = (uU ; 0)Q � 2
W W QW D e.

12



Pro of. The expressionof f up follows from the fact that the system up time starts at the

transition D ! U or D ! C ! U, and ends when a transit ion from W to D occurs. Since

the exit from W is certain, we have
Z 1

0
(uU ; 0)GW D (t)edt = P( systemexits from W j systemstarts at an up state ) = 1:

Thus, (uU ; 0)GW D (t)e is a proper density function.

Since GW D (t) = PW W (t)QW D , its Laplace tr ansform is given by ~GW D (s) = (sI �

QW W )� 1QW D . Thus, ~f up(s) = (uU ; 0)(sI � QW W )� 1QW D e. This implies that

mup = �

 
d ~f up(s)

ds

!

s=0

= (uU ; 0)Q � 2
W W QW D e:

The steady-state reliabilit y of the system can be also calculated as follows,

R1 (t) =
Z 1

t
f up(u)du = � (uU ; 0) exp(QW W t)Q � 1

W W QW D e:

Similarly, the distributio n of the systemdown time in the steady-state can be alsoobtained.

The orem 3.2. Let f X (t); t � 0g be a Markov repairable system with history-dependent

states, as described in Sect ion 1. The probabilit y densit y function of the downtime of the

systemin steady-state is given by

f down (t) = (uD ; 0)GF U (t)e;

whereF = D [ C, and

uD =
pU (1 )(QUD + QUCGCD )
pU (1 )(QUD + QUCGCD )e

is the vector of probabilities that the repairablesystemgoesinto the down states. The mean

down time for the repairable systemin the steady-state is mdown = (uD ; 0)Q � 2
F F QF Ue.

Notethat sincethe exit from F is certain, f down (t) is a proper probabilit y density funct ion.

As we mentioned before, the system in a type U state operates in a good condition,

whereasthe system in a type D state needs a major repair to get back to working condition.

The systemin a type C state may be functional in somecases,but may needsome minor

repairs to restore it to a good operational condition. It is then of interest to calculate the

total time that the systemoperates in a good condition per major repair cycle; that is, the

13



total time that the systemspendsin U within the set of up statesbeforemoving to a down

state.

Let f X (t); t � 0g be a Markov repairable systemwith history-dependent states, as de-

scribed in Section 1. Let f good(t) be the probabilit y density function of the total t ime that

the system, in the steady-state, spends in U per major repair cycle. To calculate f good(t),

we usethe method employed in Colquhoun and Hawkes(1982). First, we observe that the

Laplacetransform of the sojourn time that the systemlast visits U before moving to a down

state is given by

[ ~GUC (s)GCD + ~GUD (s)]eD :

Given that there are k visits to U before going to a down state, the sum of the �r st k � 1

occupation times in U has the following Laplacetransform,

uU [ ~GUC (s)GCU ]k� 1;

whereuU is the vector of probabilit ies that the systemgoesinto an up state in the steady-

state. Thus, the Laplacetransform of f good(t) is given by,

~f good(s) =
1X

k=1

uU [ ~GUC (s)GCU ]k� 1[ ~GUC (s)GCD + ~GUD (s)]eD

= uU [I � ~GUC (s)GCU ]� 1[ ~GUC (s)GCD + ~GUD (s)]eD :

Since ~GUC (s) = (sI � QUU )� 1QUC and ~GUD (s) = (sI � QUU )� 1QUD , we have

~f good(s) = uU [I � (sI � QUU )� 1QUCGCU ]� 1(sI � QUU )� 1[QUCGCD + QUD ]eD

= uU f (sI � QUU )[I � (sI � QUU )� 1QUCGCU ]g� 1[QUCGCD + QUD ]eD

= uU [sI � QUU � QUCGCU ]� 1[QUCGCD + QUD ]eD :

Noticing that the Laplacetransformof exp[(QUU + QUCGCU )t] is [sI � QUU � QUCGCU ]� 1,

we then obtain the density function f good. This and related results are summarized in the

following theorem.

The orem 3.3. Considera Markov repairable system with history-dependent states.

1. The probabilit y density function of the total time that the system operates in a good

condition (that is, in type U states) per major repair cycle is given by

f good(t) = uU (exp[(QUU + QUCGCU )t]) [QUCGCD + QUD ]eD : (3.5)
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The mean time mgood that the systemoperates in a good condition per major repair

cycle is given by

mgood = uU (QUU + QUCGCU )� 2[QUCGCD + QUD ]eD : (3.6)

2. The probabilit y density function of the total time that the systemstays in an overhaul

mode (that is, in type D states) per down cycle is given by

f bad(t) = uD (exp[(QD D + QD CGCD )t]) [QD CGCU + QD U ]eU : (3.7)

The meantime mbad that the system stays in an overhaul modeper down cycleis given

by

mbad = uD (QD D + QD CGCD )� 2[QD CGCU + QD U ]eU : (3.8)

In fact, our Markov repairable system with history-dependent states is similar to the

stochast ic model of ion channel developed by Colquhoun and Hawkes(1982). It is thus not

surprising that the matrix method of Colquhoun and Hawkes(1982) canbe used to calculate

the reliabilit y indexesof Markov repairable systems. Note, however, that the di�erence of

our model and the ion channel model of Colquhoun and Hawkes (1982) is that some states

in our repairable systemare of changeable types.

4 A Num er ical Exampl e

In this section,we present an exampleto illustr ate the result s we obtained in the previous

sect ions. Consider a repairable systemf X (t); t � 0g with 6 states,S = f 1; 2; 3; 4; 5; 6g. Let

U = f 1; 2g; C = f 3; 4g; D = f 5; 6g:

Its generator is partitioned as follows.

Q =

0

B
@

QUU QUC QUD

QCU QCC QCD

QD U QD C QD D

1

C
A =

0

B
B
B
B
B
B
B
B
@

� 10 2 4 1 3 0

3 � 10 2 2 1 2

2 3 � 12 4 2 1

0 2 2 � 9 3 2

1 2 3 3 � 10 1

0 1 2 3 2 � 8

1

C
C
C
C
C
C
C
C
A

:

By solving p(1 )Q = 0 with p(1 )e = 1, we obtain that

p1(1 ) =
7199
70030

; p2(1 ) =
5912
35015

; p5(1 ) =
6323
35015

; p6(1 ) =
5054
35015

:
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On the other hand,

GCU = � Q � 1
CCQCU =

 
9
50

7
20

1
25

3
10

!

;

uU =
pD (1 )(QD U + QD CGCU )
pD (1 )(QD U + QD CGCU )e

= (0:25318; 0:74682):

After some matrix manipulations, we obtain, by using Maple software, that

f up(t) = 4:00763exp(� 3:61294t) + 0:627826exp(� 12:54363t)

� 1:59274exp(� 10:18498t) � 0:042716exp(� 14:65845t):

The mean up time for the repairable system is mup = 0:29546.

Similarly, we obtain that

uD =
pU (1 )(QUD + QUCGCD )
pU (1 )(QUD + QUCGCD )e

= (0:64145; 0:35855);

f down (t) = 0:40770exp(� 9:81665t) + 2:31011exp(� 2:63310t)

+ 1:20653exp(� 13:27512t) cos(0:61549t) � 2:74176exp(� 13:27152t) sin(0:61549t):

The mean downtime for the repairable system is mdown = 0:34279.

After taking the Laplacetransform and the inverse transform, we obtain that

A(t) = p1(t) + p2(t) +
2X

i =1

4X

j =3

4X

l=3

qij

Z t

0
pi (u) CPj l (t � u)du;

where

p1(t) = 0:102799+ 0:19304exp(� 14:23372t) + 0:00864exp(� 13:23422t)

+ 0:33446exp(� 11:72110t) cos(0:69196t) � 0:42893exp(� 11:72110t) sin(0:69196t)

+ 0:36106exp(� 8:08986t);

p2(t) = 0:16884 + 0:23728exp(� 14:23372t) + 0:00236exp(� 13:23422t)

� 0:55405exp(� 11:72110t) cos(0:69196t) + 0:13315exp(� 11:72110t) sin(0:69196t)

+ 0:14557exp(� 8:08986t);

q13 = 4; q14 = 1; q23 = 2; q24 = 2;
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CP33(t) = �
3
41

exp(�
21
2

t)
p

41sinh(

p
41
2

t) + exp(�
21
2

t) cosh(

p
41
2

t);

CP34(t) =
4
41

p
41exp(

p
41� 21

2
t) � exp(�

p
41+ 21

2
t);

CP43(t) =
2
41

p
41exp(

p
41� 21

2
t) � exp(�

p
41+ 21

2
t);

CP44(t) =
3
41

exp(�
21
2

t)
p

41sinh(

p
41
2

t) + exp(�
21
2

t) cosh(

p
41
2

t):

Here,sinh(x) and cosh(x) are the hyperbolic functions. The curve of the availabilit y A(t) is

given in the top graph of Figure 3. The segment of the availabilit y curve is magni�ed in the

bott om graph of Figure 3. It is easy to seethe availabilit y is stabilized and the steady-state

availabilit y A(1 ) � 0:3788.

5 Concl usions

In this paper, we introduce a new Markov maintenance model to study the situation where

a repairable system experiences certain modes in which the system behavior depends on

the recent systemevolution history. Such a systemprovides a realistic, t ractable model for

multi-stat e repairable systems with actual implementations of various maintenancepolicies.

We employ the matrix method developed in the ion channel theory to calculate the system

reliabilit y measures,such as availabilit y, and the distributio ns of up and down times. We

also develop a stochastic comparison method to compare the availabilities of two systems

with di� erent parameters, and show that the availabilit y of a monotone repairable system

is reducedin a tougher operating environment. The stochastic availabilit y comparison, such

as the one presented in this paper, examines how the system availabilit y varies in response

to the environmental change. Such studies,to the best of our knowledge,have not appeared

in the reliabilit y literature.
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Figure 3: Availability Curves: The top graph shows the availabilit y curve, and the bottom

graph details the segment of the curve from time instants 1.8 to 3.
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